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PREFACE 


There has long been a need for a comprehensive text on analog com¬ 
putation that does not require the reader to have a specialized background 
in electronics. It is hoped that this book will at least partially fill this 
need. Almost every area of scientific research, engineering, and business 
has been affected by various types of those wondrous machines we call 
computers. These machines have already made many changes in our 
economy and technology; their effect upon the future will be profound. 
It is increasingly important that engineers, scientists, and business 
leaders have a good knowledge of what computers can do for them. 
The fact that modern computers are very complex electronic systems 
should not prevent the mathematician, the administrator, or the mechani¬ 
cal engineer from learning to use them efficiently and from knowing where 

and when their use is economically feasible. 

Computers can be classified according to their method of computation 
as discrete or continuous; the two types are commonly termed digital and 
analog, respectively. This book is concerned with the continuous type 
of machine—the analog computer. Because digital computers utilize 
signals that have, in general, only two possible values of voltage (or 
current), these operating levels can be related directly to our number 
system by letting one level represent 0 and the other 1. From an external 
viewpoint the digital computer can be regarded as actually working with 
numbers, and one does not have to know anything about electronics to 
use the machine successfully. The analog computer does not work with 
numbers, but its continuous-type signals (variables) can be measured 
and interpreted as nondimensional quantities and related directly to 
variables in the problem or system being studied. Somewhat more of a 
problem to the person without electronics background is the fact that the 
logic of the analog computer is not based upon a man-devised algebra, 
as is that of the digital computer, but is governed by the physical laws 
pertaining to electrical circuits. Therefore, an understanding of analog 
computation requires some knowledge of these physical laws, but this 
should not be a major stumbling block. The material in this text is 
presented in such a way that no previous introduction to electrical circuit 
theory is nocossary. On the other hand, in order to challenge and stimu- 
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late the reader who already has a good electronics background, advanced 
sections covering the more important material have been included. 

The material in this book was first used three years ago by the author 
at Cornell University and has been used as class notes by three successive 
classes. Many changes have been made in the original material in an 
effort to meet the needs of the students. The only formal prerequisites 
for the course are calculus and differential equations. Students from 
outside the School of Electrical Engineering have been encouraged to 
enroll, and their success has been very gratifying. The book is designed 
for a one-term introductory course (using Chapters 1 to 7) and a second- 
term advanced course. The background of the students will determine 
how much of the book can be used for a one-semester course. The elec¬ 
trical engineering student should certainly study Chapter 12 whether 
the course is one term or two; those with a background in feedback- 
control theory or network theory should cover Chapter 13 as well If a 
one-term course is planned with students of heterogeneous background, 
the inclusion of Chapter 12 and perhaps Chapter 13 for the electrical 

engineering student will tend to balance the work load among the 
students. 6 

The Laplace transformation is reviewed in Chapter 1 and is applied 
throughout the text; it is used to present the concepts of electrical imped¬ 
ance functions, of transfer functions, and of basic feedback-control 
theory. For the courses taught at Cornell, a knowledge of Laplace 
transform theory is not a prerequisite, and the students who have had 
course work in it are not held back appreciably by those starting from 
scratch. Laplace transform theory may seem to some to be more power¬ 
ful than necessary to explain analog computation, but the basic concepts 

are relatively simple and the theory is invaluable in providing a unifying 
thread throughout the book. & 

. Thr °ughout the first part of the book the analog computer is treated 
m complete generality as a machine composed of a number of near-perfect 
components that can obtain the sum, difference, product, quotient, and 
time integral of machine variables (voltages or currents) and can perform 
many other specialized operations. It is emphasized throughout that 
physica components are never perfect and, therefore, that the charac¬ 
teristic limitations of the particular equipment available must be taken 
into account in the actual operating situation. A few common limita¬ 
tions and means of minimizing their effects are discussed, but equipment 
details are not treated in the first eleven chapters. The emphasis is on 
analog computation rather than on analog computers. 

Chapter 1 introduces the concept of analog computation, reviews 
Laplace-transform theory, and presents the concepts of transfer functions, 
s-plane stability criteria, frequonoy response), and electrical impedance 
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functions. Chapter 2 presents the general-purpose analog computer as 
a system of near-perfect components and discusses how they can be used 
for computation. Section 2-2 is a more thorough treatment of the sub¬ 
ject matter of Section 2-1 and can be omitted by non-electrical engineer¬ 
ing students.. Chapter 3 presents the basic methods of magnitude and 
time scaling; it was decided not simply to present one scaling method and 
relegate the others to an appendix, mainly because the author feels that 
a good understanding of this very important phase of analog computation 
is essential and that the thinking required of the student to discern the 
relationships among the four basic combinations of scaling methods 
almost guarantees that understanding. Of course, one method could be 
chosen as a standard method for magnitude and another for time scaling, 
and two of the sections could be left for perusal at a later time. The use 
of the computer to solve ordinary linear, ordinary nonlinear, and partial 
differential equations is covered in Chapters 4, 5, and 8, respectively. 
Chapter 6 concerns the use of the computer as a simulator, and Chapter 7 
discusses the important, though often neglected, topic of checking com¬ 
puter results. Chapter 9 is concerned with algebraic matrix problems; 
this is a relatively new field for the general-purpose analog computer, 
and some of the material in this chapter has not been published before." 
Chapter 10 concerns the broad field of operations research and should 
prove interesting to economists and to people in management as well as 
to operations analysts; new material is presented in this chapter also. 
Chapter 11 is a collection of representative problems that could be used 
as topics for discussion in either a one- or a two-semester course. 

In Chapters 12 and 13 the electronic analog computer is treated in 
detail. Basic design considerations and limitations are covered; present- 
day equipment design and capabilities are discussed. Some new develop¬ 
ments in the design of operational amplifiers are presented, and a detailed 
treatment of the unity feedback model is given that has not been pre¬ 
viously published. Special attention is given to input-output equipment, 
to programming, and to control of the computer. Recent progress in 
analog-digital techniques is reviewed in Chapter 14; some of the many 
remaining design problems are discussed, and a new approach to the 
solution of partial differential equations is presented. 

The analog computer is basically a simple device, and the programming 
of general-purpose computers can be learned quickly by students with 
a good background in mathematics. It is the author’s belief that the 
primaiy justification for an analog computer course in a university is not 
to teach a student specific computer techniques but rather to widen the 
student’s background. It is hoped that the study of this book will give 
the student an appreciation of systems analysis and will help broaden 
his background eo that he can bettor visualize and analyze problems from 
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areas outside his field of training. A rather substantial amount of 
material on applied mathematics is included in the text for this reason. 
If treated properly the material in this book will help the student form 
the proper association between the theory and concepts presented in his 
courses on mathematics and those courses having to do with the physical 
universe, such as physics, mechanics, and engineering subjects in general. 
The student will be able to obtain a better understanding of the concepts 
of mathematics as they apply to engineering and science. Through the 
study of the materials in the text and through use of a computer in 
laboratory work the student will begin to obtain insight into the relation¬ 
ships between mathematical models and their physical counterparts and 
appreciation of the information that can be gleaned from commonly 
used mathematical models such as linear and nonlinear differential 
equations. It is recommended that, if it is at all possible, laboratory 
work in the solution of problems on an analog computer be part of the 
course. The text is so written that, if it is supplemented by the operation 
instruction manual for any particular computer available to the student, 
it should enable him to program that machine and use it rapidly and 
effectively. 

In relation to the various mathematical models, their analytical and 
numerical means of solution as well as their origins and basic properties 
are reviewed briefly before analog computation is considered. The reader 
will gain familiarity with the type of problem that can be solved by analog 
computation, with the forms and origins of those problems, and with the 
specific means of their analog-computer solution. Where possible, 
comparisons are made between the merits of numerical computation as 
performed by digital computers and continuous analog computation. 
The review of the more common methods of analysis of the various mathe¬ 
matical models promotes an appreciation of what the computer can do. 
This appreciation of the worth of analog computation and how it com¬ 
pares to analytical and numerical procedures is an important part of the 
text’s objectives. 

It will be argued that this material on applied mathematics does not 
belong in a course on analog computers. The author has found that, 
although the students may have had the mathematics in previous courses, 
they find it extremely helpful to review basic concepts, definitions, and 
methods included in their reading assignments. This material could 
be reviewed from other sources, but it is hoped that the material as pre¬ 
sented here constitutes more than just a review. An effort has been 
made to present the basic concepts of differential equations, Laplace 
transforms, matrix operations, and feedback-control theory as a unified 
whole and in such a way that the student is required to use those concepts 
in the study of analog computation. The hoped-for result is that the 
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student will gain a better insight into applied mathematics; such an 
insight could increase his creative capacity immeasurably. And it can¬ 
not be argued that analog computation is not a good vehicle with which 
to explore the interrelationships of the physical and mathematical worlds. 
It is not to be implied that the review of applied mathematics in this 
book is rigorous or in any way complete. Although this material will 
be unnecessary for the reader thoroughly familiar with mathematics, 
such readers are, unfortunately, in the minority. 

The author would like to acknowledge the help of his students and 
colleagues at Cornell University and of the many people who reviewed 
the manuscript and offered helpful suggestions and criticisms. Thanks 
are due, in particular, to R. P. Agnew, H. G. Booker, H. D. Block, G. R. 
Livesay, S. A. Guralnick, T. J. Higgins, and C. H. Wilts. The author is 
deeply indebted to W. J. Schart and Stanley Rogers of the Computer Lab¬ 
oratory, Convair, San Diego, for their detailed reviews and many helpful 
suggestions as well as for their contribution of Chapter 14. The develop¬ 
ment by the author of the new material in Chapters 8, 9, and 13 was 
supported in part by Convair under a consulting agreement. Acknowl¬ 
edgement is also made of those who contributed articles to Chapter 11; 
special mention is due M. Squires and W. G. Hughes of the Royal Air¬ 
craft Establishment, England, and P. L. Monkmeyer, Cornell University. 
The help of Mrs. Elma Weaver in typing the manuscript is much 

appreciated. 


Albert S. Jackson 
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CHAPTER 1 

INTRODUCTION 


This chapter covers the basic concepts of analog computation and 
points out the differences between such computation and numerical 
computation. After a brief discussion of the history of analog computing 
devices and a comparison of analog and digital computing machines, the 
concept of models is introduced. The last part of this chapter reviews 
the use of the Laplace transformation and explains the concepts of transfer 
function, transient response , and frequency response. 

1-1. The Concept of Analog Computation. There are two distinct 
branches of the computer family. One branch is descended from the 
abacus, a mechanical extension of the idea of finger counting. The 
devices that stem from the abacus use digits to express numbers. They 
are called digital computers. This branch includes the common adding 
machine as well as the giant electronic digital computer. Digital com¬ 
putation is numerical, or discrete ; i.e., only discrete values, 0, 1, 2, etc., 
are considered and manipulated. 

The other branch of the computer family stems from the graphic solu¬ 
tion of the straight-edge-and-compass problems achieved by ancient 
surveyors. Analogies were assumed between the boundaries of property 
and lines drawn on paper by the surveyor. Devices that rely similarly 
on the analogous relationships that subsist between the physical quanti¬ 
ties associated with a computer and the quantities associated with a 
problem under study are called analog computers. Because their answers 
are obtained by measurement of some continuous quantity such as the 
length of a line or the value of a voltage, such devices are called continuous 
computers. 

Most people are quite familiar with numerical or discrete-type computa¬ 
tion, for they have learned to add, subtract, multiply, and divide numbers 
at a very early age. It is natural, therefore, that, to a person new to the 
field of computers, the word computation should mean numerical com¬ 
putation. It will, however, become evident to the reader that continuous 
computation can be considered a more natural process than the discrete, 
numerical computation taught in grammar school. The most significant 
feature that distinguishes analog computation from numerical computa- 
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^■MkBVfilinuity; analog computation implies continuous computation; 

that is, the variables involved in a calculation appear as continuous or 
smooth functions. 

As an example, consider the common clock as a computing device. Its 
function is to give an indication of elapsed time. It does this either by 
simple addition or by integration. A clock that keeps track of elapsed 
time by adding a discrete angular displacement to the hands each time a 
pendulum or balance wheel reverses direction or a timing pulse is received 
from a central control unit is a digital computing device. Almost all 
watches fall into this category. The output of such a clock—an indica¬ 
tion of elapsed time—changes in discrete steps. The size of the discrete 
steps varies according to the mechanism producing them. Some grand¬ 
father clocks advance the hands only once every minute; high-frequency 
pulse-controlled clocks change their output at such a rapid rate that to 
the observer the output seems continuous. A clock that changes the 
position of the hands continuously with time, such as an electric clock, 
is an analog computing device. It integrates with respect to time the 
angular velocity of the motor shaft and obtains a smooth, continuously 
changing angular displacement of the hands. 

Thus, one type of clock computes elapsed time digitally by counting 
the number of oscillations of a balance wheel or pendulum. The other 
type computes in analog fashion by continuous integration. A little 
thought will convince one that the latter is a rather natural process; very 
few phenomena in our physical world change in discrete steps. The world 
as we know it is made up of quantities or variables that are continuous 
functions of time. They change smoothly and continuously. It might 

be of interest here for the reader to answer the question: Is the hourglass 
(sand clock) an analog or digital device? 

After hearing the above explanation of the difference between analog 
and digital computers, one graduate student determined to enlighten his 
wife on the matter. After explaining to her the basic differences between 
the two types of computers, he indicated his wrist watch and said, “Now 
this is an example of a digital machine; the electric clock by our bedside 
is an example of an analog computing device.” Whereupon she cheer¬ 
fully responded, “Oh, now I see the difference. The analog computer 
has an alarm.” 

A computing device may be defined as a device that accepts quantita¬ 
tive information, arranges it and performs mathematical and logical 
operations on it, and makes available resulting quantitative information 

as its output. This definition, of course, includes everything from the 
slide lule, the abacus, and the desk adding machine to the telephone 
exchange system and the large-scale digital and analog computers of 
today. I he analog computer may ho further defined as an array of 
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apparatus that obeys the same mathematical relations as those of the 
problem under study and that yields outputs that are usually continuous 
variables. The qualification “usually” is necessary because, although 
most of the computations of the analog computer are continuous, vari¬ 
ables to be recorded or monitored are sometimes converted to discrete 
digital form by analog-to-digital converters for purposes of recording. 
It is also true that some of the internal mechanisms of an analog computer 
can be digital in nature, e.g., the hybrid analog-digital multiplier. 

^ ^ « a f 


1-2. History of Analog Devices. Perhaps the first analog computation 

was the graphic solution of surveying problems, 
computer was probably the slide rule, which was developed about 1600. 

This device is still used a great deal by engineers. It involves a slider in a 
frame, with logarithmic scales inscribed on both. Two numbers can be 
multiplied simply by adding the logarithms of the two numbers and 
taking the antilogarithm. Therefore multiplication or division can be 
accomplished quite simply by adding or subtracting the distance on the 

frame from that on the slider. 

The next analog computational device of importance was the nomo- 

_ _ _ — . ■ t 1 i • 1 • /• 


gram. 


nomogram 


three or more variables is represented in such a way that it is possible to 
determine the values of one variable corresponding to given values of the 
other variables. Descartes was apparently the first to use graphs to 
represent functional relations between two variables. Margetts extended 
the idea to three variables in a set of longitude and horary tables for the 
guidance of mariners published in 1791. In the late nineteenth century, 
D’Ocagne made a thorough study of the subject and coined the name 
nomogram. The nomogram has found useful application in many fields 
in which rapid and not too accurate solutions to complicated functional 
relations are needed. It is a widely used analog-computing aid. 

Another analog-computing aid is the planimeter, which was developed 

- ' • . t 1 • 


about 1814 by J. H. Herman. 


is an integrating device 


used to measure the area bounded by a closed curve on a two-dimensional 
plot such as a map. It was improved in 1854 by Jakob Amsler’s 
invention of the polar planimeter. This rolling-wheel integrating 
device led to the later invention by James Thomson of the ball-and-disk 

integrator. 

In 1876 Lord Kelvin (Thomson’s brother) applied the ball-and-disk 
integrator to the construction of a harmonic analyzer. This machine was 
used to analyze and predict the height of tides in various ports. 

Invented independently by Abdank Abakanoviez in 1878 and C. V. 
JioyH in 1882 is the infograph, another integrating device of the same 
family, which can be used to obtain the integral of an arbitrary function 
from a two-dimensional plot. By proper manipulation of the integral 
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curve and by successive approximations, it is possible to solve certain 
classes of differential equations with the integraph. 

In 1927, Vannevar Bush at MIT started work on the first differential 
analyzer. At first he used watthour meters to integrate electric power 
absorbed by electric circuits. Later he used mechanical integrators of the 
wheel-and-disk type to build an elaborate mechanical differential 
analyzer. Bush’s machine was improved by the addition of servo¬ 
mechanism devices, and later models have been in successful use for more 
than 15 years. The mechanical differential analyzer is a rather slow 


Devices 

Slide rule 

Nomogram 

Planimeter 

Integraph 

Spirule 


Table 1-1. 





Special-purpose machines 

General-purpose computers 

Harmonic analyzer 

Power-network analyzer 
Electrical-network analogs 
Mechanical and hydraulic analogs 
Pipeline analyzer 

Electronic analog simulators 

Mechanical differential analyzer 
Electronic analog computer 


machine but is capable of five-significant-figure precision and good accu¬ 
racy. It has the disadvantage of being rather large in size and fairly 
difficult to program. Such machines are still being made to a limited 
extent and are quite useful in some problem applications. 

Other types of analog computer equipment include electrical networks, 
electrolytic plotting tanks, power-network analyzers, fluid-flow pipeline 
analyzers, and many other special-purpose computers such as those used 
for fire-control work and for control of automatic machine tools. 

During the Second World War many special-purpose electronic analog 
computers were built, and components were developed that made possible 
the construction of general-purpose analog computers. The most 
significant development perhaps was that of the voltage operational 
amplifier. Designs came out of the war that allowed the construction of 
an amplifier with extremely high gain and input impedance and near-zero 
output impedance. This made possible the construction of a quite 
accurate analog computer in 1947. Since that time many developments 
have taken place. The general-purpose computer has been improved 
with respect to accuracy, preciseness, and ease of problem setup. 
Machines have grown from 20 amplifiers to 500 and 1,000 amplifiers. 
Many problems are solved every day on analog computers involving 
100 to 500 amplifiers. The use of digital techniques has also improved 
the general-purpose machine, allowing digital programming, digital 
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read-in and read-out, and, where necessary, combined analog-digital 
computation. 

Table 1-1 lists a number of the common devices and machines in the 
analog-computer family. Many of the developments just described fit 
under the category of devices. There are many special-purpose machines, 
only a few of which are listed. Under the heading of general-purpose 
computers are the mechanical differential analyzer and the electronic 
analog computer. It is this latter general-purpose machine with which 
the book is primarily concerned. 

1-3. Analog versus Digital Computers. The analog computer is essen¬ 
tially a continuous device, whereas the digital computer operates with 
discrete numbers. The variables treated by a digital computer have 
only a discrete number of values. In other words, the number of values 
is bounded. The smallest recognizable difference, that is, the precision 
of the number, is set. Data are supplied in the form of numbers and 
processed according to arithmetic or other formal logic. The machine is 
capable of adding and subtracting and, by the use of these procedures, 
multiplying and dividing. It is capable of storing numbers over a long 
period of time. Problems are set up for digital computation, in general, 
the same way that a numerical problem would be programmed for solu¬ 
tion with a desk calculator. To solve problems by numerical methods 
involves approximations to continuous functions by step functions and 
entails a whole field of specialization known as numerical analysis. The 
analog computer, on the other hand, works with continuous variables the 
same way that nature does. It can be used to solve particular problems 
or to construct a physical model of the situation under study. In this 
last instance the machine variables are directly analogous to the variables 
in the physical system under study. These two roles of the analog com¬ 
puter encompass in the one case the solution of mathematical models and 
in the second the use of the machine as a simulator. ■■ • 

A few remarks should be made here about the meaning of the words 
precision and accuracy. In order to avoid confusion on this rather impor¬ 
tant issue, the following definitions will be used throughout this book. 

Precision degree of fineness of the measure of a quantity; sharpness of 

definition 

Accuracys degree of conformance to truth 

In Webster’s “New International Dictionary,” the following defini¬ 
tions can be found: 

“Accuracy implies, more positively, conformity to fact or truth 
attained by the exercise of care.” 

11 Precision stresses rather sharpness of definition or delimitation, or 
such scrupulous exactness of conformity to the standard as often verges 

II 


on oxcohh. 
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The numbers 3.1416 and 3.1462 are equally precise, but, if they are 

supposed tc represent the quantity 7r, the former is more accurate; in fact 

the former is accurate to 0.00055 per cent of r, the latter only to 0.15 

per cent. Used to represent t, the first number has five significant 
figures, and the second has only three. 

If the result of a measurement or calculation were always expressed 
in significant figures only, both the precision and accuracy of the result 
would be immediately apparent. The degree of precision would then be 
determined either by the limit on precision of the available means of 
measurement or by the limit on the degree of precision required to record 
the result, consistent with the degree of accuracy inherent in the system 
itself (a computer, for example) and the way it has been used. 

To cite an example, consider the case of a household watthour meter. 
If the utility company officials want to be unduly fussy, they can install a 
meter with es many dials as suit their whim. In this way, they can charge 
precisely to tenths of a penny, if they wish; however, both the company 
and the consumer are at the mercy of the meter when it comes to accu¬ 
racy , which, in this case, is the capability of the meter to determine impar¬ 
tially the tire amount of electric energy consumed by the household. 

The accuracy of an instrument or computing device should normally be 
expressed as a plus-minus error limit measured in percentages of some 
reference vaue. For example, a multiplier will be said to have a static 
accuracy of +0.1 per cent of the reference voltage used, say, 100 volts 
When the output of that multiplier is 10 volts, the accuracy of the actual 

product is tfien ±0.1 volt, or 1.0 per cent of that particular 10-volt 
output. 

The accuracy of a problem solution is much harder to quantify and can 
be broken into two separate parts: 

1. Conformance of the model (equations) to the actual situation being 
studied 

2. Conformance of the operations of the computer to those called for 
by the model 

Reconsider for the moment the example of the clocks. The grand¬ 
father clock h precise to the nearest minute, although, if it is not working 
properly, it vill not give an accurate indication of elapsed time. Now 
how precise is the electric clock? It becomes obvious that one can speak 
of precision only when the method of measurement has been ascertained. 
By visual inspection, the electric-clock output is precise to perhaps the 
nearest half minute. However, by use of other measuring instruments, 
the output could be ascertained much more precisely. Again, the indica¬ 
tion of time is not necessarily accurate. 

It is understandable, then, that the digital computer is considered a 
more precise machine than the analog computer. The word precision 
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implies measurement, hence quantization. The digital computer works 
with data quantized to a given precision. Since numbers are often 
considered to be “ sacred,” the answer is often considered to be as accurate 
as it is precise. Most large-scale digital computers use eight to twelve 

decimal digits. 

It should be emphasized that, although a numerical answer may result 
very precisely and accurately from operations performed on precise input 
numbers, it may yet give an erroneous picture of the physical situation 
being studied. A numerical result expressed in many digits at the end of 
a computation is regarded by many people as an indisputable truth. But 
it should be remembered that a mathematical model of a physical situa¬ 
tion is based upon the premise that physical measurements are mathe¬ 
matical numbers. The fact cannot be ignored that, although numbers 
may be exact and unambiguous, measurements are not. Therefore, 
results of a calculation should always be applied with some caution to a 

physical situation. 

The danger of putting too much faith in the results of a computation is 
less with analog computation than it is with digital. The analog com¬ 
puter is not a precise calculating machine in the sense that the modern 
digital computer is. The variables are continuous quantities rather than 
precise numbers. The answers are usually measured to only three or 
four decimal digits; therefore, the analog computer is restricted to 
problems either where the answer is not required to a higher degree of 
precision than this or—the more common case—where the input data are 
actually not known to any better precision. Obviously, if the parameters 
of a problem are not known more precisely than to three significant 
figures, an answer carried out to twelve significant figures and used as such 
is little short of ridiculous. That is not to say, however, that in numeri¬ 
cal calculations one should carry only the three significant figures through 

the intermediate steps. 

The fact remains, however, that analog devices often leave something 
to be desired as precise computing aids. What about accuracy? Is 
precision actually independent of accuracy in computing machines? No; 
not from a practical point of view. As stated earlier, the precision with 
which a continuous quantity can be expressed depends upon the measur¬ 
ing instrument, and, theoretically, most such measurements could be 
made with almost infinite precision. To carry out such measurements 
to a degree of fineness not warranted by the accuracy of the machine 
would be uneconomical and would easily lead to errors of interpretation. 
In oilier words, a measurement carried out to ten digits when only two 
digits are significant bocause of inaccuracies or uncertainties of computa¬ 
tion would bo foolish. Therefore, ii the output of an analog computer is 
desired with greater precision, the aoouraoy with which the operations 




8 


ANALOG COMPUTATION 


are carried out must be taken into account and improved if necessary_ 

one cannot simply use a more refined measuring instrument. Finally, 
the results of a computation can never have more significant precision 
than the data being operated on. And, because the mathematical model 
may fit the physical situation quite loosely, the computed result still 
cannot be accepted with blind faith. The upper bounds on the meaning¬ 
ful precision of a computed result are determined by: 

1. The measuring instrument—the quantizer. 

2. The accuracy of operation of the computer. (Nonlinearities, noise, 
and drift are primary causes of uncertainty.) 

3. The nature of the input data and the way in which it is entered in 
the machine. 

4. The degree of conformity of the mathematical model to the physical 
situation. 

Many analog computing devices are made for special applications and 
achieve a good balance among the above four factors. The result is an 
economical, fast, and easy-to-use device. The general-purpose electronic 
analog computer has sufficiently high upper bounds (determined by the 
first three items above) to be found very widely useful in the study of 
physical systems. The bound determined by item 1 has been the lowest 
of these for some time, but has been improved considerably. 

The electronic analog computer is a very fast machine. Its operations 
are performed continuously and in parallel. Each operational unit can 
be likened to a digital arithmetic unit, memory unit, and control unit 
combined. Since as many as 100 to 500 of these units will be employed 
in parallel for a particular problem setup, it can be seen why an analog 
computei is faster than a digital machine, which seldom has more than 
one arithmetic unit and must perform calculations bit by bit or serially. 
Because of their high speed, electronic analog computers have found 
wide application as real-time simulators and control-system components. 
This attribute has also made them particularly useful in problems requir¬ 
ing the judgment of the computer operator in the course of their solution. 
Analog computers make it possible to experiment conveniently with the 
mathematical models of the system under study, changing their form at 
will on the basis of information obtained from the model just depicted. 

In conclusion, analog computers have found and will continue to find 
wide application to problems where the knowledge of the physical situa¬ 
tion does not permit formulation of a numerical model of more than four 
significant decimal digits or where, even if such a model could be designed, 
the additional time and expense entailed in digital computation would 
not be warranted because of other factors. 

1-4. Models. Quantitative information concerning the predicted 
behavior of our physical world is obtained by the study of models of the 
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physical or “real-life” situation. There are three common forms of 
models with which scientists work (see Fig. 1-1): 

1. Symbolic (pictorial) models—system variable relationships depicted 
by information-flow or block diagrams. Functional relationships are 
represented graphically, symbolically, or by equations. 



Fig. 1-1. Three types of models. 


2. Mathematical models—systems of equations, such as a set of 
simultaneous differential equations describing the motion of a guided 
missile 

3. Physical models—physical systems whose variables are directly 
analogous to those of the system under study. A scaled-down replica 
of an airplane wing used in wind-tunnel tests is an example. 

In the study of many complex physical systems all three types of models 
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must be employed. Study of a complex system usually entails the con¬ 
struction of a symbolic model as a first step either in analysis or in synthe¬ 
sis. Often the symbolic model can then be linearized or otherwise 
simplified by making suitable approximations so that a mathematical 
model can be constructed. The amount of quantitative data available 
from the symbolic model is usually quite limited. Although calculations 
may become laborious, the mathematical model will yield a large amount 
of quantitative data. If the situation is such that a reasonably accurate 
mathematical model cannot be constructed without prohibitive cost, a 
physical model is often constructed and tested. Even when a mathe¬ 
matical model has been constructed, a physical model may be used to test 



Fig. 1-2. Correction of model. 


and improve the mathematical model. The construction and use of a 
model is never a single-ended game—there must always be feedback 
between the user of the model and the physical system. This is shown 
diagrammatically in Fig. 1-2. The model and the physical system must be 
given common tests to determine the faithfulness of the model. The 
design of experiments for this purpose is a field in itself. 

As a tool for the study of models the analog computer is very versatile. 
A mathematical model can be constructed and the equations instru¬ 
mented on the computer for solution, whether they are linear or non¬ 
linear. However, it is often not even necessary to construct the mathe¬ 
matical model, for the computer can usually be programmed as a physical 
model directly from the symbolic model; i.e., the computer can be used 
as a simulator. 

1-5. The Laplace Transformation. The Laplace transform is an 
extremely useful engineering tool. By its use the solution of an ordinary 
differential equation can be “converted” into manipulations of an 
algebraic expression to which the ordinary rules of algebra apply. After 
the desired manipulations are performed, the resulting algebraic expres¬ 
sion may be “reconverted” by use of the inverse transform to an expres- 
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sion in the independent variable that is the solution of the desired differen¬ 
tial equation. Actually, in many engineering applications this last step 
is not performed; rather the information needed by the engineer is 
derived directly from the algebraic expression. It is not our purpose 
here to give an exhaustive account of the theory of Laplace transforms, 
rather it is proposed to introduce the basic concepts and restrictions, so 
that they may be used both to delimit the subject matter that follows 
in later chapters and to make it available as a working tool for the 
engineer. This section and those that follow introduce the Laplace 
transformation and explain how it can be used to solve differential equa¬ 
tions. In addition, the concept of transfer function is brought out, and 
also the concepts of transient response and frequency response , which have 
become part of the everyday language of many engineering fields. 

The Laplace transformation finds application in the solution of the 
mathematical models of linear differential, difference, integro-differential, 
and partial differential equations. The Laplace transformation permits a 
change of variable from one domain (that of the independent variable, 
which often is time) to another domain, the s domain. The resulting 
functional expression can then be manipulated by the laws governing 
algebra, even though s is a complex variable. After the desired manipu¬ 
lation is performed, an inverse transformation transforms the function 
expressed in the s domain back to its original domain (time) in a more 

useful form. 

The purpose of the transformation is to convert a differential equation 
into an algebraic equation in order to simplify its solution. But the 
use of transform methods is not restricted to differential equations. 
Perhaps the most widely known transformation is that of the common 
logarithm, which is used to transform numbers into powers of 10 or some 
other numerical base. By this expedient the arithmetical operations of 
multiplication and division are changed to the much simpler operations of 
addition and subtraction. If it is desired to find the product of two num¬ 
bers, they are transformed to powers of 10 (if the common logarithm is 
used) and are simply added. The resulting sum is the transform of the 
product, and the problem is completed by performing the inverse trans¬ 
formation, that is, by finding the antilogarithm. Extensive tables of 
logarithms and antilogarithms have been published to simplify the 
process of using this simple transform. Similarly, the Laplace trans¬ 
formation permits the use of simple algebraic operations in the solution of 
differential equations, and extensive tables of both direct and inverse 
Laplace transforms are available for the convenience of the user. 

The Laplace transformation includes all initial conditions, and the 
solution of the inverse-Laplace-transform integral results in the complete 
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solution of the given differential equation. Furthermore, the Laplace 
transform can usually be obtained in the form of a partial fraction expan¬ 
sion, each component of which is simple enough to be inverted easily or 
found in a standard table of Laplace-transform pairs. 

There are several forms of the Laplace transformation; the unilateral 
form suffices for most engineering problems and is the one discussed here 
and used throughout the remainder of the text. 

Before continuing with the definition of the Laplace transformation, 
it is necessary to review briefly some properties of functions of a complex 
variable. Let the complex variable be 


<7 + jo) 



the 


•i* 

of Si 




respect to s in 
n is said to be 


analytic at the point si. Furthermore, it can be shown that, if a function 
of a complex variable possesses a first derivative everywhere inside a 
simple contour, then it also possesses derivatives of an arbitrary high 
order there, and these are all analytic functions. The Cauchy-Riemann 
necessary condition that a function be analytic is to be found in texts on 
functions of a complex variable.* 

If the function G(s ) can be expressed as 


G(s) 


(s - Si) m Ga(s) 


where m is a positive integer and G a (s 1 ) is finite and different from zero, 
then G(s) is said to have a zero of order m at the point Si. 

analytic (i.e., does 
not possess & umcjue derivative) nre cnlled s / ivbQ / u\(vr poitits of G(s'). The 

of singular point is a pole. If the function G(s) can be 



expressed as 


0(e) 


G b (s) 

(S - Si) 


where m is a positive integer and if Gb(s 1 ) is finite and different from zero, 
then G(s) is said to have a pole of order m at the point S\. 

Consider the function 


0 ( 8 ) 


(*+ 1)(*+ 10) 2 

s(s + 3 y(s + 5) 


This function has a first-order zero at $ = —1, a second-order zero at 
10, first-order poles at 0 and —5, and a third-order pole at —3. 

if it is defined and single- 


* See pp. 28-31, Ref. 3. 
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valued almost everywhere* for 0g(, with t a real variable, and if it is 


such that 


/ 0 “ 1/(01 <r'*dt 


im Jf |/(0I e ~~°‘ dt < °o 


lim 

T—» oo 
e —>0 


(i-D 


for some real number a. 

With any specified f(t) , the greatest lower bound of the set of numbers <r 
that satisfy condition (1-1) is called the abscissa of absolute convergence 

corresponding to that/(£), and is denoted by <r 0 . 

The unilateral form of the Laplace transformation isf 


£[/(*)] = F(%) 


/„■ m 


dt 


( 1 - 2 ) 


where s is a complex variable 


a + jco 


If a function f(t) meets condition (1-1), the integral (1-2) converges 
absolutely for a a < a to a function F(s) that is analytic in the half plane 

(Tn < <7- 


The inverse Laplace transformation is 




2 nj 




F(sy ds ( = )/(<) 


0 ^ t 


(1-3) 


C-J 


where c is any real number greater than the real part of any singularity 
of F(s). The path of integration usually used is a line through the point 
Ga = c , paralleling the axis of the imaginaries. The symbol “( = )” 
means equals almost everywhere. 

The results of the direct transformation (1-2) and the inverse trans¬ 
formation (1-3) are termed the direct Laplace transform and the inverse 

* Almost everywhere is a precise mathematical expression meaning “everywhere 
except for a set of points (here representing values of t) which can be covered by a set 
of line segments the sum of whose lengths is arbitrarily small.” Such a set can 
contain infinitely many points. Equals almost everywhere implies “equals at all 
points of continuity” and is expressed in an equation by the symbol (= ). See p. 97, 

Ref. 1. . 

t The Laplace transformation involves an improper integral in that its upper limit of 
integration is infinite. Moreover, the integral may be improper as a result of the 
behavior of its integrand at any point in the range of integration and, in particular, at 
the lower limit of this range. Therefore, it is to be understood that the integral is 

defined by a limit process: 

f “ f(t\ e~“ dt = lim [ T f(t) «-•* dt (l-2a) 


e -*t dt ^ hm 

T-+ °° 
*-*0 


/. 


:-•* dt 


This limit process is to be applied whenever the Laplace transformation is used, even 
though it- is not explicitly shown. The integral (l-2a) will be taken in the Lebesgue 


sense. 
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Laplace transform, respectively, and are denoted by 


£[/(0J = F(*) < o 

and <£ -1 [F(s)] ( = )/(2) 0 ^ t 

As noted above, the direct transformation is unique and always takes 
the symbol of equality, whereas the inverse transformation requires in 
general the symbol “( = )” of restricted equality meaning equal almost 
everywhere. This is required because two functions fi(t) and f 2 (t) may 
have equal continuous parts but be unequal at points of discontinuity. 
They will have the same Laplace transform F(s), but this F(s) may have 
either fi(t) or f 2 (t) for its inverse Laplace transform. The symbol “ ( = ) ” 
indicates this possibility. For convenience, the ordinary symbol for 
equality is used throughout the remainder of the book. 

1-6. Tables of Laplace-transform Pairs. Starting with a given func¬ 
tion/^) of the real variable, (1-2) can be used to obtain the direct Laplace 



Fig. 1-3. The singularity functions, (a) Delta function (impulse). (6) Step func¬ 
tion. (c) Ramp function. 

transform F(s ). The original f(t) and the corresponding F{s) may be 
considered a Laplace-transform pair, one being the direct Laplace trans¬ 
form and the other the corresponding inverse Laplace transform. Exten¬ 
sive tabulations of functions of the real variable and their corresponding 
function of the complex variable have been made. Table 1-2 is a partial 
listing of the more common Laplace-transform pairs, in which functions 
of the complex variable with their corresponding functions of the real 
variable have been placed side by side. The delta, step, and ramp 
functions listed in the table are denoted by u 0 (t), U-\(t), and a_ 2 (2), 
respectively, and are illustrated in Fig. 1-3. References 1 and 2 give 
more complete listings of Laplace-transform pairs. 

The tables can be used in either direction; that is, the Laplace trans¬ 
form of the function of time can be obtained, or the corresponding func¬ 
tion of time can be obtained given a particular Laplace transform. In 
general, the latter case will be the more useful; for this reason the F(s) 
functions have been placed at the left, and all multiplying coefficients 
have been placed with th ef(t) function at the right. 
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As an example of how the table can be used, suppose the time function 
is required from the algebraic expression 


X(s) 


A 

s + b 


(1-4) 


Item 8a of Table 1-2 is of the same form and can be used directly to 
obtain 


x(t ) 


Ae~ bt 


(1-5) 


As a second example, suppose the time function 


m 


A sin 32 


( 1 - 6 ) 


is given and the Laplace transform is desired 
the immediate result is 


From item 2 in Table 1-2, 


F(s) 


3 A 

s 2 + 9 


(1-7) 


It can readily be appreciated that the use of tables is much easier and 
faster than the use of Eqs. (1-2) and (1-3) each time. But the algebraic 
expressions in s for which the time function is desired very often cannot 
be found in a table. The answer to this problem is to expand the function 
of s into partial fractions. Thus, if 


X(s) 


K 

(« + a)(« + b) 


(1-8) 


the partial fraction expansion would be 


K 

(s + a)(s + b ) 


A 


+ 


B 


s + a s + b 


(l-8o) 


The numerators of the two fractions can be evaluated quite simply. 
To find A , multiply both sides of Eq. (l-8a) by the factor s + a and then 
let s = —a. The result is 


Thus 


and 


K(s + a) 

(« + a)(s + b) 

A 


K 


5 = —a 


K 


B 


K 


(1-9) 


Equation (1-8) becomes 

*(«) 


K 


a \*-+ a 


a + b 


( 1 - 10 ) 
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Table 1-2. Laplace Transform Pairs* 


F(s) 


m 


0 ^ t 


1 s n 

la 1 

16 i 


u n {t) singularity function 

uo(t) delta function (unit impulse) 

u-\(t) step function 


1 c - 


u- 2 (t) ramp function 


s 2 + u 2 


sin ut 


S 2 + U 2 


s 2 - CO 2 


cos ut 


sinh ut 


2 — ,.,2 


—n 


r(n + 1) 


a+l 


cosh ut 
t n ~ l 

(n - 1)1 

(0< n 


n integer 


any n allowable 


8a 


—at 


8 6 


9 a 


96 


10 


11 


12 


13 


14 


15 


16 


s 4- a 
1 

T8 + 1 
1 

(s -f a) n 


(ts + D n 

1 

s(s + a) 

1 

__ — ^ 

(s -b a)(s -b 6) 

s -b c 

(s 4* a) (s -f 6) 

1 

__ ^ 

s(s + a)(s + 6) 

s -h c 

s(s + a) (s + 6) 

1 

(s 4- a) 2 4- 0 2 
As 4- B 

s 2 4- 6s 4- c 


- e~ t,T 


t n ~ l e~ ai 
(n — 1)1 


(n - 1) 


■> (0 r •" 


-a 

a 


<T at ) 


6 -°t _ e -6« 

6 — a 

(c — a)e -at • 

6 - 

1 6e _at - 


(c - b)e~ bt 


ab ab (a 
— -f —- 

ab a(a — 


- e~ at sin /3 1 


— ae bt 

— 6) 


6 ) 


+ 


6(6 — a) 


,-W 


Qe 


—bt!2 c ; 


sin (ut -b </>) 


+ B* - -4B&Y 4 

where Q “ V r^6V4 ) 
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Table 1-2. Laplace Transform Pairs* ( Continued) 


17 


18 


19 


20 


F(s) 


s exp (A;sH) 


- e~ to$ 
s 

- (e~ to * 
8 


Ms) 

B(s) 


- e“ <w ) 


m 


0 ^ t 




<f> — tan -1 
6* 


A(c - 6 2 /4)H 
B - A6/2 


If c-<0 use the identities 

4 

sin jx — j sinh x 
tan** 1 jy -» j tanh -1 y 


[‘(O'] 


where 4>(x) — probability function 

- or /: - 


U-\(t — to) 


u-i(t — *o) — Ui(t - ti) 


Vdi 

Zv B ' 


*'(•*) 




fc-i 


Rational proper fraction; 

^ first-order poles only. 

* a, 6, c, A, B, a, and /9 are real numbers. 

Multiply out the right side as a check. The time function can be found 
directly from Table 1-2 to be 


x(t) 


K 


(e 


e ~ bl ) 


0 ^ t 


( 1 - 11 ) 


The only complication that will be met in using partial fractions is 
when repeated denominator factors occur in the expression in s. Suppose 


X(s) 


K 

(s + a)(s + b ) 2 


( 1 - 12 ) 


The partial fraction expansion must be expressed 


as 


K 

(s + o)(s + 6) ! 


A i . At At 

8 + a + (s + by ^ (s + 6) 


(l-12a) 


for thoro must bo one fraction for each separate factor in the denominator. 
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A i can be found, as above, to be 


Ai 


K 

(b - a) 


Similarly, A 2 can be found by multiplying both sides of Eq. (1-12) by 


(s + by: 


A 


K 

a — b 


To find A 3 , again multiply both sides of Eq. (l-12a) by (s + b ) 2 , and 
then take the derivative of both sides with respect to s. 


K(s + b ) 2 
(s + a)(s + by 

Taking the derivative, 


K 

s + a 


Ai(s + b) 
(s + a) 


+ Ai + A 3 (s + b) 


-K 

(s + a) 


A x 


2(s + a)(s + b) 


(# + by 


(s + a) 2 


+ A 


Now let s 


b, to obtain 

A 


K 

(a - b ) 


Equation (1-12) can then be expressed as 


X(s) 


K 

(b - a) 


\s + a 


m) 


+ 


K/(a - b) 
(s + by 


(1-13) 


and, from Table 1-2, 


K 


~ (b - a ) 2 [e 6 


K 


_M ] -i- —t te~ ht 

a — b 


(1-14) 


1-7. Basic Theorems concerning Use of the Laplace Transformation. 

The Laplace transformation of functions that satisfy certain conditions is 
discussed above. In order to apply Laplace transforms to solution of 
differential equations, the Laplace transformation of operations must be 
considered. The first three of the following theorems deal with (A) a 
sum function, ( B ) the derivative of a function, and (C) the integral of a 

function. 

A. Linearity. If the functions /(<)> ar *d / 2 (f) are Laplace-trans¬ 

formable and have Laplace transforms E(s), Fi(s), and F 2 (s), respectively, 
and if c is a constant or a variable independent of t and s, then 

£[c /(<)] = c F(s) (1-15) 


f-‘[cF(s)] = c/(() Og 
£[/i(<) ± Mt)] = Ei(s) ± F 2 (s) 
£- l [E!(s) ± Fi(s)] = M) ± /*(0 


0 ^ t 


(1-15) 

(l-15a) 

(1-16) 

(l-16a) 


and 
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B. Real Differentiation. If the function f(t) and its derivative df(t)/dt 
are Laplace-transformable and if f(t) has the Laplace transform F(s), then 


<£ 


dm 

dt 


sF(s) -/(0+) 


(1-17) 


where/(0+) is the value of fit) as t approaches zero from the positive or 
right side. For convenience, the plus sign appended to the zero will 
usually be omitted hereafter, but its presence will be implied in the 
use of the theorem. Note that the theorem requires that the derivative 
as well as the function be Laplace-transformable. 

Extension of the real-differentiation theorem to cover higher-order 
derivatives can readily be made, and results in 


£ 


£ 


~df' 

dt 

dty 
dt 2 


sF{s)~ m 


s 2 F(s) 


s /(0) 


df 

dt 


( 0 ) 


(l-17a) 


£ 


tel 

L dt n \ 


s n F(s) 


V dk ~' m s»-> 

L 4 dt k ~ l 


k = \ 


C. Real Integration. If the function f(t) is Laplace-transformable and 


has the Laplace transform F(s), its integral 


r- i m 

is likewise Laplace-transformable: 




dt 


4 mm] 


t 


£ / fit) dt 

0 


F(s) 


(1-18) 


Extension of this real-integration theorem to cover higher-order inte¬ 
grals can readily be made by its repeated application. 


Let 


Then 


y- k) (o - f‘ ■ 
/ ( - o) «) - m 

£[/ < - 1) «)] 


/: m (do 


F(s) 


£[/(-«(<)] 


F(s) 


(I-I80) 


£[/(-»«)] 


F(s) 
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Two other very useful theorems allow the determination of the initial 
and final values of the function f(t) directly from its Laplace transform. 
The first is helpful in checking the correctness of the transform, and the 
second is valuable for prediction of the stability of a physical system. 

If the function f(t) and its first derivative are Laplace-transformable, 
then: 


D. Initial Value 


if lim s F(s) exists. 


E. Final Value 


lim s F(s) 


lim f(t) 

t~* o 


(1-19) 


lim s F(s) 
8 ~> o 


lim f(t) 


(1-20) 


if 5 F(s) is analytic on the axis of imaginaries and in the right half plane. 

As an example of the use of theorem E , consider the Laplace transform 
pairs: 


( 1 ) 


s(s + a) 


( 2 ) 


s 2 + fi 2 


- (1 - * 
a 

sin fit 


~ at ) 0 ^ t 


0 ^ t 


where a and fi are positive real numbers. 

(1) The pole of s F(s) lies in the left half plane; therefore, the theorem 
is applicable. 

lim sF(s) = lim (—p—^ = - 
a->0 s-+ o \s + olJ a 

Thus, the final value of f(t) for t large is 1/a, as checked by 


lim - [1 

t —► oo OL 


*—at 


] = - 


(2) Both poles of sF(s) lie on the axis of the imaginaries, and the 
theorem does not apply. This checks with the fact that 

lim sin fit 

y t —► 00 

does not have a definite value. 

Another useful theorem concerns the change of scale of the independent 
variable in the real domain. This can be applied directly to time-scale 
change for computer solution. 

F. Change of Scale. If the function f(t) is Laplace-transformable and 
has the transform F(s) and if n is a positive constant or a second positive 
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variable independent of t and s, then 


IKs)] 


n F (ns) 


( 1 - 21 ) 


As an illustration of this theorem, consider the Laplace-transform pair 


(s + 10 7 ) 2 + 10 12 


10 -6 exp (-10 7 0 sin 10 6 * 


Let 


10 6 


From theorem F, the new transform pair becomes 


10" 6 

(s + 10) 2 + 1 


10~ 6 exp (— 10 t) sin r 


Thus, the time scale has been expanded or “slowed down” by the 
factor 10 6 . That is to say, 1 sec in the new time scale r corresponds to 

only 1 /xsec in the original time scale t . 

The next theorem presented here concerns real translation and furnishes 
the means of handling true time delays, sometimes referred to as transport 
lags, which are encountered in the study of many physical systems such 

as process control and man-machine systems. 

G. Translation. If the function f(t) is Laplace-transformable and has 
the Laplace transform F(s) and if c is a nonnegative real number, then 


mt ~ c)] 


—C8 


F(s) 


£[/(« + c)] = e c ' F(s) 


if fit - c) 
if f(t + c) 


for 0 < t < c 


( 1 - 22 ) 


for 


c < t < 0 


The last theorem reviewed here concerns the product of Laplace- 
1,ransform functions and forms the basis for the superposition theorem A 
and for the concepts of transfer and weighting functions. 

11. Complex Multiplication. If the functions fi(t) and / 2 (0 are Laplace- 
transformable and have the Laplace transforms Fi(s) and F 2 (s), respec¬ 
tively, then 


[/. 


r) A(r) dr 


Fi(s) F 2 (s) 


(1-23) 


This integral is termed the real-convolution integral. 

This theorem leads to the superposition integral through the considera- 
t ion of either the unit step or unit impulse response of a linear system, 
(‘onsider a linear system with an arbitrary input f(t) and output c(t). 
Let the out put of the system due to an input that is a unit step function 
u i(0 bn denoted by h(t). Since an arbitrary input/(0 can be approxi¬ 
mated an oloHcly as desired by a series of step functions, the above 
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theorem results in 

c(t) = /(0) h(t) + - r) dr 0 (1-24) 

This is a form of the superposition theorem. 

A more useful concept, in general, is the unit impulse response. Let the 
output of the system due to an input that is a unit impulse function Uo(t) 
be denoted by g(t). Again, an arbitrary input can be approximated as 
closely as desired by a train of impulses of the proper height. The above 
theorem then leads to 

c(t) = f‘ /(r) g(t - r) dr 0 g i (1-25) 

This is the second form of the superposition theorem. It describes the 
response of the system to an arbitrary forcing function in terms of the 
response of the system to a unit impulse. If all initial conditions are 
zero, the above system can be described in terms of the Laplace transforms 
as 

C(s) = G(s) F(s) 

G(s ) is termed the system transfer function; it is seen to be the Laplace 
transform of the unit-impulse-response function g(t ), often termed the 
weighting function. The concept of transfer function is discussed more 
thoroughly in Sec. 1-9. 

1-8. Solution of Linear Ordinary Differential Equations. The solution 
of integrodifferential equations may be effected through the Laplace 
transformation method by first converting the equations into algebraic 
expressions in which provision is made for the initial conditions. The 
second step is the manipulation and simplification of the algebraic expres¬ 
sion. This yields functions of the complex variable, the inverse trans¬ 
formation of which constitutes the time solution. Very often the func¬ 
tion of the complex variable may be reduced to a partial series expansion 
of simple functions that can be obtained from a table of Laplace-transform 
pairs as the third step. And, as stated previously, this third step is often 
omitted in engineering problems, for the information required is usually 
obtainable directly from the function F(s) of the complex variable s. 

As an example of the Laplace-transform method applied to ordinary 
differential equations, a second-order linear ordinary differential equation 
will be solved in detail. The results will also give the reader some 
insight into the problems of time and magnitude scale factors that will be 
considered in Chap. 3. Consider 

a w + b t + cy = m 

^ (0) = Vo ?/( 0) - Vo 


(1-26) 
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The Laplace transformation may be applied to both sides of the 
equation: 

£ [ a W b cy = ( as2 + bs + c ) Y ( s ) ~ ( as + k) 2 /o — ay 0 (1-27) 

mt)] = F(s) (1-28) 

Thus, 

(as 2 + bs + c) Y(s) = F(s) + (as + b)y 0 + ayo (1-29) 
This is an algebraic equation. The function 

as 2 + bs + c 


is called the characteristic function , and the equation obtained by setting 
it equal to zero is called the characteristic equation (corresponding to the 
homogeneous case of the given equation). Equation (1-29) can be solved 
algebraically, to obtain 



F(s) + (as + b)y 0 + ayo 

as 2 + bs + c 


(1-30) 


This form is typical of all transform solutions. Once the function f(t) 
is given, assuming it is Laplace-transformable, the inverse transformation 
of (1-30) can be obtained by 

1. Direct integration, using (1-3) 

2. Reduction of (1-30) to simpler components by partial fraction 
expansion and 

a. Using the inversion theorem (1-3) to perform the integration for 
each simpler component and combining the results 

b. Obtaining the inverse transform for each component from a table 
of Laplace-transform pairs and combining the results 

Note that, in Eq. (1-30), the Laplace transform of the function y(t) 
i h determined only if the Laplace transform of the function f(t) as well 
as the initial conditions y o and yo are known. For purposes of illustration 
assume that the forcing function is given by 

f(t) = Ce~ dt 

The Laplace transform then is 

™ - ih 


In order to illustrate the very useful method of partial fraction expan¬ 
sion of a Laplace-transform expression and subsequent reduction by use 
of Laplace-transform pairs, numerical values will be used. Let the 
oquution be 

S + 30 27 + - 10e-« 


(1-31) 
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with the following initial conditions: 


dy 

dt 


(0) = 2/(0) 

2 /( 0 ) 


20 


The resulting Laplace transform of y(t) is then 


Y(s) 


10/(a + 5) + (s + 30) - 

s 2 + 30s + 200 
s 2 + 15s + 60 
(s + 5) (s 2 + 30s + 200) 
s 2 + 15s + 60 
(s + 5)(s + 10) (s + 20) 


20 


(1-32) 


This expression in the complex variable can be broken into a partial 


fraction expansion and expressed as 


F(s) 


s 2 + 15s + 60 
(s + 5)(s + 10) (s + 20) 


Ai . A 2 . A 3 
s + 5s + 10 + s + 20 


(l-32a) 


The next step is to find the expressions for Ai, A 2 , and A 3 . 
expression for Ai can be obtained by multiplying both sides of Eq. (1 
by s + 5 and then allowing s to equal — 5. Thus, 


The 

-32a) 


A ! 


( —5) 2 + (15)( 
(-5 + 10) (- 

% 

0.133 


) 2 + (15) (— 5) + 60 
5 + 10) ( — 5 + 20) 


The values of A 2 and A 3 can be obtained in the same manner: 


A 


A 


( —10) 2 + (15)( 
(-10 + 5X- 
— 0.2 

( — 2Q)2 + (15) ( 

(-20 + 5)( — 
1.067 


-10) + 60 
10 + 20) 


- 20) + 60 
20 + 10) 


These simple functions of the complex variable can now be found in a 
table of Laplace-transform pairs, and the corresponding functions of the 
real variable can then be added to give the complete solution of the differ¬ 
ential equation. Thus, from Table 1-2, 


£~ 


■[£ 


133 


£ 


i 


£ 


—i 


Is + 5 
- 0.2 
s + 10 

1.067 
s + 20 


0.133e-« 


0.2e~ 10 ‘ 


1.067e _20< 
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Adding these three functions gives 


2/(0 


0.133e- 6 ‘ - 0.2e- l0i + 1.067e- 20 ‘ 


(1-33) 


This is the solution of the original differential equation that satisfies the 
stated initial conditions. (Check to see if they are indeed satisfied.) 


stated initial conditions. (Check to see if they are indeed satisfied.) 

1-9. Transfer Functions. If the output of a physical system is related 
to the input by a linear relation that can be reduced to a mathematical 
model that is a linear differential equation, the input-output relation¬ 
ships can be expressed in terms of the Laplace transform of the differential 
equations. Such a functional relation is termed a transfer junction. The 
transfer-function concept is very useful in the study of physical systems. 
Consider the second-order differential equation 


d 2 x(t) . , dx(t) . 

a + b ~dT + c x{t) 


k y(t) 


(1-34) 


As a matter of convenience here and elsewhere in this book, the dot 
notation for the derivatives of a variable with respect to time is used 

wherever possible. 


dx 

dt 


d 2 x 

dt 2 


(1-35) 


The dot notation is not practical for derivatives above the second order, 
and for such cases the following superscript notation is used: 


( 0 ) 


dx 

dt 


(i) 


d 2 x 

dt 2 


x™ 


• • 


d n x 

~dP 


<»> (l-35a) 


Equation (1-34) can, then, be expressed as 

a x(t) + b x(t) + c x(t ) 


k y(t) 


(1-36) 


Assume that all initial conditions are zero, and take the Laplace trans¬ 
formation of both sides of the equation. The result is 


(as 2 + bs + c) X(s) 


k 7(s) 


(1-37) 


Now, since this is an algebraic equation in the complex variable s, the 
relationship may be expressed as 


X(8) 
Y(s ) 


as 2 + bs + c 


(1-37 a) 


The quantity on the right-hand side is known as the transfer function 
relating the variable X(s) to the variable Y(s). This relation may be 
hIiowii as in Fig. 1-4. The transfer function is represented by a box to 
which the input is the Laplace transform of y{t) and the output is the 
Lnplaoo transform of *(<). Note that the transfer function does not 
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include information concerning initial conditions; these are assumed to be 
zero. It does enable one to write the characteristic (homogeneous) 
equation of the system and solve for the solution of this equation. 
The transfer function is often abbreviated as a function G(s); thus, 


G(s) 


X(s) 

Y(s) 


as 2 + bs + c 


(1-376) 


Note that G(s), in general, is a complex quantity. 


Y(s) 


The use of transfer functions is merely a method of representing by 

~ I algebraic operators relationships 

n rrArr- I- X(s) between two variables. It should 


as 2 + bs+c 


I i+o Tuirrc j 

Fin i a m i c . again be noted that, although a 

function. transfer function is usually given 

m terms of the Laplace variable s , 

in obtaining transfer functions, initial conditions must be assumed to be 
zero. 

1-10. Transient Response. In studying the response of physical 

systems to external stimuli certain types of input function are very 

useful, both in the analytical study of the systems and for experimental 

determination of their behavior. The two most commonly used input 

functions are the step input, discussed in this section, and the sinusoidal 
input, discussed in the next section. 

By transient response is meant that portion of the response of a physical 

system that is transient in nature, i.e., that dies out or becomes negligible 

as time increases. The term transient solution is used in connection with 

the solution of mathematical models. It will be recalled that a linear 

differential equation has both a complementary solution and a particular 

solution (particular integral); the two together comprise the solution. 

The terms in the general solution that disappear as t approaches infinity 

can be considered to constitute the transient component of the general 
solution. 

Consider a system described by the second-order ordinary differential 
equation 


a Hit) + b y(t') + c y(t ) = f(t) 


(1-38) 


Let the input f(t) be a step function at t = 0, as shown in Fig. 1-36. 
Mathematically, the input function is designated as 


m = a «_!«) 


(1-39) 


and the Laplace transform is 


F(s) 


A 


(1-40) 


INTRODUCTION 


27 


The Laplace transform of Eq. (1-38) is 


(as 2 + 6s + c) F(s) = — + (as + b)y 0 + ay 0 

s 

The resulting Laplace transform of y(t) is of the form 


(1-41) 


F(s) 


yps 2 4 ~ Cis + C 2 

s[(s + a) 2 + /3 2 ] 


(1-42) 


This will be found in most transform tables. If the initial conditions 
are zero, the solution is 


2/(0 


where 


A 


1 + 2 (i^yT sin {&t - 0) 


(1-43) 


2 a 


(4ac — 6 2 ) 


2 a 
tan 


_ x (4 ac — 6 2 ) 


The second term in the brackets of (1-43) is the transient portion of 
the response; it approaches zero for large values of t if a is positive; in 


f(0 


(a) 


fit) 



2A 

c 


(b) 


Fig. 1-5. Response to step input, (a) f > 0. (6) f = 0. 


that case the solution is said to be stable. A typical solution for y(t) is 
shown in Fig. l-5a. If the damping constant is zero; i.e., if 6 = 0, the 
solution is 


y(t) 


A 


(1 — COS COnt) 


(1-44) 


where w n *= ( c/a ) w . 

Thus, if I ho damping is zero, the maximum amplitudes for y(t) and 








28 

its derivatives are: 


ANALOG COMPUTATION 



The factor of 2 that appears in y m is due to the fact that the displacement 
of y(t) is symmetrical about the ordinate A/c, as shown in Fig. 1-56, 
rather than zero, as for y(t) and y(t). 

The second-order equation is very useful in gaining an insight into 
the solution of higher-order equations; it shows clearly the effects of the 
real and complex roots of the characteristic equation 


as 2 + bs + c = 0 (1-45) 

Furthermore, many higher-order systems are characterized by a pair of 

dominant complex-conjugate roots, with the result that the solution 

closely resembles that of the simple second-order system. 

The Laplace transform of the second-order equation is usually written 
in the form 


(s 2 + 2f< 0 „s + co„ 2 ) Y(s) = ~ + I(s) (1-46) 

where I(s) comprises all terms due to the initial conditions. 

It is easy to see, from examination of Eq. (1-44) for y(t ) with zero 
damping, why the coefficient of Y(s) has been written as co n 2 . The 
quantity co n is the frequency at which the undamped system oscillates; 
therefore, it is called the undamped natural frequency. The quantity f is 
a measure of the damping; if the coefficient of s Y(s ) is 2fco n as in Eq. 
(1-46), the quantity £ may be termed the per-unit critical damping. 

As f > 0, real part of roots —» 0 no damping 

As f —-» 1, imaginary part of roots —> 0 no oscillations, damping critical 

Let the roots of the characteristic equation (1-45) be denoted by 

Si = —a + 

s 2 = —a — j(3 

where a and (3 are real numbers or zero. The geometry in the s plane 
becomes that of Fig. 1-6. The imaginary part /3 of the roots is the 
oscillation frequency in Eq. (1-43), and the real part a appears in the 
exponential term. The undamped natural frequency is seen to be the 
distance of the roots from the origin. The quantity f is the cosine of 
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Si 


s-plane 


<rl 


-CC 


the angle between the negative real axis and the radial line drawn to the 
roots when there are complex-conjugate roots located in the left-hand 
s plane. Therefore, if f = 0, the roots lie on the imaginary axis, and the 
oscillation frequency is just co n ; the - ](Aj 
value of a is then zero, and there is Si - u n 

no damping exponential term in the ^ 

solution [see Eq. (1-44)]. . / ! \«l 

. . .. . s-plane / \ \> 

The transient portion ot the time / j \ 

response is important because it de- I J cos" 1 

termines the stability of the system I -a 7 * 

described by the differential equation. \ J / 

Note that the decay or build-up of \\ ] / 

the transient portion of Eq. (1-43) 

is determined by the real part a of —. & 

the roots of the characteristic equa- ^ A 0 . « ,. f 

rT ^ 1 . , • l •, , Fig. 1-6. 5-plane configuration of roots 

tion. Therefore, stability or re ative secon d- 0 rder characteristic equation. 

stability is determined by the char¬ 
acteristic equation and is independent of the forcing function and of the 
initial conditions. 

1-11. Frequency Response. The term frequency response , as used in 
this text, denotes the steady-state response to a simple sinusoidal input, 
that is, the response of the system to an input that is a simple sinusoidal 
function of time after sufficient time has been allowed for all transient 
effects to become negligible. Consider again the system described by 
the model (1-38) with the forcing function given as 


j-H-/3 


Fig. 1-6. 5-plane configuration of roots 
of second-order characteristic equation. 


Then 


m 

F(s) 


aF m cos coi t 
aF m s 
s 2 + CO! 2 


(1-47) 

(1-48) 


For simplicity at the moment, assume all initial conditions zero, so that 
I(s) = 0 in Eq. (1-46). 

The Laplace transform of y(t), then, is, 


Y(s) 


_ FrnS _ 

(S 2 + C0i 2 )($ 2 + 2{0) n S + Cd n 2 ) 


(1-49) 


The form of the solution is 
y(t) = A i(coi,a,/3,/ y7 m ) cos [ Ul t + <t>( COi)] 


+ A 2 (cO!,a,jS,F m ) COS (fit + ^) 


(1-50) 


where a and 0 are the real and imaginary parts, respectively, of the poles 
of the transfer function. 

The detailed solution is left as an exercise for the reader. The first 
term in (I 50) has the same sinusoidal wave form and angular frequency 
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as the forcing function/(<). It is the steady-state portion of the response. 
The quantity <j>( coi) is termed the phase angle of the frequency response. 
The last term in y(t ) is a damped sinusoid if a is negative. As t becomes 
large, this term becomes negligible in comparison with the steady-state 
term, it is the transient part of the response. The frequency and damp¬ 
ing of this term depend only on the values of the roots of the charac¬ 
teristic equation. The amplitude of this term depends, of course, upon 
the initial conditions and upon the amplitude and initial phase of the 

forcing function. A typical plot of y(t) according to Eq. (1-50) is shown 
in Fig. 1-7. 

The frequency response of y(t) could be obtained by assuming t 0, 
so that the second term has essentially vanished, substituting a large 



Fig. 1-7. Response to f(t) = A sin wt. 



Fig. 1-8. Frequency-response plot. 


number of values of on in the first term of Eq. (1-50), and then computing 
the amplitude A i and phase 0 for y(t) in each case. The result of plotting 
the steady-state amplitude and phase relationships versus log coi in a 
typical case is shown in Fig. 1-8. Note that the straight-line asymptotes 
for the amplitude curve intersect or have a break point at the natural 
frequency co n of the characteristic equation. If the damping is small, the 
amplitude curve will exhibit a resonance peak, as shown. The frequency 
at which this occurs is denoted by co r , the resonant frequency. In Fig. 1-6, 
av would lie between /3 and co n on the imaginary axis. 

The frequency response is a very useful concept in explaining the 
properties of physical systems that can be described by linear ordinary 
differential equations. The frequency response as plotted in Fig. 1-8 
indicates the usable frequency range or bandwidth of a given transfer 
function of a particular system. From such a plot conclusions can be 
drawn about the maximum rate at which the output can follow an input 
signal or reproduce the information contained in the input signal, gov¬ 
erned by the operation being performed by the system itself as indicated 
by the transfer function. This topic may seem far-fetched at the 
moment, but will have direct bearing upon the material to follow con 


INTRODUCTION 31 

cerning the use of operational amplifiers and computer components in 
general. 

1-12. Electric Impedance Functions. It is appropriate at this time to 
discuss the transfer functions of network elements that are used with the 
electronic analog computer. There are three basic components available 
to the designer and user of the analog equipment. Three distinct types 
of passive linear elements are recognized in electric-circuit theory: 
resistors, which dissipate energy; inductors, which store electromagnetic 
energy; and capacitors, which store electrostatic energy. The cor¬ 
responding elements in a mechanical system would be damping elements, 
masses, and spring-type elements, respectively. The input impedance 
of one of these electric-circuit elements or of a combination of such 
elements in a network is defined as 

Z(s) - (1-51) 


assuming that all initial conditions are zero, where 

E(s) = £[e(0] 

m = mm 

and where e(t) is the input voltage to the network or to the element in 
question and i(t) is the input current. 



Fig. 1-9. The three impedance elements. 


It can be seen that the quantity Z , the complex input impedance, is 
defined in the same way as the transfer function that relates input and 
output quantities of a general system. As shown in Fig. 1-9, the imped¬ 
ance of a resistor of resistance R is simply R. The impedance of a 
capacitor of capacitance C is l/Cs. The impedance of an inductor of 
inductance L is Ls. Such elements can be combined in networks either in 
series or in parallel or in combinations of both. Series and parallel com¬ 
binations of impedances are given respectively by 


Series: 

Parallel: 


(Z) 


combination 



combination 



Zi\ + Zi + • • • + Z n 



(1-52) 


The circuit of Fig. 

impcdanco is 


l-10a is an example of a series combination; the 



RCs + 1 
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The circuit of Fig. 1-106 is an example of the parallel combination of 
impedances; the reciprocal of the impedance of the combination is 


or 


Z(s) 

Z(s ) 


R 

RCs -|- 1 


RCs + 1 
R 


The networks shown in Figs. 1-9 and 1-10 are all two-terminal net¬ 
works. The more general case is a four-terminal network. The type 


e(t) 


i(t) 


R 


E(s) 



I(s) R 

1 

Cs 


i(t) 

e(t) R 


I(s) 


E(s) 


± 

Cs 


(a) (b) 

Fig. 1-10. (a) Series combination. (6) Parallel combination. 




(d) , « 

Fig. 1-11. Three-termmal network representations. 


of network used with the d-c electronic analog computer is actually a 
three-terminal network, a special case of the four-terminal network, 
m which two of the terminals are always connected to a common point 
(the common signal reference, termed ground). Three representations 
of such networks are shown in Fig. 1 - 11 . Figure 1-1 la shows such a 


network of resistors with four terminals. Figure 1-116 shows the same 
network as a three-terminal representation with the third terminal 
grounded; the voltages e L and e 2 are then understood to be measured with 
reference to ground. In most analog-computer applications, the voltage 
C 2 m Fig. 1-1 la and 6 is zero, and the relationship desired is that between 
the short-circuit current i m and the input voltage e h as indicated in Fig. 
1-1 lc. Assuming all initial conditions are zero, the short-circuit transfer 
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impedance * is defined as 


Z . 


Ei(s) 

U*) 


(1-53) 


and is the impedance function usually required when a computing net¬ 
work is used with the analog computer. The reason for this is explained 
in the next chapter. The short-circuit transfer impedance of a network 
can be obtained by writing the loop equations resulting from Kirchhoff’s 
voltage law, which states that the sum of the instantaneous voltage drops 
in any closed path in a network in a specified direction must be zero. 
The resulting equations for the network of Fig. 1-1 lc are 


(R i 4- R^jii — R 2**80 
Rtfii 4- (R 2 + Rz)isc 


ei 

0 


(l-54a) 


If the initial conditions are assumed to be zero, the Laplace transforms 
of Eqs. (l-54a) are 


(R 1 + R 2) - 7 i($) — R2 1 0 c(s) — R 1 (s) 

R 2 1 i(s) + ( R 2 + Rs) I BC (s) = 0 


(1-546) 


Written in matrix form, the equations become 


R\ 4“ R 2 
— Ri. 


R 


R2 + -K3J Msc($) 


h(s) 


E 


t} 


(1-54 c) 


The Laplace transform of the short-circuit current then, is, 


Us) 


_ R2 Ei(s) 

(Ri + R%)(R2 + Rz) ■ 

_ R 2 Ei(s) _ 

R 1 R 2 4“ R\Rz 4" R 2 R 3 


R 2 2 


(1-55) 


which results in the short-circuit transfer impedance 


ZM 


Eijs) 

Us) 


R 1 R 2 4~ R\Rz 4~ R 2 RZ 

R<i 


(1-56) 


Three- or four-terminal networks are often represented as combina¬ 
tions of input impedances of two-terminal networks, as indicated in Fig. 
I-lid. The short-circuit transfer impedance in this case is 


ZM 


Z\Z 2 4" Z\Z 3 4~ ^ 2^3 


(1-57) 


The short-circuit transfer admittance is defined as 


Y n o(«) 


Lc (s) 
E i« 


mid U10 eoinpuler relatioiiBhip could be written in terms of this function instead of 
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Figure 1-1 le shows a more general three-terminal network represented 

in this way, although most computing networks used are either simple 

two-terminal networks or simple combinations of these in the form of 
Fig. 1-1 Id. 

What is the short-circuit transfer impedance of a three-terminal net- 
work composed of a single two-terminal network connected as in Fig. 

i 
j 
/ 

i 

Fig. 1-12 

1-12? The Laplace transform of the short-circuit current is simply 



Therefore, the answer is 



Z„(s) = zoo 


It will be found that the network represented by Fig. 1-12 is the type 
most often used for computing. 
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CHAPTER 2 


THE BASIC ANALOG COMPUTER 


This chapter is concerned with the general-purpose analog computer. 
The basic mathematical operations available are discussed in terms of 
the voltage operational amplifier, and the symbols commonly used are 
presented. Computer diagrams are introduced, and the rudiments of 
analog-computer programming are explained. The common form of 
results is discussed, and, lastly, the types of problem that can be solved 

are covered. 

The basic computing elements of the general-purpose electronic analog 
computer are simple RC networks used in conjunction with operational 
amplifiers. The concepts involved in the use of these amplifier-network 
combinations are introduced in Sec. 2-1 from a very basic point of view, 
and the equations are derived for three simple cases. The general 
relationship is simply presented. Section 2-2 deals with the same subject 
matter but includes a more rigorous treatment of the general relation¬ 
ship. A study of Sec. 2-2 is not necessary in order to understand the 
concepts involved; however, it is recommended for the reader with an 
electronics background. 

2-1. Basic Computing Elements. Only a few basic types of computing 
elements are necessary in order to solve a very wide range of problems 
by analog computation. Computing elements or components are 

needed: 

1. To multiply a machine variable by a constant coefficient, either 
positive or negative 

2. To generate the sum of two or more machine variables 

3. To generate the time integral of a machine variable 

4. To generate the product of two machine variables 

5. To generate functions of a machine variable 

The elements necessary to accomplish the first three operations in an 
electronic analog computer are discussed in this section. In following 
sections, it is shown how these basic elements can be combined to produce 
more elaborate operations, and the last two operations are discussed. 

Use of Electric Networks. The multiplication of a machine variable in 

the form of a voltage can bo accomplished by using the resistance net- 
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work shown in Fig. 2-la. There are three branches connected to the 
point 6 (termed a node). Kirchhoff’s current law states that, in the 
branches connected to a common node, the sum of the instantaneous 
currents in the direction away from (or into) the node is zero. If it 
is assumed that there is no current in the right-hand branch, the equation 



(c) 

Fig. 2-1. Simple computing networks, (a) Multiplication by a constant. (b) 
Summing network, (c) Integrating network 


resulting from application of Kirchhoff’s law is 



Thus, the voltage ei is multiplied by a constant positive coefficient. If 

such a network is to be used for computing, however, the output terminal 

will in general be connected to the input terminal of one or more other 

networks. The effect of this will be to add other elements in parallel 

with R, and to change the multiplying factor. This is termed loading of 
the network. 

The simple resistance network of Fig. 2-16 can be used as a summing 

device. Again assuming there is no current in the output branch the 
nodal equation is * 



or 


(2-26) 
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If = R 2 , the voltage e Q is a constant times the sum of the voltages 
e\ and e 2 . Any number of voltages can be connected in this manner. 
The summing network of Fig. 2-16 has the same disadvantages as that 
of Fig. 2-la, for loading of the network by connecting its output to the 
inputs of other networks changes the multiplying factor. 

The network of Fig. 2-1 c could be used as an approximate integrating 
element. Once more assuming no current in the output branch, the 
nodal equation is ^ 

t ' e ° ~ 61 + <7^ = 0 (2-3a) 


which has the Laplace transform 

Eo ~ -- 1 + CsE„ = C e.(0) 

it 

This results in 

_ ffi(s) , RCe a { 0) 
" ,w ~ RCs + 1 ^ RCs + 1 


(2-36) 

(2-3c) 


If the quantity RCs is much larger than unity, the network will act as 
an integrating element with respect to time. The effects of loading are 


quite severe in this case. 

Use of D-c Amplifiers. The results obtained with the simple networks 
of Fig. 2-1 can be greatly improved by addition of a d-c amplifier such as 
that depicted in Fig. 2-2a. A d-c amplifier is one in which the coupling 
between stages is direct; therefore, a d-c input voltage such as the voltage 
from a battery will produce an output voltage. The amplifier is shown 
ilh a three-terminal device, with one terminal grounded. The input 
\h often termed the grid of the amplifier, since it is usually connected 
directly to the grid of a vacuum tube in the input stage; in connection 
with computer amplifiers this point is more often referred to as the 
summing junction . The amplifier is shown as having a voltage gain of 
-K. Fig. 2-26 shows the symbol usually used to represent such an 
amplifier used in analog computers. The third terminal, ground, is 
understood. The simple circuit of Fig. 2-la can be used in conjunction 
with a d-c amplifier, as shown in Fig. 2-2c. The grounded terminals 
are usually omitted in such a diagram. The resistor Rf connects the 


amplifier output to the summing junction and, thereby, constitutes a 
feedback path around the amplifier.* Since the amplifier gain is —K, 

* It \n for this reason that tho amplifier gain has to be negative; for, if it were posi¬ 
tive, an increase in voltage at tho output would produce a corresponding increase in 
J the grid or summing-junction voltage e, which would cause the output voltage to 
linorouHc even more. Tho result would ho an unstable systoin^^^ Hi i 4 
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the grid or summing-j unction voltage c is 

\ e = 1 ? ( 2 - 4 ) 

This assumes, of course, that the amplifier-output voltage is independent 
of the amplifier-output current. This holds only if the amplifier can be 
regarded as a voltage source with zero output impedance (zero impedance 
in series with the driving voltage of the output stage of the amplifier). 





Pig. 2-2. Elementary uses of the d-c operational amplifier, (a) D-c amplifier. 
(6) Symbol used for d-c amplifier, (c) Single input, id ) Two inputs (summer), 
(e) Integrator. (/) Multiple-input integrator. A J 

A ^rfr 

If it is assumed that no current exists in the branch from Che summing 
junction to the input of the amplifier, the nodal equation for the point SJ 


is 


resulting in 


But e = —e a /K; so 


and, finally, 





(2-5a) 


(2-56) 
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If K is very large, the denominator is nearly unity, and the relationship 


Rf 

Ri 


ei 


(2-5c) 


is obtained. In practice, K is on the order of 10 4 to 10 8 , and the ratios 
of R f to R i used are hardly ever larger than 10:1 or 20:1. Thus, for 
practical purposes, the approximation is very nearly correct. The com¬ 
puting element of Fig. 2-2c is not affected by loading produced by con¬ 
necting the output to other networks, as long as the assumption that 
e 0 = -Ke holds true. Not only that, but, if the approximate relation¬ 
ship can be used, the multiplying coefficient is determined very simply 
as the ratio of only two resistances. Furthermore, the coefficient can 
be either larger or smaller than unity, whereas the circuit of Fig. 2-la 
can multiply only by a constant factor of less than unity. As an added 
touch, the circuit of Fig. 2-2c produces a negative coefficient, and, if it is 
followed by a similar circuit with Ri = R f , the multiplication factor is 

a M W ' W "V • A 


positive. A circuit such as that of Fig. 2-2 c with R 


Rf is termed a 


sign changer . An amplifier used in conjunction with networks as an 
analog computing element is termed an operational amplifier , for it is 
used to perform mathematical operations upon the input computer 

variables. 

A multiple-input circuit such as that shown in Fig. 2-2 d can be used 
as a voltage summing device. The current equation at the node SJ is 




«! + e ~ * JL 

^ R 2 R f 


(2-6 a) 


if the current into the amplifier is again assumed zero. The relation 


e 0 /K can again be used to obtain 


(Rf 

\Ri 


ei + 


R 

R 




+ 


1 (Rf 

K\Ri 


+f+ 1 


( 2 - 66 ) 


and, if K is very large, 


(Rf 

\Ri 


, Rf 

«1 + TT e 2 
it 2 


) 


(2-6c) 


If «i - R 


Rf, the circuit produces 


(ei + e 2 ) 


( 2-6 d) 


The circuit of Fig. 2-2 d can be used to sum an indefinite number of 
voltages, cither directly with the sum multiplied by —1 or with each 
variable multiplied by an arbitrary negative coefficient. Using the 
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amplifier has the same advantages in this case as in the case of Fie 
2-2 c. 

The integration circuit of Fig. 2-lc can be used with a d-c amplifier, 

as shown in Fig. 2-26. The Laplace transform of the nodal equation for 
the point SJ is 

R El + ^T /c^° = “ e<>(0)] (2-7 a) 

where c o (0) — 6(0) is the voltage to which the capacitor is charged at 
t — 0. Simplifying, 

RCs + 1 _ ^ ^ E i 

- ^ - E - CsE 0 = - 1 - C[e 0 ( 0) - 6(0)] 



(2-7 b) 

(2-7 c) 


If the amplifier gain is very large, Eq. (2-7 c) reduces to 



(2-7 d) 


or, in terms of the differential equation, to 

e 0 (t) ~ — ei(t) dt + 6 C (0) (2-76) 

where e c (0) is the initial value of voltage across the capacitor. If the 
assumption that e — e 0 /K holds true and if K is a very large number, 
on the order of 10 6 , the voltage e at the summing junction is always very 
nearly zero, and the value of 6 C (0) is just 6 o (0), which is the value of 
e Q (i) at t = 0. The assumption that e is always very nearly zero could 
have been made when the above nodal equations were first written, lead¬ 
ing immediately to the approximate relation. 

An indefinite number of inputs can be connected to the input of the 

integrating amplifier, as shown in Fig. 2-2 f. The approximate relation 

then obtained is 

• • • 

e ° (t) - ~ h Jo (wi + W, + ■ " + it) dt + e ° (0) (2 ' 8) 
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The integrating circuit can be used, then, to obtain the time integral of 
the sum of voltages. 

The basic assumptions made regarding the amplifier in deriving the 
rather simple expressions above for the circuits of Fig. 2-2 are: 

1. No current is drawn by the amplifier input. Thus, the amplifiei 

was assumed to have infinite input impedance. 

2. The amplifier has nearly infinite gain. 

3. The output voltage is independent of the output current and depends 
only on the summing-j unction (grid) voltage e. This means that the 
output impedance of the amplifier is zero. 



(b) 

Fio. 2-3. Use of general three-terminal networks, (a) Single input, (b) Multiple 
inputs. 

The use of d-c operational amplifiers in conjunction with simple RC 
networks has many advantages over the use of the networks alone. In 
fact, it was the development of amplifiers very nearly meeting the 
specifications tabulated above that made possible the general-purpose 

electronic analog computer. 

As indicated above, the operational amplifier can be used with simple 
two-terminal elements to form computing units that will multiply a com¬ 
puter variable (a voltage) by a constant, change the sign of a variable, 
obtain the sum of a number of variables, and obtain the time integral 
of a single variable or a sum of variables. Operational amplifiers can 
nlso be used with general three-terminal networks, as indicated in 
kig. 2-3, to produce more complex operations. Since the derivation of 
i Ik* operation performed by such a computing unit is based upon the 
nodal equation at the point SJ , it is the currents in the branches of the 
networks connected to the point SJ that are of interest. Furthermore, 
pinee the voltage e at the summing junction SJ is assumed to be always 
K oro if the approximate relationships are to be valid, it is the short- 
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circuit current at the output of the network produced by the voltage at 

the other terminal that is actually used in the derivation. Recall from 

Sec. 1-12 that the relationship of short-circuit current to input voltage 

of a three-terminal network is given by the short-circuit transfer imped¬ 
ance expressed as 

rj , x Eds) 

ZM - /is (2 - 9) 

The subscript “sc” will usually be omitted, and the short-circuit trans¬ 
fer impedance of a three-terminal network will be labeled as in Fig. 2-3a. 
For the general circuit shown in Fig. 2-3a, the Laplace transform of the 
output voltage is approximately 

«•>=~m EM < 2 - 10 > 

where Zi(s) and Z f (s) are the short-circuit transfer impedances if three- 

terminal networks are used. Equation (2-10) is a very simple expression; 

the output is seen to be related to the input only by the ratio of the com¬ 
puting impedances Z f and Z lt 

An operational amplifier can also be used with multiple inputs. If n 
inputs are used, as indicated in Fig. 2-3 b, the transfer function of the 
operational amplifier system is approximately 



This relation is perhaps even more amazing than that of Eq. (2-10), 

for the contribution of each input is seen to be completely independent 
of all other inputs. 

Besides the operational amplifier, which, on the basis of the relation¬ 
ships of Eqs. (2-10) and (2-10a), can be used to perform a variety of 
operations, the general-purpose analog computer has a number of types 
of auxiliary equipment, including equipment required for multiplication 
and division of variables, two-dimensional vector resolution, generation 
of arbitrary functions, and recording of results. 

2-2. The Operational Amplifier. This section covers the basic assump¬ 
tions regarding the use of the operational amplifier in more detail than 
the preceding section. The use of the short-circuit transfer impedance of 
general three-terminal networks is treated in detail, and the amplifier 
input and output impedances as well as grid current are included in the 
derivations. It is recommended that the reader without an electronics 
background skip this section and, if he wishes, read it at a later time. 

The heart of the modern electronic analog computer is the high-gain 
d-c amplifier. Such an amplifier, with near-infinite gain (on the order 
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of 10 7 ) and input impedance, almost zero output impedance, and wide 
frequency bandwidth, is termed an operational amplifier. The more 
conventional uses of the operational amplifier are sign reversal, summa¬ 
tion, and integration. Amplifiers now in use very nearly meet the 
standards of the “perfect” operational amplifier. 

The “perfect” operational amplifier can be used to form summers, 
sign changers, and integrators and to simulate systems with complex 
transfer functions. Figure 2-2 b shows the symbol used to denote an 
operational amplifier. The output is seen to be —K times the input, 
where K is a very large, real number (equal to infinity in the ideal case). 



Fig. 2-4. Use of operational amplifier. 


The operational amplifier may be one that amplifies voltage (a voltage 
amplifier) or one that amplifies current (current amplifier). The voltage 
operational amplifier will be considered in detail here, but the same 
considerations apply to the current amplifier. 

One can use the analog computer quite effectively merely accepting 
the expressions of Eqs. (2-10) and (2-10a) on faith without looking further 
into the background of the relationship. However, since this is the basic 
relationship upon which the use of analog computers is based, it will be 
worth while to consider its derivation. An understanding of the deriva¬ 
tion draws upon the basic concepts of the transfer function as already 

presented. 

Consider the system of Fig. 2-4. The complex impedances Z x and Z f 
are short-circuit transfer impedances of three-terminal networks. In 
addition to these two impedances, three other impedances and the transfer 
function of the amplifier are shown. These are: 

Zi(s) = grid impedance of the amplifier 
Z 0 (s ) = output impedance of the amplifier 
Zi(s) = load impedance 



transfer function of amplifier with no load 
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In addition, let the subscript t denote the Th6venin impedance of a 
four-terminal network with one set of terminals shorted.* 

The variable i a {t ) is the current flowing to the grid of the input tube 
of the amplifier. The transform of the current i\{t) as a function of the 
input voltage ei(<) and of the grid voltage e„(t) is 


h («) 


EM 


[Z 1 (8)/Z»(8)\E,(8) 


z M 


(2-1 la) 


Similarly, the expression for Z/(s) is 


//(«) 


E.(8) 


[Z f (8)/Z„(8)]E t (8) 

Z,(s) 


(2-116) 


The transform of the current through the impedance is 


/<(«) 


EM 

Zi(8) 


(2-11c) 


Now, since there are only four current paths to the node SJ (the 
summing junction) in Fig. 2-4 and since no current can be generated or 
lost at that point, the total current entering node SJ must equal that 
leaving it. Thus, 




u 


(2-12o) 


The result is the nodal equation 


Ei 


(Z!/Z u )E, , E, 


Z i 


+ 


{Z,/Z ft )E a 

z , 


+ T 


K 

z< 


(2-126) 


In order to relate E a to E„, note that 


EM = G(s) E 0 (s) 


(2-13) 


and that 


Us) 


EM 


EM 


zm 


or 


E„(s) = EM 


ZM IM 


(2-14) 


Therefore, combining (2-13) and (2-14), 


or 


E, 

E. 


GE, 


ZJ 


E 0 -f- ZJ 
G 


(2-15) 


Substituting this into Eq. (2-126) and collecting terms, 


JL _ I(JL 

Zf G \Z U 


+ Z, t + z 


s)] 


E. 


z. 

G 


(~ + - 
\Zu ^ Zj 


ft + z) 1 


Ei 

Zi 


(2-16a) 


* Recall that the Th4venin impedance of a network is the impedance of the series 
two-terminal network of the Th4vonin equivalent circuit. 
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This is a bit more complicated than the simple expression (2-10), but 
one should not lose faith. Suppose that the amplifier transfer function 
is simply — K, a gain factor, and that the grid current and output 
impedance are negligible. Equation (2-16a) becomes 



Now, if Zu , Z ft , and Z t are all of the same order of magnitude and if the 
gain factor K is very large, Eq. (2-166) reduces to 




(2-16c) 


The assumptions that were made in deriving the simple expression of 
Eq. (2-16c) and that must hold for a good operational amplifier design 
are: * 

1. G(s) = — K and K very large 

2 . I g = 0 

3. Z 0 very small 

4. Zi large—of the order of Zu and Z ft 

Note that the derivation assumed that the impedance functions used 
related the current at the node SJ to the applied voltage. If assumptions 
(1) and (2) are applied to Eq. (2-15), the conclusion is drawn that the 
grid voltage e g is always very nearly zero no matter what the output 
voltage is. Actually, this is a good assumption in most cases, since the 
operational amplifiers available have gains of the order of K — 10 8 and 
quite small output impedance. Assumptions (2) and (4) could have 
been made in addition to assuming e g = 0; then the relationship of 
(2-16c) would have been obtained immediately. The assumptions that 
the input grid voltage and current are zero will be used frequently in the 
implicit generation of functions. 

Since it has been assumed that e g = 0, the two currents i\ and if are 
t hose that would be obtained by placing a short-circuit from the output 
of the impedance networks Zi and Z/, respectively, to ground. Thus 
t he use of the short-circuit transfer impedances of the respective networks. 
'This will become important later when more complicated networks with 
elements shunted to ground are used. At the moment, only simple series 


* The impedances (as well as the amplifier transfer function) are functions of the 
complex variable a; therefore, the restrictions have little meaning unless the range in s 
is specified. This is usually done in terms of frequency response by letting s = j<a; 
the eorroctnoss of the assumptions can then be evaluated as a function of the desired 
frequency range, flee Chap. 12 for a more detailed treatment. 
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and parallel combinations of impedance elements need be considered, and 
in such cases the short-circuit transfer impedance is simply the ratio of 
the transforms of input voltage to input current. 

The reader may wonder why the impedance Z L was shown in Fig. 2-4 
and then not used in the derivation. It was shown for completeness and 
to emphasize that the magnitude of the output current and, hence, the 
effect of the output impedance of the amplifier depends upon the load 
impedance (and also on the transfer impedance of the feedback network). 
The reader versed in feedback-control theory will find it interesting 
and informative to derive the block diagram for the equivalent feed¬ 
back-control system with unity feedback. The impedances Zi and Zl 
will be found to have considerable effect upon system stability. 

Although Eq. (2-16c) was derived by assuming that the amplifier 
transfer function was simply — K, it is impossible from a practical stand¬ 
point to build such an amplifier. The amplifier transfer function will 
in general be a function of the complex variable s, as are the impedance 
functions. These considerations make the derivation of Eq. (2-16c) 
more difficult to follow. The interested reader is referred to Chap. 12. 

The reader should now erase all doubts from his mind and rest assured 
that expressions (2-10) and (2-16c) do indeed hold true for the opera¬ 
tional-amplifier components of an analog computer. For those who have 
faith, the text will proceed with a discussion of the elementary mathe¬ 
matical operations that are available. 

2-3. Basic Mathematical Operations Available. Most linear relation¬ 
ships can be formed simply by choosing the correct elements for Zi 
and Z f . 

Sign Change. Thus, to change the polarity of a signal, let Z x = R, 
Zf = R , as in Fig. 2-5a, and obtain 

R 

€i c» (2-17) 

A triangle is used as the symbol for a sign changer. * 

Algebraic Summation. More than one input can be applied to the 

operational amplifier. Let the first input have Z x = 1/a and the second 

Z 2 = 1/5, with Zf = 1, as shown in Fig. 2-56. The result is an adder, 
or summer , giving 

e 0 = ’—(aei + be 2 ) (2-18) 

The symbol used for a summer is that of a sign changer with multiple 
inputs, the gain being shown for each input if it is different from unity. 

Integration and Differentiation. The operation of integration can be 
obtained in similar fashion. The impedance function of a resistor is 

* A sign changer is sometimes termed an inverter, for it inverts the sign of the input. 
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simply R, whereas that of a perfect capacitor of value C is 1/Cs. The 
use of a resistor-capacitor combination, as shown in Fig. 2-5c, results in 

E 0 (s) = - Ei(s) + - s e o (0) (2-19) 

or e 0 (t) = - ^ T *(0 di + e «(0) (2-!9a) 

The symbol used for an integrator includes a provision for an initial 


R 



2-5. Notation for computer diagrams. Values of resistors and capacitors, given 
hi megohms and microfarads, (a) Sign changer. (6) Summer, (c) Integrator, 
(ri) Differentiator. (This is rarely used because of noise.) 

condition—the value of the output at t = 0. Note that the initial- 
condition voltage applied at the initial-condition input is reversed in 

nign. 

in theory, at least, the positions of the resistor and the capacitor could 
bn reversed, as shown in Fig. 2-5d, to yield the relation 

e„(f) = -RC^-p- (2-20) 

Thin device would be a differentiator. However, the practical difficul- 
l Em arising from errors introduced by differentiating the noise content 
o( a signal make this circuit unusable for general practice. Certain 
approximations to differentiation will be described later. 
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Generation of General Time Functions. It should now be obvious that 
rather complicated transfer functions can be constructed by the proper 
combination of resistor and capacitor elements. Figure 2-6a shows a 


C 


R 




R. 


e 0 


l 

R 2 C 

1 

R X C 


e 0 


(a) 


[njbn) E & 


Fig. 2-6 


<b) 


simple combination of two resistors and one capacitor, resulting in 


E 0 (s) 


R 2 1 
R\ R 2 Cs -f- 1 


Ei(s) 


( 2 - 21 ) 


This is the equation of a low-pass filter or simple system with a time 
lag. The system can also be described by the differential equation 


t> n de 0 (t) , R\ (N 

BiC ~w +F 2 eo(<) 


ei(t) 


(2-21 a) 


Figure 2-66 shows the symbol that can be used in place of that of 
Fig. 2-6a. 

Nonlinear Functions. It has been shown how the operational amplifier 
can be combined with simple, linear, passive electric elements to provide a 
means of addition, subtraction, multiplication by constants, integration, 
and performance of more complicated operations that can be described 
by linear differential equations. The elements used in the impedances 
Z\ and Zj need not be linear, however; this fact greatly extends the use¬ 
fulness of the analog computer. This may be illustrated by considering 
a very common nonlinear electric element—the diode. Figure 2-7 
shows two possible uses of diodes and the resulting input-output relation¬ 
ships. Two methods of symbolic representation are shown in both 
cases. Simple circuits of this type can be used to simulate the char¬ 
acteristics of limiting, dead-zone, hysteresis, coulomb-friction, and non¬ 
linear relationships in general (single-valued) as well as to compute 
specific mathematical functions such as the absolute-value function and 
many decision functions based upon inequalities. This is covered in 
detail in Chap. 5. The ideal diode is a switch device that allows current 
to flow in the direction of the arrow but not in the other direction. 
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Multiplication and Division. Multiplication by a constant can be 
achieved either by choice of the proper value of input and feedback 
resistances with an operational amplifier or by the use of a coefficient 
potentiometer that serves as a voltage or current divider. The coefficient 
potentiometer is shown schematically in Fig. 2-8a. The total resistance 
is shown as R, with the resistance from the slider or arm to ground as R i. 
Tf the arm is not loaded with a load resistance to ground, the voltage 



(b) 


Fig. 2-7. Generation of nonlinear functions with diodes. 

at the arm will be Ri/R of the input voltage, as shown. Figure 2-8b 
shows the symbol commonly used for the coefficient potentiometer. The 
value to which the potentiometer is set (which must always be equal to 
or less than unity) is usually indicated on an unsealed computer diagram 
inside the circle and on a scaled computer diagram above or to the side 
of the circle. The number of the particular potentiometer being used 

in often noted inside the circle in the latter case. 

If a load resistance is placed between the arm and ground, the electrical 
ratio of input to output voltage will be different from the mechanical 
ratio Ri/R. The arm of a coefficient potentiometer is usually connected 
to the input of an operational amplifier through a resistance, as shown in 
Fig. 2-8c. The input resistance R 2 , then, is the load resistance on the 
arm of the potentiometer, since the summing-junction voltage is always 
very nearly at ground potential. With the arm thus loaded, the electrical 
ratio is no longer simply Ri/R, and this loading must be taken into 
account in setting the coefficient potentiometer for the desired coefficient a. 
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Potentiometers are available for uses other than setting coefficients 
(multiplying by constants) and can have both ends as well as the slider 
available, instead of having their lower ends grounded, as in Fig. 2-8. 
Such a potentiometer is shown symbolically in Fig. 2-9. Note that 
these symbols were used in Fig. 2-76. 



(c) 


Fig. 2-8. The coefficient potentiometer, (a) Schematic. (6) Symbol, (c) Loading 
of a potentiometer. 

In order to obtain multiplication by a problem variable, i.e., not by a 
constant, a multiplier must be used. There are many forms of multi¬ 
pliers, but it will usually be sufficient on the computer diagram to show 
the multiplier merely as a symbol, as in Fig. 2-10. The one exception to 
this occurs when a servo multiplier is to be used. It is true that the servo 
multiplier in general could also be symbolized by the simple block 



Fig. 2-9. The general-purpose potentiom- Fig. 2-10. Symbol for a multiplier, 
eter. 

labeled M, but the servo multiplier, unlike the electronic multiplier, 
does not simply have its input and output terminals brought out to the 
patch panel or wiring board of the computer. The servo multiplier is an 
electromechanical system consisting of a differencing amplifier that 
obtains the algebraic difference between the two inputs; the amplified 
error voltage drives a servo motor, which turns the output shaft to which 
a number of potentiometers are attached, or ganged . 

Figure 2-1 la shows a partial schematic of a servo multiplier. Note 
that the servo multiplier is a closed-loop device and that the output 
shaft will continue to turn as long as the voltage from the feedback 
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notentiometer is not equal to the input voltage. When the two voltages 
£ " , the error will be sero and 

«* *>- pedometer, 

ZfdZZl «r°The slider of the follow-up cup is dually 

it with a resistor ^ ’^terfometers or tups. 

SSJ £ rttUoJX cup ramerent fromVt of the other cups 

on the shaft, the sliders will not be aligned electrically with that 
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x 7 
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(b) 


Fig. 2-11. Servo multiplier, (a) Partial schematic, (b) Symbol. 


the follow-up cup, even though they are aligned mechanically because of 
being mounted on the same shaft. Thus, for proper operation of a servo 
multiplier, the resistance from the sliders of each of the potentiomete s 

lie connected to ground from the jack connected to the follow-up-cup 

llider Note that the resistance to ground from a potentiometer slide 
will in most cases be simply the resistor used at the input of an opera¬ 
tional amplifier to which the slider is connected 

The svmbol commonly used for a servo multiplier is shown in 1 ig. f • 
The nomenclature inside the box pertains to the number of the partmutar 
limit inlier the excitation of the feedback potentiometer, and the value 
7 o Zk lienee connected from the follow-up-cup arm to ground 
Mho cup“ available for computation can be shown as circle. with the 

mult inlier designation placed inside the circle. 

'Sue 2 12 shows an example of a servo-multiplier .onnectmm 1 ho 

..doing cups on the servo-multiplier shaft may he exerted edhw with 

!..lit reference voltage, as shown with the A cup nr by the output 

of other computing components, as shown with the I P- * A ^ 

minus roferonoe voltage is used to excite a cup, -n-i..nut to the 

«„ll!.g.i from the slider should just equal the voltage at the input 
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servo multiplier. That is, if x is positive, the slider of all the poten¬ 
tiometers will move toward the top of each resistor, as symbolized m 

Fig 2-12o, and the slider voltage of the second cup will be positive and 
should just equal the input x. This connection is shown merely for 
illustration; nothing would be accomplished by that procedure^ T e 
potentiometer is shown excited with a problem variable ±y. Ihe 
output of that slider will be the product xy/E, since the proportion o 
the voltage used to excite the cup that is picked off by the slider is pro¬ 
portional to x/E and the excitation voltage is simply y. If the compu e 



0.1 M 


Fig. 2-12. Example of servo-multiplier connection. 

variables are normalized with respect to the reference voltage, the quan¬ 
tity E is unity (full reference) and does not appear on « 
diagram The output of the second amplifier m Fig. 2-12 would t e 
he labeled simply “-xy.” Thus, if the computer variables x and y are 

and if the reference level of the computer is 100 volts, 

the product must be labeled “**/100”; for both * and « could attain 
values of 100 volts, but the output of cup B would then be no 

(100) (100) = 10,000 volts 

but only 100 volts, since the arm of cup B would be at one extreme and 

the arm voltage would be the full voltage applied to ^“the 

If the computer variables are measured as decimal fractions of t 

reference rather than in volts (normalized variables), the maximum value 
^r bothx and ,is simply 1.0. Furthermore, the 

would be measured as ±1.0, and the maximum output of_the arm ot 
cup B would be (1.0) (1.0) = 1.0, so the output should be labeled simply 

*Note that in Fig. 2-12, cup B is shown with a center tap, which is 

grounder! Vhis provides ft more definite sero independent of referenee- 

plier cups. The tap enn bo -hewn eymbolioally M In I'lg. 2 -'A. Ibe 
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, . J. indeed in some applications, the top oi 

Sto"n.lXeup shown in Fig. 2-13.* 


Z + K(yz + a:) 


( 2 - 22 ) 


, . to- o it; v,y using a multiplier 

Is"; ele^nt^dThigh-gain 'amplifier. In this eirenit 
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M 



(a) 


(b) 


Fig. 2-13. Division with a multiplier. 


I" T°h"t P of r the e “ d “nut’ of the 

amplifier is 


K (x + zy) 
-Kx 


T+Tty 


(2-23) 


if K is very large 


Therefore, the conditions forTheigenuratmn °j*£ e vai^ ^ y ^ not 
In performing such operations it is obviou 

go through zero, for when y 0, * ■ g ig known as an implicit- 

The above method of generati g 1 ^ 2 -13 the circuit cun 

function-generation technique. 0 resistors to the high-gam 

be represented in two waya. (V \^Z mecied to a common point, 

the Humming junction. ( ) amp Ufter each with the same Ram 

different inputs to the hig -8 h in designation is the 

v^oXrSr l megohms. Thus, in the figure 
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«o the output shaft of the servo““2r»otentiomete,. This unit 1. 

Sd CXC that the output of two slide,, mounted 110" to .. 


. ... multiplier, provid. to dW ‘ ta ‘' 
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other on the same shaft is proportional to the exciting voltage on the 
potentiometer and to the sine-cosine, respectively, of the shaft position. 
A servo-driven sine-cosine potentiometer is shown schematically in Fig. 
2-14a. With the feedback potentiometer excited by a voltage ±E, 



Fig. 2-14. Servo multiplier with a sine-cosine potentiometer, (a) Partial schematic. 
(6) Symbol. 

the output of the two sliders of the sine-cosine potentiometer is 



y cos 


x 

E 


Again, if all computer variables are normalized with respect to the 
reference voltage E so that E is regarded as unity, then that quantity 
never appears on the computer diagram. This will be discussed in more 


f(x) 



(c) (d) 

Fig. 2-15. Symbols and typical outputs 
of function generators. 


detail in Chap. 3. Figure 2-146 
shows the symbolism that will be 
used in this book for the servo- 
driven sine-cosine potentiometer. 
When two sine-cosine potentiometers 
are ganged to the same shaft of the 
servo multiplier the unit is capable 
of vector resolution in two dimen¬ 
sions. Such a unit is usually called 
a servo resolver. 

Auxiliary Operations. Auxiliary 
equipment includes function genera¬ 
tors that can generate arbitrary 
single-valued functions of one or two 
variables, shown symbolically in Fig. 
2-15. The circuitry and operation of 


the more common function generators are discussed in detail in Chap. 12. 


In general, the arbitrary function to be generated must be capable of 


being plotted as a single-valued function of the input. Function genera- 
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tors are available also for the generation of functions of two variables; the 
second variable appears as a parameter of the family of curves. The 
diode function generator is the simplest and most often used device for 
generating arbitrary functions; it approximates a function by a finite 
number of straight-line segments. Separate controls are usually fur¬ 
nished for setting the positions of the break points of the straight-line 
segments and for controlling the slope of each segment. Only single¬ 
valued functions can be generated directly. Figure 2-156 shows a typical 
function generated by a diode function generator. Figure 2-15c shows 
the symbol used for a two-variable-function generator, and Fig. 2-15d 
shows a typical output of such a diode generator. Note that the break 
points of the straight-line segments must all lie on radial lines through the 
origin. Other less common two-variable-function generators such as 
curve (two-dimensional) and surface (three-dimensional) followers are 
not so restricted. Time-function generators are also available, and will 
generate sinusoidal, step, ramp, and even random functions of time. 
The last are called noise generators. 

The basic operations available, then, are addition, subtraction, multi¬ 
plication, and division; the computer also has the very important ability 
to integrate with respect to time and to perform other mathematical 
operations. These operations are required in the solution of mathe¬ 
matical equations. In addition, many nonlinear elements are available, 
which enable one to use a computer to simulate, i.e., behave in the same 
manner as, very complicated nonlinear systems. ^ 

2-4. Computer Diagrams and Programming. The most common 
method of programming a problem on an analog computer is to connect 
the various inputs and outputs of the computing components together 
with wires or patch cords, usually through a removable problem board. 
The various machines differ from one another in the details of layout of 
the problem board or other means at the operator’s disposal for making 
interconnections. More behind-the-board connections are prewired 
or made by relays in some machines than in others. Thus one machine 
may have only the input and output terminals of the operational ampli¬ 
fiers available, whereas another may have its amplifiers prewired as 
Hummers and integrators. 

Figure 2-16 shows the removable problem board of one widely used 
commercial analog computer. Note that the connections to the opera¬ 
tional amplifiers and the other computing components are brought out 
lo holes or jacks on the problem board, or patch panel. The connections 
between computer components are then made by patch cords or wires 
with suitable plugs on each end, which are used to connect the output 
of one component to the input of another. In the particular computer 
t lml- utilizes the patch panel of Fig. 2-16, for each amplifier, a feedback 
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Fig. 2-16. A typical patch panel. (Courtesy of Electronics Associates, Inc.) 


resistor and several input resistors are provided in the patch bay into 
which the patch panel is inserted. Feedback capacitors are also provided 
for some of the amplifiers. Grid connections to the operational ampli¬ 
fiers are also brought out to the patch panel, so that external com¬ 
puting impedances can be used either for feedback or for input elements. 
Thus the connections provided for the operational amplifier are quite 
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versatile. On the other hand, only the input and output connections of 
most other computing components are provided on the patch panel, for, 
with respect to these other components, much less versatility is required. 
Connections to the recorders, voltage supplies, etc., are also provided 
on the patch panel, so that all connections required for a problem can 
be made on the patch panel at a location remote from the computer. 
Then, when the patch panel is inserted into the computer, the only thing 
left to do is to set the coefficient potentiometers to their desired values, 










Fig. 2-17. Comparison of block and computer diagrams. 


set up any function generators that are to be used, and perhaps set the 
position of a few auxiliary switches. 

In any case, the program can be specified by computer diagrams using 
the symbols previously introduced. A complete computer diagram will 
contain all information necessary to reconstruct the problem equations 
or model. Such a computer diagram can be used to program any general- 
purpose analog computer. 

The computer diagram is a special form of the block diagram that is 
used extensively in control-system engineering. A block diagram is a 
diagram showing the signal flow of a particular system; the operations 
performed on the signals at various points in the system are shown as 
transfer functions enclosed in boxes or blocks. Hence the name. This 
matter will be pursued in more detail in Chap. 6. 

Figure 2-17 shows three block diagrams of a simple system, all of which 
are equivalent, and a computer diagram for the same system. The 
equation being solved is 

2/(0 = f* *(0 dt + a x(t) 
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In Laplace-transform notation, 

Y(a) = [i] X(s) + [a] X(s) 

= [2t±l] X(.) 

= [i] [as + 11 X(s) 


The transfer functions in brackets are those shown in Fig. 2-17a, b, 
and c, respectively. The computer diagram of Fig. 2-1 Id is the most 
straightforward means of achieving the results with the computer and is 
based upon Fig. 2-17a, but, as will be shown later, any of the other trans¬ 
fer-function groups could also be realized with computer components. 

The signal-flow diagram 1 '* is an interesting form of pictorial model that 
results in detailed symbolic representations of physical systems, but 
there is not room here to treat the subject. Signal-flow diagrams have 
the advantage that all signal-flow paths are shown in the primitive dia¬ 
gram; this overcomes somewhat the loss of contact with the physical 
system that is inherent in the block-diagram method. Computer dia¬ 
grams can be obtained directly from signal-flow diagrams, as explained 

in Ref. 1. 

It should be recognized that both mathematical and pictorial models, 
such as block diagrams, computer diagrams, etc., are means of describing 
real (or imagined) physical systems. As such, they must always meet 
the test of equivalence to the situation under study. That is to say, 
if the results of a computer study are to be meaningful with regard to a 
physical system, the model being studied must describe the system or 
situation adequately. The word “adequate” should be stressed, for a 
model adequate to study the relative effects of system parameters b and c 
may not be at all adequate to study something else concerning the 
system. 

The computer can have several states or control conditions available 

to the operator. These are usually: 

1. STANDBY. In this condition the computer is in a state of rest 

with all output-voltage levels nominally equal to zero. 

2. INITIAL CONDITIONS, sometimes called RESET. In this 
state the initial conditions have been entered; that is, the output of the 
amplifier corresponding to x will be at a value corresponding to Xo, the 
initial condition at t = 0. This is a transitory state and is the beginning 
of the state at which the problem is started. The computer is able to 

* Superior numbers refer to references listod at the end of each chapter. 
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hold this state indefinitely, and it is quite useful for checking the com¬ 
puter setup, as will be discussed later. 

3. COMPUTE or OPERATE. In this state the computer is com¬ 
puting the problem, and the voltages corresponding to the problem 
variables are changing in time. 

4. HOLD. In this state the computer ceases to compute the problem, 
and will hold or clamp all the values that it had at the moment that the 
state was entered. The values of variables may then be monitored one at 
a time. When switched back to the COMPUTE state, the computer will 
continue as if it had not been interrupted. 

5. REPETITIVE SOLUTION. In this condition the computer con¬ 
tinuously recycles between INITIAL CONDITIONS and COMPUTE 
state. The problem is, therefore, solved over and over again at some pre¬ 
determined repetition rate. The results may be displayed upon an 
oscilloscope; this is very useful for certain problems involving optimiza¬ 
tion of parameters. 

There are also other states available in the more refined computers, 
such as PROBLEM CHECK, TIME-SCALE CHECK, POT SET, 
SLAVE, and others that are discussed in more detail in Chaps. 7 and 12. 

Programming an analog computer is, in general, a straightforward 
task. The steps required can be broken down as follows: 

1. Determine the method of solution by study of the model. Direct 
solution, indirect solution, implicit techniques, simulation, or a com¬ 
bination of these techniques may be used. This step usually involves 
sketching a preliminary unsealed computer diagram. 

2. Determine magnitude and time scaling. 

3. Construct complete scaled computer diagram including initial 
conditions. 

4. Connect computer components according to computer diagram. 
This is usually done by patch-cord wiring on a removable problem board, 

or patch panel. 

5. Set to correct values all coefficient and initial-condition poten¬ 
tiometers being used. 

6. Set any auxiliary switches and potentiometers being used. 

7. Connect to recorder inputs the outputs of components for which 
variables are to be recorded. 

8. Set computer control switch to IC (INITIAL CONDITION state) 
and then to COMPUTE. 

Step 1 is discussed in the next section. Steps 2 and 3 are covered in 
detail in Chap. 3. The remaining steps are routine; details will depend 

upon the computer being used. 

The programming procedure outlined above is by no means all that is 
required to solve a problem on a computer. In most cases, the con- 













60 


ANALOG COMPUTATION 


struction of an adequate model of the physical situation to be studied is 
the first—and very important—step. The properties of the model that 
are to be investigated must be determined. This includes such things 
as investigation of stability, evaluation of the effect of certain parameters, 
evaluation of the effects of various problem conditions and type of input 
(forcing functions), and perhaps optimization of certain parameters. 
This could be called the design of the experiment , and is a most important, 
though often slighted, phase of a computer study. The computer cannot 
think . The person making the study must do the thinking—the machine 
will do only what it is instructed to do through the programming pro¬ 
cedure. This may seem too obvious to deserve mention, but the all 
too frequent failures, due to meaningless data, of long and expensive 
computer studies are a painful reminder to people in the field that man 
often forgets the obvious. 

Given a carefully designed experiment, the success of a computer study 
depends greatly upon the care and effort taken to ensure that the com¬ 
puter is indeed solving the model chosen and that the model actually 
does represent the physical situation adequately. This often requires 
the planning of an elaborate program of computer-check runs and the 
gathering of adequate data for check purposes by analytical or other 
means. This subject is discussed in detail in Chap. 7. 

2-6. Methods of Analog-computer Solution. The methods by which 
problems can be solved on the analog computer can be broken down into 
four groups: 

1. Direct solution 

2. Indirect solution 

3. Implicit-function generation 

4. Simulation 

Direct Solution. This method applies to problems in which the func¬ 
tions to be operated upon are given functions of the independent variable 
and can be generated with signal generators or with function generators. 
As an example, consider 

dt 

x{t) = jf - (2-24) 

J 0 h\t) dt + a„ 

where a 0 , fi(t), and/ 2 (0 are given. 

The equation can be solved directly for x , as shown in Fig. 2-18. 
Figure 2-18a utilizes the symbol for the multiplier that has two inputs 
and one output and requires three multipliers. The circuit of Fig. 2-186 
utilizes servo multipliers, and only two are required. Multiplier 1 is 
used to obtain both fif* and /i 2 . Note the convention used for the 
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multiple-output lines of the open-loop amplifier in Fig. 2-186. One line 
with branch points replaces two lines; this reduces the complexity of the 
diagram and still indicates the number of outputs used. 

As another example of direct solution, consider the resolution of polar 
coordinates of a point in the xy plane to the coordinates (x,y). The 


+ 



Fig. 2-18. Illustration of the direct-solution method. 


equations to be solved are 

x = R cos 6 (2-2 5a) 

y = R sin 6 (2-256) 

The two quantities x and y can be obtained by direct use of a servo 
resolver, as shown in Fig. 2-19. 

Indirect Solution. This approach must be used when the solution for a 
dependent variable involves other dependent variables (or other deriva¬ 
tives of the first variable) that are being solved for at the same time. 
As an example, consider the second-order differential equation 


2(0 + a x{t) + 6 x(t) = /(*) 


( 2 - 26 ) 
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It can be seen that it is not possible to obtain the solution x(t) by direct 
operation upon the given function/(Q. The indirect method consists of 
assuming that the variable x and all its derivatives except the highest 
are available at the output of computer components. The equation 

x(t) = — [a x(t) + b x(t) — f(t)] (2-26a) 

can then be solved by simple summation for the highest derivative (the 
second in this case). The highest derivative can be integrated succes¬ 
sively to obtain all lower-order derivatives and the function x{t) itself. 
A computer diagram for the solution of this equation is shown in Fig. 2-20. 



Fig. 2-19. Coordinate tranrformation. 



Fig. 2-20. Illustration of the indirect- 
solution method. 


This type of solution may at first seem rather strange and perhaps 
even improper, but a little thought will convince the reader that it is 
valid. It should be kep; in mind that the analog computer is a parallel 
continuous machine and, therefore, allows this type of operation. Note 
that the computer diagram indicates the connection of the computer 
components into a closed-loop system. This will be found to be true for 
almost all analog-computer applications. 

Implicit Solution. This technique involves the solution of an implied 
equation rather than the given equation. It is often used in the genera¬ 
tion of analytic functions such as e~ at and sin c ct, where t is the independent 
variable, or e~ x and sin x, where x is a dependent variable. In such cases 
an implied equation can be obtained by repeated differentiation of the 
given equation with respect to the independent variable. Consider the 
equation 

.y = e~* (2-27) 

Differentiation yields 

dy 
dt 



(2-28) 
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Assuming that dx/dt is available from another part of the computer 
setup not considered here, Eq. (2-28) can be solved for y(t) with the 
computer instrumentation of Fig. 2-21. 


As 


y(t) = A(b + t) n 


(2-29) 


This equation could be solved directly for y(t), but this would mean 
raising the quantity b + t to the .——-. 


nth power. A better method of 
solution would be to find an implicit 
differential equation involving a 
derivative of y. Taking the loga- 
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-ny 

T+i 


dy 

dt 


y(t) 


dx dy 


-x(o) 
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-y=-e 


-X 


(b+t) 


I- M 

Fig. 2-21. Illustration 
solution method. 


dx 

dt 


of the implicit- 


Fig. 2-22. Implicit solution for y(t) 
A(b + t)\ 


rithm of both sides of Eq. (2-29), 


In y = In A + n In (b + t) 


(2-30) 


Differentiating, 


or 


1 dy 
ydt 

dy 

dt 


b + t 


b + t 


(2-31) 


This equation can be solved for y(t) as indicated in Fig. 2-22. Note 
that the constant A appears only as a factor in the initial condition for y. 

As another example of the implicit technique, consider the problem 
of transforming from rectangular coordinates to polar coordinates in two 
dimensions. The equations to be solved for R and 9 are 


tan 


-i V 


R = (x 2 + y 2 ) x 


(2-32) 


I )iroct solution of these two equations would require that an arc¬ 
tangent operation be available. The problem can be solved by the 

implicit method, noting that 


R cos 9 
R sin 9 


(2-33 a) 
(2-336) 
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The variable 0 can be obtained by using the implicit equation 

£ sin 9 — y cos 6 = e (2-35) 

as the error equation for a servo resolver. If one sine-cosine cup of a 
servo resolver whose shaft position is proportional to 6 is excited with 
±x and another with ±y, the variable e(t) can be obtained by solution 
of Eq. (2-35), as shown in Fig. 2-23. Since this variable will be zero 



9 


9 


Fig. 2-23. Rectangular- to polar-coordinate transformation, 


if the correct value of 0 has been obtained by the resolver-shaft position, 
it can be used as the error quantity for the resolver. The follow-up cup 
is not excited in this case, for the positional feedback occurs through the 
positioning of the two sine-cosine cups. 

An equation for R is found by multiplying Eq. (2-33 a) by cos 6 and 
Eq. (2-33 b) by sin 6 and adding. The result is 

x cos 6 + y sin 6 = R (2-36) 

It has been explained how the implicit-solution technique is used to 
obtain a quotient by multiplication. The observant reader has already 
discovered that the implicit-solution method really involves finding an 
implied equation that can be handled more easily than the given equation 
and then using the indirect-solution method of solving the implicit 
equation. 

Simulation. Simulation involves building a physical model of the 
system under study using the computer components. Adequate mathe¬ 
matical models for the system or parts of the system may or may not be 
available. Simulation is particularly valuable for the study of compli¬ 
cated feedback-control systems and for the general study of systems that 
contain nonlinear elements. This subject is discussed fully in Chap. 6. 

2-6. Comparison of Analog- and Digital-computer Organization. It is 
worth while at this point to compare the basic digital-computer organiza¬ 


tion with that of the analog computer. The basic organization of a 
digital computer is shown in Fig. 2-24. The computer consists of a 
memory unit, a control unit, an arithmetic unit that can add or subtract 
(and by successive additions and subtractions also multiply and divide), 
and input and output devices. The digital computer works with num¬ 
bers, which are read in and read out of the memory by the control unit. 

The control unit is capable of sending numbers to and from the mem¬ 
ory and to and from the arithmetic unit as well as receiving numbers 



Fig. 2-24. Basic digital-computer organization. 


from the input and sending numbers to the output device. The arith¬ 
metic unit as a rule can only add and subtract (and thereby multiply 
and divide), but by proper manipulation of the numbers by the control 
unit certain logical operations can also be performed. The digital 
machine can usually handle only one number at a time along the trans¬ 
mission paths between units. Most modern digital machines are stored- 
program machines in which the program of instructions to be carried out 
is stored as a set of numbers in the memory along with the data to be 
operated upon. 

Consider a simple example in which 100 different numbers are to be 
(altered into the machine and added together to obtain the sum. The 
program would consist of instructions in numerical form for the machine 
to read the data in from the input unit, store the numbers in the memory, 
then add the numbers together, and finally transmit the sum to the 
output unit. The program is first entered into the machine and stored 
in the memory. Then the data, the 100 numbers in this case, are put 
into the input unit by way of punched cards, punched tape, magnetic 
I ape, etc., and the machine is started on the program through the control- 
console switches. The control unit will then accept one block of words 
nl a time from the input unit and store these words in the memory. 
When all 100 words are finally stored, the control unit will take them one 
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word at a time and send them to the arithmetic unit to be added each 
to the preceding partial sum. The first word entering the arithmetic 
unit, of course, is added to zero. The second word is added to the first 
word, the third word to the sum of the first two, and so forth, until the 
sum of the 100 words is obtained in the arithmetic unit. When these 
100 steps have been completed, the control unit will transfer the final 
sum to the output unit, which either types out the sum as a number or 
stores the information on a storage medium—punched cards, punched 
tape, or magnetic tape. 

In order to solve a differential equation, a step-by-step numerical 
procedure must be found that will give a reasonable approximation to 
the solution of the equation. It can be seen that the analog computer 
operates quite differently. The basic ideas, however, are the same. 
The program for an analog computer is the scaled computer diagram, 
and the actual programming is done by connecting the various computer 
components together as required by the computer diagram, setting the 
coefficient potentiometers to the correct values, setting up the function 
generators, setting initial conditions, etc. Once the computer is set up, 
the program has been stored in the form of connections and potentiometer 
settings. The connections and potentiometer settings, then, constitute 
the memory of the analog computer. Function generators are also 
memory devices and would correspond to table look-up functions in 
the digital computer. The essential difference between the two, of 
course, is that the digital computer operates upon discrete numbers or 
words , one at a time, with a single arithmetic unit. Every analog- 
computer component is analogous to an arithmetic unit of a digital com¬ 
puter; so the analog computer has many such units operating in parallel 
simultaneously. The control unit of the analog computer is the control 
console, which houses all the relay control circuitry which determines 

the state of the computer. 

2-7. Form of Results. The answers from the analog computer are 
obtained in the form of observations or recordings of continuous time 
variables. The variables are usually voltages, currents, or, in some 
cases, shaft rotations. These voltages or currents are continuous time- 
varying quantities, which must be recorded in some way in order to be 
useful. If the problem is static, that is, if the answers have one and only 
one value when the solution has been reached, all the variables will have 
ceased to change, and their values can be read with a simple voltmeter 
(or ammeter in the case of the current analog) and the measurements 
recorded by the operator. In most cases, however, the problem solution 
involves variables that change continuously with time and, therefore, 
for efficient utilization, should be recorded continuously in time. His¬ 
torically, recorders have been a weak link in analog-computer technology. 
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In most instances recorders are electromechanical devices and, hence, 
are slow; that is, they have a more limited frequency range than other 
computer elements and will not reproduce signals faithfully except at 
very low frequencies. 

Computer results, or answers, are often recorded continuously by 
recorders that move paper at a predetermined rate beneath pens or hot¬ 
wire styluses that are deflected by the voltages or currents to be recorded. 
A continuous graph is thus obtained with time as the abscissa, such as 
that shown in Fig. 2-25. 

x(t) 


t 


Fig. 2-25. The type of answer obtained from the analog computer. 

Two-dimensional or xy plots can be obtained by moving a stylus over 
stationary paper in one direction in proportion to one variable x and 
at a right angle in proportion to another variable y. It is also possible 
to move the paper instead of the stylus in the y direction in proportion 
to the y variable. Such recorders are called xy plotters. It is theoreti¬ 
cally possible to extend the use of the xy plotter to three dimensions. 
However, no information could thus be stored that could not be stored 
on two xy plots or on three time plots. 

Static answers, i.e., answers that occur when the variables have ceased 
to change with time, can be obtained with conventional meters, with 
elaborate bridges and null indicators, with digital voltmeters or other 
measuring instruments, as well as by the continuous and xy recorders. 

Cathode-ray oscilloscopes can be used to present visual traces of x 
versus time or x versus y. Such plots of x(t) are discontinuous in that, 
when the edge of the picture tube has been reached along the t axis, the 
trace is returned to the other side and again proceeds across the tube 
face with time. Such plots are valuable for preliminary analysis of 
problems; if desired, the problem can be run repetitively, so that suc¬ 
cessive traces are superposed on one another on the tube face. Perma¬ 
nent records of this type can be obtained with the aid of a camera. 

When more resolution is required than is available with the continu¬ 
ous recorder, analog-to-digital converters can be used to convert analog 
variables to discrete, digital form at periodic intervals of time. The 
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digital measurement of the variables can then be stored on magnetic 
tape and/or printed out by an electromechanical transducer. 

2-8. Types of Problems that Can Be Solved by the Computer. The 
areas of application of the analog computer can be classified as follows: 

A. Solution of Mathe matical Models 

1. Ordinary Linear Differential Equations with Constant or 
Variable Coefficients. The solution of ordinary linear differential 
equations with constant coefficients is quite straightforward by analytic 
means. However, solution of such equations with variable coefficients 
presents considerable difficulty when numerical methods are used. 
With the analog computer these equations are treated in essentially the 
same way as equations with constant coefficients; the only new require¬ 
ment is for auxiliary equipment to generate the variable coefficients. 

2. Ordinary Nonlinear Differential Equations. Such equations 
present a formidable task to anyone trying to solve them by analytic 
or numerical methods, whereas the analog computer treats and solves 
them in the same general way as linear equations, requiring merely addi¬ 
tional equipment for generating the nonlinear functions. The class of 
all nonlinear equations is a negatively defined class. The analog com¬ 
puter cannot solve all nonlinear equations, but it can solve a rather broad 
but special class of nonlinear equations. This class is determined by the 
number of function generators, resolvers, multipliers, etc., available on 
the machine. 

3. Partial Differential Equations. A number of partial differen¬ 
tial equations have been treated analytically, and the technique of finite 
differences results in numerical models that can be solved by digital 
techniques. The analog computer can solve such problems in several 
ways. Problems that yield to product solutions can be treated by 
separation of variables. The resulting problems are called eigenvalue 
problems. In general, this method requires special procedures to match 
boundary conditions; this is a disadvantage. The most powerful general 
method is that of the finite-difference technique whereby differentials 
are replaced by finite differences. Since the general-purpose analog 
computer has only one independent variable, the partial derivatives 
with respect to all independent variables except one are approximated 
by finite-difference expressions. This results in a set of finite-difference- 
differential equations that can be solved in a straightforward manner 
on the analog computer. 

4. Matrices and Mathematical Programming Problems. Here 
the model is numerical, but, at least with respect to the problem of 
programming, the analog computer has some advantages over the digital 
computer, particularly in simplicity and in speed of solution. The 
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analog computer has the added advantage that nonlinear problems can 
generally be handled in the same manner as linear problems, with the 
addition of nonlinear equipment. As it turns out, the same general 
computer setup is used for both mathematical programming problems 
and algebraic matrix problems, which include the solution of simul¬ 
taneous algebraic equations. Special-purpose electronic analog com¬ 
puters are also finding considerable use in this field. 

5. Evaluation of Definite Integrals. The analog computer is 
advantageous to use if the function to be integrated is a function that 
can be generated in the computer as a function of time. 

6. Integral Equations. These present considerably more difficulty 
than differential equations, since the analog computer has direct control 
only over initial conditions and not over boundary or final conditions. 
However, in many cases the analog computer has a distinct advantage 
over numerical computation. 

B. Simulation. All the above problems are examples of solution of 
mathematical models. Perhaps the greatest use of the analog com¬ 
puter has been in the field of simulation , that is, the use of the computer 
as a physical model of the system under study. Simulation is the inter¬ 
connection of physical components—in this case electronic-analog- 
computer components—in such a way that the interconnected system 
simulates the system that is being studied. In other words, the com¬ 
puter variables will behave in the same manner as the variables of the 
system under study. Simulation is a very valuable tool in investigations 
such as those where the systems under study are so complex and nonlinear 
that the formulation of mathematical models to describe the system is 
very difficult. Even though it is not easy to formulate a mathematical 
model that would predict the behavior of the system, it is often possible 
to build a scaled-down model or to simulate the system in some way— 
particularly on an analog computer—such that the behavior of the system 
can be predicted. This subject is covered in some detail in Chap. 6. 
Analog-computer simulation studies have been invaluable in the fields of: 

1. Fire-control systems 

2. Aircraft- and missile-guidance systems 

3. Process-control systems 

4. Study and training of human operators in man-machine systems 

5. Airframe, and aircraft control-system design 

6. Study and design of microwave tubes 

7. Nonlinear feedback-control theory 

8. Design and real-time testing of control systems for many diverse 
fields of application 

2-9. Discussion. Discussion of the general-purpose electronic analog 
computer in this chapter has purposely been basic and brief. The details 
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of analog-computer design and most of the practical restrictions due to 
components have been deferred to later chapters. The purpose here 
has been to give the reader a basic understanding of what the general- 
purpose electronic analog computer is, what it can do, how it can be 
programmed, and how the results of computations are obtained—so 
that the reader may understand and apply the material covered in the 
next nine chapters, which are concerned with the solution of various 
practical problems. 

The reader with an electronics background may wish at this point 
to read the material in Chap. 12, which covers in some detail the design 
philosophy and limitations of the general-purpose-analog-computer 
components. Those interested in design problems may wish at this 
point to cover Chap. 13, which deals with design of the operational 
amplifier. Interested readers should also refer to Refs. 2 through 6 for 
further reading. However, for the average user, such detailed analysis 
of computer design is not really necessary. Most computer installations 
are supervised by at least one person intimately acquainted with the 
design considerations and the restrictions of the equipment there. Part 
of his job is usually to make sure that those who come in to use the 
machine do not violate any of the basic restrictions that the equipment 
may impose. 

Although a computer installation may have a full-time supervisor 
associated with the equipment, most efficient use of the computer 
installation is usually obtained if those intimately acquainted with the 
problem actually run the machine or at least take part in its use. This 
simplifies the communication link between the physical system being 
studied and the computer solution of the model that is used. Further¬ 
more, many of the results of the computer solution are obtained and used 
by the operator during the problem solution itself. That is to say, if 
the person responsible for the study of the physical system is using the 
computer, much of the information derived from the computer can be 
applied immediately by the operator in his effort to understand the sys* 
tem and/or construct a more realistic model. A study of a system on a 
computer very often involves decisions about what range of the various 
parameters should be tried, and the entire experimental procedure may 
be changed from time to time on the basis of decisions made possible by 
analysis of results already obtained. 

It is safe to say that, for best results, the computer should be used 
in such a way that free interchange of ideas with the computer is possible. 
It has been said that, if the computer is used properly, it will itself make 
suggestions at an engineering level as the operator begins to understand 
the system under study. For this reason the creative engineers who are 
working toward this understanding should have direct access to the 
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computing machine itself. The approach of turning a problem into a 
numerically specified equation and then seeking a single numerical answer 
should certainly be avoided with analog-computing equipment. One 
reason for this, of course, is that the machine can deal directly with the 
primary equations or models before mathematical consolidation. The 
other reason is that, in most cases, a whole spectrum of questions will 
require answers by the engineer using the machine during the problem 
study. One vital question often is: What question should be asked 
next? Many applications of the analog computer involve an exploratory 
procedure that is sequential or experimental; there are logical loops 
that the machine can help to unravel if it is given a part in the delibera¬ 
tions. The main point of the above discussion is that the computer 
should be used as a direct aid to creative thinking. The proper applica¬ 
tion of the analog computer can extend, augment, and liberate the 
developmental and creative engineering potential of the man who uses it. 
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CHAPTER 3 

AMPLITUDE AND TIME SCALE FACTORS 


The selection and use of scale factors is a necessity in the use of analog 
computers. The concepts involved are simple and straightforward; 
but actual use of these concepts has often caused unnecessary confusion 
and frustration. This chapter presents two approaches to both mag¬ 
nitude scaling and time scaling; the reader may choose the approach 
that best fits his pattern of thought. It would be simpler to present 
only one method of scaling at this point and to include a treatment of 
other methods in an appendix. The reader’s natural aversion to reading 
material in appendixes could be ignored, but the fact is that inadequate 
knowledge or appreciation of the concepts involved in scaling still 
hampers many people who have used analog computers for years. The 
two basic methods of magnitude scaling and the two basic methods of 
time scaling can be combined to produce four basic methods of scaling 
for the computer. Understanding of these basic methods leads to 
appreciation of the fact that they are merely different ways of looking 
at the same thing; they all produce exactly the same results if used cor¬ 
rectly and involve the same concepts relating computer variables to 
problem variables. Another argument in favor of presenting more than 
one method is that several seemingly different methods are in current 
use, all of which can be shown to belong to one of the four basic com¬ 
binations. Understanding of these basic methods will certainly facilitate 
communication in the field. Another pertinent point is that the author 
has observed that students, after studying the four basic methods with¬ 
out prior prejudice, almost invariably choose the same specific combina¬ 
tion for their own use. And this specific combination has not been one 
of those generally used by people in the field. 

The two basic methods of magnitude scaling involve the same pro¬ 
cedures; the choice of one over the other will be determined by the 
individual’s preference for regarding the outputs of the computer com¬ 
ponents either as voltages (currents) or as nondimensional quantities 
referred to a reference voltage (current). The two time-scaling methods 
involve somewhat different procedures and thought processes. The 
method presented in Sec. 3-4 is an approach to the problem of time 
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scaling different from that normally presented but it warrants serious 
consideration even by those readers who are experienced computer 
programmers. 

3-1. The Need for Scale Factors. Scale factors are constants that 
relate computer variables directly to variables of the problem being 
studied. Both the dependent and independent variables of the problem 
must be related to voltages or currents and time in the computer. 

The problem to be solved on the computer is presented as either a 
mathematical or symbolic model of a physical system; certain properties 
or relationships concerning the physical-system variables are to be 
studied. Now the computer is also a physical system, and, if its com¬ 
ponents are arranged according to the model, its variables (voltages in the 
usual case)* will behave in the same manner as those of the physical 
system, provided that the mathematical or symbolic model is adequate 
in itself. The necessity for scaling, then, arises from the fact that 
observations of the behavior of the variables of one physical system (the 
computer) are to be directly related to the variables of another physical 
system (the one being studied). The variables in each system have very 
real limitations on their possible magnitudes and rates of change with 
respect to time; hence the corresponding variables of the two systems 
must be related by magnitude and time scale factors. 

Magnitude Scale Factors. Magnitude scale factors are needed because 
the computer variable, the output voltage of an operational amplifier, 
for instance, is limited to a certain range, often —100 to +100 volts. 
The analogous problem variable has different units and is restricted to a 
different range of magnitude, say —4 to +2 in. Even if different prob¬ 
lem variables happened to be in the same units, their ranges would, in 
general, be much different. For maximum accuracy, the analogous 
variables on the computer should all have equal ranges—the normal 
computing range of the computer. 

As an example, consider a physical system that involves an amplifier 
of gain K = 10,000 of which the output e Q varies over a range of ±250 
volts whereas the input ei varies over a range of ± 25 mv. The analogous 
variables on the computer should both vary over a range of ±100 volts, 
assuming that 100 volts is the normal computing range. In the physical 
system under study the fact that the input voltage is very small is the 
reason for the amplifier gain of 10,000. On the computer, the corre¬ 
sponding scaled variables will both have the same range, and the gain 
of the amplifier in the computer will be unity. In most cases, the selec- 
1 ion and use of a proper magnitude scale factor is straightforward. 

4 Thu general-purpose electronic analog computer that utilizes voltages as the 
<lt'pendent variables is used throughout this chapter as a specific example to illustrate 
the concepts involved. 
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Time Scale . The independent variable of the electronic analog com¬ 
puter is time and is denoted by r. The computer has but the one inde¬ 
pendent variable, whereas a physical-system model may have more than 
one. It is true that, in a large proportion of models studied on the 
computer, the physical-system model has a single independent variable, 
time, here denoted by t . The variable t has sometimes been referred 
to as real time . This term is often ambiguous, since both the original 
system and the computer obviously can be measured by the same “real” 
clock time; use of the term, therefore, is discouraged. 

The computer independent variable, time, need not be equal to that 
of the physical system. If time t is the system independent variable, 
time on the computer does not have to correspond directly to the time 
scale used in measuring phenomena in the physical system under study. 
Suppose one were studying the orbits of the planets around the sun. 
Measurements of the physical system would be in terms of days and 
years, the time required for the distance R of the earth from the sun to 
change from maximum to minimum being Y year. Let R(t) represent 
the distance of the earth from the sun, and let R m be the maximum value 
of this distance. Then the corresponding variable on the computer would 
be R(r)/R m , where r represents computer time. The time scale for 
computer solution could be chosen so that the variable R(j)/R m on the 
computer varied from maximum to minimum in 1 min or any arbitrary 
fraction of the actual time required for the distance R(t) to vary from 
maximum to minimum in the physical system. The computer time 
scale r may be speeded up or slowed down with respect to the time 
scale t of the physical system merely by using different maximum values 
of physical and computer times in the relationship 

L » _L (3-1) 

t m Tm 

The time scale factor is denoted by n and is 

(3-2) 
(3-3) 

What does it mean to have n larger than unity? If u is larger than 
unity—say, 10—then r = 10£, and 10 sec in the computer solution corre¬ 
sponds to 1 sec in the physical system or problem being studied. A 
phenomenon that occurs in 1 sec in the physical system takes 10 sec to 
occur during computer solution. Thus the computer solution has been 

slowed down. 
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If the physical-system model has an independent variable other than 
time, such as distance or angle, time on the computer can be related 
directly to the corresponding model variable through the concept of 
magnitude scaling. This approach is more difficult to use if the model 
has time as the independent variable, for maximum values of time are 
harder to assign and work with. 

For a model independent variable other than time, the need to time- 
scale the computer is obvious, for there will be a definite limit on the 
maximum absolute magnitude of the model variable as well as on that of 
the computer variable r. When time is the independent variable of the 
model, the concept of time scaling may seem far removed from that of 
magnitude scaling. It should be emphasized that the need for time 
scaling in the latter case arises because the computer is not restricted 
to operating in the same time scale as the system under study. 
Problems can be run slower or faster than the actual system, depending 
upon the circumstances involved; that is to say, the computer variables 
may have larger or smaller rates of increase with respect to time than 
their analogous system variables and, thus, different total time spans for 
occurrence of analogous phenomena. This ability of the analog computer 
to work in different time scales is one of its most valuable features. The 
factors influencing the choice of time scale include: 

1. Speed of the Computer Components and of the Recording 
Equipment. Speed refers to the ability of a computing component to 
follow rapid changes in its input; that is, to perform a given operation 
upon the input within specified accuracy tolerances over a certain range 
of time rate of change in the input. This information is often given in 
terms of frequency-response bandwidth. A component described as 
having an operational frequency response with 3^-degree phase shift at 5 
cps (cycles per second) would be able to operate on a signal that fluctu¬ 
ated from maximum through a minimum and back to maximum in a 
sinusoidal manner 5 times a second with an error of less than 0.9 per 
cent of the peak swing. This is covered in detail in Chap. 12. 

2. Uncontrolled Changes in the Machine Variables. These 
changes are due to such things as drift of the zero or reference level of 
operational amplifiers, multipliers, and reference supplies. Variation in 
passive computing components due to temperature and humidity changes 
can also be a factor. These uncontrolled changes are usually slow. 

I hey tend to set an upper limit upon the time allowed for a computation, 
whereas the factor of component speed tends to set the lower limit. 

3. The Economic Factor: The Struggle to Make Maximum Use 

or Computer Time. Time-scale change can be accomplished in two 
ways: 
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a. Change the time scale of the model. This requires that operators 
in t that occur in the model be replaced by operators in r; thus, 



With this method the initial conditions as well as the equations must be 
transformed. 

b. Change the time scale of the computer. The equations in t are 
instrumented directly on the computer; the computer variables are 
regarded as functions of t y and the computing impedance networks are 
modified to take into account the fact that the machine independent 
variable is r. The time axes of recordings are labeled in units of t. 
Both of these methods will be illustrated in the following sections. 

3-2. Magnitude-scaling Methods. There are a number of ways of 
relating the computer variables to the problem variables in such a way 
that the computer variables (voltage or current and time) are directly 
related to the problem variables under study and yet have the range of 
fluctuation necessary to ensure accurate computer solutions. 

Normalized Variables, Perhaps the simplest way to explain the 
concept of analogy between voltages or currents and physical quantities 
is to regard the outputs of the computer components as normalized or 
per-unit quantities. Suppose there is a reference magnitude level e m , 
which is the maximum absolute value allowed at the output of a compo¬ 
nent of the computer. Then its output e 0 may be regarded as a fraction 
of the allowable output magnitude and may be expressed as e 0 /e m , a 
per-unit quantity. That is to say, e 0 le m has a maximum value of unity— 
it varies between +1 and —1—and it has no dimensional units.* Any 
physical variable—displacement, velocity, factory production rate, etc. 
may be expressed in the same manner in terms of its known or assumed 
maximum value. Once this is done, a one-to-one relationship can be 
set up between the variables of the system under study and the variables 
appearing in the computer. Thus, analogous normalized variables may 

be equated: e.g., 


x _ e\ 

10 ft ~ 100 volts 



The output of the computer component in this case would be labeled 
simply 




* For convenience, the terms maximum value , or simply maximum , are used to 
signify the maximum of the absolute value of a variable. 
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This means that, if at some point in the computation the value of the 
computer variable x/10 happens to be 0.2 (of the reference), the corre¬ 
sponding value of x is simply 



x = (0.2) (10) = 2 ft 


The computer variable was given as a fraction of the reference, to indi¬ 
cate that the computer variables and the reference might be measured 
in terms of voltages or currents depending on the type of equipment 
being used. Thus, if the equipment being used is of the voltage type 
and if the reference is 100 volts, the above statement simply states that 
the voltage at the output of the component representing x/10 is 20 volts. 

This method of magnitude scaling eliminates the necessity of relating 
voltage (or current) on the computer to other units of measurement. 
At the same time it automatically scales the problem so that the voltages 
(or currents) on the machine vary over nearly the maximum usable 
range during the problem solution, thereby ensuring maximum accuracy 
from the machine. 

Scale Factors with Dimensional Units. An alternative scaling method 
that has been widely used makes use of magnitude scale factors with 
dimensions of the form volt per unit. 

This concept may most simply be stated: Any physical variable x in a 
problem is represented in the computer by a voltage e that varies in 
proportion to x. The physical variable and the voltage are related by a 
constant of proportionality k\ that is, 



Because e is measured in volts and because x has the units of the physical 
variable—say, feet —k must be measured in volts per foot. The name 
scale factor is given to the constant k. 

Computer-component outputs will, then, have such labels as 100*, 
— 50x, and 10*. If an operator were to measure 30 volts from an 
amplifier labeled 10*, he would interpret it as 

30 = 10 x(t) 

therefore, *(r) — 3 ft/sec 2 (for instance) 

Another way of interpreting the scale factor of 10 is to consider that 
each 10 volts from the amplifier represent 1 ft/sec 2 (or whatever the 
units may be). Similarly, each —50 volts from an amplifier labeled 
50* represent 1 unit of *, and each 100 volts from an amplifier labeled 
100* represent 1 unit of *. Note that different derivatives of a variable 
uood not have the same scale as the quantity itself. 
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A maximum value e m of the computer voltage is determined when the 
computer is designed. A design maximum of 100 volts has been adopted 
in most present-day commercial electronic analog computers. 

In order to assign a value to the scale factor k for a system variable x 
measured in feet, the equation may be written 

k\x\ mAX 

. e . rn — volts/ft (3-6) 

Flmax 

Some persons in the computer field prefer to express an observed 
voltage in hundreds of volts rather than simply in volts. There is no 
difference in concept involved; the scale factors are merely smaller by a 
factor of 100. If this is done, per-unit variables might as well be used. 
The choice is simply a matter of individual preference and habit. Use 
of ordinary single volts for measurement is the more common practice 
when the method of dimensional scale factors is used. 

A slightly artificial variation of this method consists in considering all 
scale factors to be unity, i.e., 1 volt/ft, 1 volt/(ft/sec), etc. A coefficient 
for each variable at the output of a computer component is then chosen 
that is equal to or less than 100 divided by the maximum expected value 
of the variable, ignoring units. Thus, if x m — 4 ft, the scale factor would 
be 1 volt/ft, and the coefficient would be 100/4. The variable would 
appear as 25x. There is no real difference between this method and the 



one above. 

What is the proper scale factor to be used with a variable T, which has 
an expected absolute-value maximum of 500°F, on a computer designed 

for the range of +100 to —100 volts? 

Using the normalized-variable approach, the variable shown on the 
computer diagram and represented on the computer by the ratio of the 
voltage output of an operational amplifier to the 100-volt reference is 
simply T/500, a nondimensional quantity. The units of the maxima 
used must, of course, be shown as part of the computer program— 

preferably in a corner of the computer diagram. 

According to the dimensionalized-scale-factor approach, the scale 

factor would be 


m 


max 


100 volts 
500°F 


0.2 volt/°F 


On the computer diagram, the variable would appear as 0.2T with the 
dimensional units of the scale factor noted, again preferably in a corner 

of the diagram, as u [kr] = volts/°F.” 

The question to be answered at this point is: Is there any real difference 
between the two above approaches to magnitude scaling/ The answer. 
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of course, is no. The two approaches might at first seem to be different, 
but the difference lies only in the point of view and in the way in which 
the computer variables are measured. In the normalized system the 
computer variables (voltages or currents) are measured simply as ratios 
of the actual quantity to the reference quantity. That is, if the output 
of an amplifier happens to be 20 volts and the reference is 100 volts the 
measurement of the output of the operational amplifier is obtained as 0.2. 
ihis met hod is facilitated by the fact that the instruments and recording 
apparatus used to monitor and record the output of computer com¬ 
ponents almost always have an arbitrary scale that is calibrated in terms 
of the reference voltage itself. In fact, almost all measurements, including 
the setting of coefficient potentiometers, the setting of initial conditions 
etc., are made with respect to the reference voltage or current The 
instruments commonly used to check the output voltage of various 
computer components during setup and checking procedures are the 
digital voltmeter and the precision bridge, which use the reference volt¬ 
age as a standard and give a decimal reading of a voltage as a ratio of 
the voltage to the reference voltage. Many people still prefer to regard 
the output of a computer component as a voltage with respect to ground 
rather than as a percentage of the reference voltage. Such a person 
may insist on measuring the output of a computer component in volts- 
in that case the use of normalized or per-unit variables becomes less 

feasible than the use of a scale factor or coefficient in front of the variable 
as m the second method. , 

As an illustration of the similarity of the two approaches to magnitude 

scaling, consider the above example. The same variable would appear 
on the two different computer diagrams as 



Now consider the denominator of the normalized variable as a coeffi- 
cient instead. The quantity can then be written 



The only difference is that in the one case the reference is considered to 
be 1 volt and in the other case 100 volts. 

Consider the mathematical model 


d 2 x 
dl 2 



+ IQx 



— 0.64 ft/sec 
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The equation can be solved by the indirect method. Rewrite as 


d 2 x 
dt 2 


3 ff+^ 


(3-7 a) 


The unsealed computer diagram of Fig. 3-1 results, where the first 

summer is used to solve Eq. (3-7a) 
for d 2 x/dt 2 and the two integrators 
dje jT _dx are used to obtain dx/dt and x. 

__X^ 2 ^ Now assume that the maximum 

r- \ absolute values of the variables are 


dx(o) 

dt 


dx 

dt 


-x(p) 


d 2 x 

dt 2 
dx 
dt 


32 ft/sec 2 


max 


Fig. 3-1. Unsealed diagram for x -f- 3x -f- 
16x = 0. 


max 


max 


8 ft/sec 

2 ft 


10X = U. 

Using the method of normalized 

variables and the dot notation for the derivatives, Eq. (3-7) becomes 


32 


(i) 


+ (3)(8) 


or 


(i) 


+ °.75l ? + 


§ J + (16) (2) (§) 

(l) + G) 


(3-76) 


with 


*( 0 ) 


0.64 


0.08 


x(0) 


The scaled computer diagram can be constructed immediately, and 
results in Fig. 3-2. The gain factor of 4 at the input to each of the 


-0.08 


- 1.0 




(!) 


0.75 


[*m]=ft/sec 2 
[inj-ft/sec 

[x m ]=ft 


Fig. 3-2. Scaled computer diagram using normalized variables for x + 3x + 16z - 0 
with x(0) =* —0.64 ft/sec, #(0) = 2 ft. 

integrators results from the different normalization factor used for the 
variables. This can easily be grasped by considering the equation to be 

solved by the first integrator. 

-±- - J* ttdt + H 0) (3-8) 


AMPLITUDE AND TIME SCALE FACTORS 


81 


In normalized form, this is 


HI 


£ 


• • 


32 §; * 


) 


or 


m 


dt 


(i 2 ) 


(3-8a) 




The gain constant l/RC of the integrator must, then, be 4, as shown 
in the diagram. 

An integrator may also be considered as in Gr) J_r\ -(r 1 ) 

• f _ f up *Ttl 

the general case with a coefficient potentiom- - 

eter preceding the input with a gain factor of 

i /nn £ il • i. i i rn* o o Fig. 3-3. General case of use 

l/RC for the integrator, as shown in Fig. 3-3. ^ an integrator 

The equation of the integrator then is 


Fig. 3-3. General case of use 
of an integrator. 


(i) 


•[ 


EC 


f: (£) 


dt 


(f) 


(3-9) 


For this equation to be equal to Eq. (3-8), the desired relationship, 


the coefficient potentiometer must be set to 


RC^ 

Xm 


(3-10) 


if the integrator time constant has been selected arbitrarily. The 
coefficient potentiometer can be eliminated, as in Fig. 3-2, if the RC time 
constant is set equal to x m /x m . Note the way in which the initial con¬ 
ditions are handled in Fig. 3-2. As noted in Chap. 2, the integrator 
normally changes the sign of the initial-condition input; therefore, both 
initial conditions appear in the diagram as negative quantities. The 
initial conditions as well as the variables, of course, are normalized 
quantities or decimal fractions of the reference voltage. Thus the 
initial condition a;(0)/2 appears as —1.0, indicating that full reference 
voltage is applied to that initial-condition input. 

If the dimensionalized-scale-factor approach is used, the scale factors 
for x, x, and x , respectively, are 


ki 


k* 


100 volts 
2 ft 

100 volts 
8 ft/sec 
100 volts 
32 ft/sec 2 


50 volts/ft 


12.5 volts/(ft/sec) 


3.125 volts/(ft/sec 2 ) 


These values are somewhat inconvenient; it would be better to select 


82 ANALOG COMPUTATION 

somewhat smaller values that are easier to work with. Use 

k x = 50 volts/ft k x = lCfvolts/(ft/sec) k £ = 3 volts/(ft/sec 2 ) 

The variables appearing on the computer diagram are then 50a;, 10*, 
and 3*. From Eq. (3-7a), 3a; is obtained as 

3* = -(9* + 48a;) (3-11) 

The equation can be rewritten in terms of the variables and their 
chosen coefficients as 

3* = -[0.9(10*) + 0.96(50a;)] (3-1 la) 

The initial conditions are 

10 *(0) = — (10)(0.64) = -6.4 volts 50 a;(0) = (50) (2) = 100 volts 

The scaled computer diagram is immediately obtained as Fig. 3-4. In 
this diagram the variables are considered to be voltages, and the initial 

v 

50c 


[**] - v/(ft)/(sec 2 ) 
[Ai]- v/(ft)/(sec) 

[Ax]- v/ft 


Fig. 3-4. Scaled computer diagram using dimensionalized scale factors for x -f 3x + 
16x = 0 with x(0) = —0.64 ft/sec, x(0) = 2 ft. 

conditions are shown as voltages. The two lower-coefficient poten¬ 
tiometer settings come directly from Eq. (3-1 la). The coefficients for 
the integrators are found as before from the equations solved by the 
integrator. Thus, 

- 10z = - ft 3x dt - 10 x(0) 

= —(0.333)(10) ft3xdt - (10) (0.64) (3-12) 

A gain factor of 10:3 is not easily attainable with most general-pur¬ 
pose computer integrators; so a coefficient potentiometer must be used 
preceding the integrator input. The gain factor could, of course, be 
obtained simply by noting that, in order to obtain —10* from 3*, a gain 
factor of 10:3 must be used. From Fig. 3-2 the same reasoning can be 
applied to obtain the gain factor of 

. .. . h + y*2 == 4 
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The diagrams of Figs. 3-2 and 3-4 at first glance seem to be different 
in several respects; the only difference, however, is that the scale factors 
for * and * in Fig. 3-4 are not 100 divided by the corresponding normaliz¬ 
ing factor in Fig. 3-2. In other words, different maximum values have 
been used. This has the effect of distributing the gain factors differently 
in the two situations. Note that, in each of the two loops, the total gain 
is the same in both cases. This must be so, for the two computer dia¬ 
grams arose from the same equation. 

In order to understand fully the meaning of the two scaling procedures 
used, consider the sample of recordings made in the two cases for the 



Fig. 3-5. Samples of recordings. 


output of the last integrator, as shown in Fig. 3-5. The recording made 
from the computer setup resulting from the computer diagram of Fig. 3-2 
would be labeled as shown in Fig. 3-5a. The abscissa is the time axis 
and is labeled t , although, if the computer were not used on a 1:1 time 
scale, the axis would have to be labeled r (unless the time scale of observa¬ 
tion were changed when the recorder output was labeled). This will be 
discussed in more detail in the next section. In any case the ordinate 
is labeled x/2 as per the diagram of Fig. 3-2. The ordinate is calibrated 
in decimal fractions of the computer reference. Thus the initial condi¬ 
tion of x/2 was 1.0, as it should be. Suppose one is asked: What is the 
peak value of the negative swing of x(t) ? From Fig. 3-5a this is seen to be 

= -0.5 

min 

or x min = -(2) (0.5) = -1.0 ft 

In the same manner any value of the continuous curve for x/2 can be 
converted immediately to a value for x{i). Now consider the recording 
whown in Fig. 3-5 b. The labeling of this recording is according to the 
Nenlcd computer diagram of Fig. 3-4. The abscissa is again labeled t , 
but the ordinate is labeled 50a;. Furthermore, the ordinate is calibrated 
in volts from +100 to —100 volts. The initial condition of 50a; iy 
F100 volts, which agrees with Fig. 3-4. In answering the question 



ANALOG COMPUTATION 


84 


raised above concerning the peak negative overshoot of x(i) f it is seen 


from this recording that it is 


or 


50x 

x(t) 


min 


min 


—50 volts 
— 50 volts 
50 volts/ft 


1.0 ft 


Ah other values for x can be obtained from the curve in the same way. 

Example 3-1. Consider the same equation as before, but with a step-type forcing 


Example 3-1. 

function added. 


x -f 3i -f 16z = -80 u-i(t) 
x(0) = -0.64 ft/sec z(0) = 2 ft 


(3-13) 


The maximum values will be different in this case. Methods of estimating these 
ft dismissed in Sec. 3-5: assume that they are 


X m = 8 ft 

x m = 30 ft/sec 
x m = 100 ft/sec 2 

If normalized variables are used, Eq. (3-13) becomes 


100 


100 


+ 


(3)( 30) (|) + (16)( 8) (|) 


80 u-i(t) 


or 


100 


+ 


09 (I) 


+ 1 


28 ( 1 ) 


0.8 u-\(t) 


(3-13o) 


The initial conditions are 


m 

30 


0.0213 


^ = 0.25 

o 


The scaled computer diagram of Fig. 3-6 results. Note that the coefficient 1.28 in 
Eq. (3-13a) is broken into two parts: the coefficient potentiometer setting of 0.64 



Fig. 3-6. Scaled computer diagram for Example 3-1. 


[x m ]=ft/sec 2 
[im] “ft/sec 

[*m] *“ ft 


and an input gain to the first amplifier of 2. The forcing function is handled simply by 
adding an input to the first amplifier of 1.0 to a coefficient potentiometer set at 0.8. 
This input then appears as a step function at time t = 0, which occurs when the com¬ 
puter is thrown to the COMPUTE state. The gain factors at the input of the two 
integrators in this case happon to bo values that cannot be handled easily by t.lie 
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input gain factors of the integrators (the RC time constants). Thus coefficient 
potentiometers are required, as in the general case. 

The initial conditions in Fig. 3-6 are shown in a different manner than before. 
Coefficient potentiometers are shown connected to the IC terminal of the two inte¬ 
grators, and both the potentiometers are excited with the reference voltage (minus in 
this case). This is the usual way in which initial conditions are obtained, and such 
a diagram is more complete than one showing only the values of the initial conditions. 

If a method of dimensionalized scale factors is used, the scale factors become 


h = 


100 volts ^ 

s!i~ = 

100 volts ^ 
30 ft/sec “ 
100 volts 
100 ft/sec 2 


10 volts/ft 

3.0 volts/(ft/sec) 

= 1.0 volt/(ft/sec 2 ) 


Equation (3-13) then becomes 


x +3x + (1.6)(lOx) = -80 ui(t) 


(3-136) 


The initial conditions are 


3 x(0) = -1.92 volts 


10 x(0) = 20 volts 


The scaled computer diagram of Fig. 3-7 results. Note that the initial conditions are 


-100 v 


-100 v 


0.8 


+100v 


0.0192 

-3x 


0.20 


0.333 


lOx 


[£*]“ v/(ft)/(sec 2 ) 
[fciH v/(ft)/(sec) 
[**]“ v/ft 


Fig. 3-7. Scaled computer diagram for Example 3-1. 

shown in Fig. 3-7 in the same way as in Fig. 3-6. Coefficient potentiometers are again 
used, connected to the initial-conditions jacks of the integrators and excited with 
—100 volts in both cases. 

3-3. Changing the Time Scale of the Model. As mentioned in Sec. 
3-1, time-scale change can be accomplished in either of two ways. The 
method to be presented in detail here is that of changing the time scale 
of the mathematical model. Equation (3-3), r = nt, is used to replace 
t he independent variable t by r; the equations in r are then instrumented 
on the computer. 


Consider the differential equation 

d 2 x . t K dx 
dt * + 1,5 dt + 4x 


m 


(3-14) 
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with the initial conditions 

x(o) = : 


15 ft 


dx 

dt t-o 


Assume maximum values of 


15 ft 


dx 

dt 


30 ft/sec 


3 ft/sec 


d 2 x 
~dt 2 


60 ft/sec 2 


The time scale of the mathematical model can be changed by letting 


Then 


t = 

~ — T 


n 

dx 

dx 

dt 

- n Tr 

d 2 x 

9 d 2 x 

dt 2 

- ^ dr 2 


(3-15) 


(3-16) 


The equation becomes 


• d 2 x (t\ k dx 

” *• u) + 1 - 5n * 


(O 


+ 4xl- 


(0 


'(0 


(3-17) 


The independent variable of this equation is still t 


■/n. The com¬ 


puter independent variable is r; so, strictly speaking, the independent 
variable of the mathematical model solved on the computer must also be 
r. This can be accomplished quite easily by defining a new dependent 
variable x c (t)* 


XcM 


(0 


x(t) 


(3-18) 


with the derivatives defined as 


x c (t) 


dx c (r) 

dr 


dx 


(0 . 


dr 


1 dx(t) 
n dt 


(3-18a) 


£ c (m) (r) 


d m x c (r) _ 1 d m x(t) 
dr m ~ n™ dt m 


Substituting this computer variable into Eq. (3-17), 


o d 2 x c (r') . ^ K dx c (r) . . / \ 
n 2 + l - 5n -& 1 + 4a; ^ T ) 


Mr) 


(3-19) 


* The subscript c that distinguishes a computer variable in r from the corresponding 
variable in t is usually omitted, for it is understood that the computer variables are 
functions of r. Where confusion might result concerning whether a derivative is with 
respect to t or to r, the derivative with respect to r is usually denoted by x(r) or by x r . 
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This equation can be solved directly on the computer and a one-to-one 
relationship established for the computer variables and the original 
mathematical model through Eqs. (3-15) and (3-18). 

The initial conditions become 


X c (t) 

dxjj) 

dr 


15 ft 

1 dx(t) 
n dt 


t =o 


ft/sec 


The maximum values of the derivatives are also changed by the time 


scale factor, as follows: 


cm 




15 ft 


( dx t 
d 2 x ( 

~d^ 


1 (dx\ 
n \dt 

l_(d?x 

n 2 


30 


n 


ft/sec 


60 

n 2 


ft/sec 


Let n — 0.2. The mathematical model becomes 

0.04 x c (t) + 0.3 x c (t) + 4 x c (r) = f e ( r ) 


(3-19a) 


®c(0) 


cm 


M 


15 ft 
15 ft 


x C m(r) 


x C m(r) = ' 
1,500 ft/sec 2 


—15 ft/sec 
150 ft/sec 


Time scaling is now complete. The magnitude scale factors must 
next be chosen on the basis of the maximum values given above. If 
dimensionalized scale factors are used and if the working range of the 
computer components is ±100 volts, the scale factors could be chosen as 


j 100 volts 
fcl = “l5ft 
= 6.67 volts/ft 
, __. 100 volts 

2 150 ft/sec 

= 0.667 volt/(ft/sec) 

. _ 100 volts 

3 “ 1500 ft/sec 2 

= 0.0667 volt/(ft/sec 2 ) 

For purposes of simplicity, it would be much better to assume slightly 
larger maxima so as to have easier scale factors to work with. Let 

ki = 6 volts/ft 

= 0.6 volt/(ft/sec) 
ki = 0.06 volt/(ft/sec 2 ) 
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Note that these scale factors will be the coefficients of the respective 
variables as they appear on the computer diagram. Equation (3-19a) 

can be multiplied by to give 


0.06 x c M + (0.75) (0.6) x c (r) + 6 x e (r) 


% Mr) 


(3-196) 


The initial conditions become 


x c (0) 

Xc(0) 


15 ft 


therefore 6 x(0) = 90 volts 


15 ft/sec 


therefore 0.6 x(0) 


9.0 volts 


The relationships involving the derivatives are 


Mr) 

Mr) 


fj Mr) dr + X.(0) 

J 0 Mr) dr + X c (0) 


(3-20) 


Indicating the operation performed by an integrator within brackets 
and providing for a coefficient potentiometer as in J ig. 3-3 to take into 


-100 v 


-100 v 


0.75 


-Mr) 


0.063c c (t) 


0.09 

. - 0 . 6 x c (t) 


0.90 
6 x e (r) 


0.75 


n=0.2 

[feO- v/{t t)/(sec 2 ) 


Fig. 3-8. Example of time-scaling the model, 
account the multiplying factor of the integrator’s time constant RC 


T, 


the relationships of (3-20) become 


6 x c (t) 


0.6 x c (r) dr + 6 x c (0) 


0.6 x c (t) 


io t x \y f T 

7 i o 


10 T 2 tf- / 0.06 x c (r) dr - 0.6 x c (0) 


T t o 


(3-20 a) 


The factor of 10 in front of the bracket indicating the operation per¬ 
formed by the integrator is required in each case because the coefficients 
of the variables are different by that factor. In both cases, the coefficient 
potentiometer can be omitted if we choose 

RC = T ■= 0.1 

The resulting scaled computer diagram is given in Fig. 3-8. The 
value used for the time scale factor n must be given on the computer 
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diagram. Note that the units of only one of the magnitude scale fac¬ 
tors are given. This is permissible if the magnitude scale factors are 
consistent. 

The forcing function f(t) is time-scaled simply by substituting r/n for t, 
as indicated in Eq. (3-17). If 

f(t) = e~ at sin ut 

the forcing function used on the computer is 

Mr) = / (j) = ^ <a/n)r l r 

Suppose, in the above example, 

f{t) = e~°- 04t sin 0.2 1 

then the function used would be 

/ c (r) = e~°- 2r sin r 

The time constant of the exponential term and the frequency of the sinus¬ 
oidal term have both been increased by the factor l/n, or in this case 5. 

It is important to remember that the computer components, including 
the recorders, operate in the time scale of r and, therefore, that the time 
axes of recordings must eventually be relabeled in units of r/n = t sec. 
Thus, if during a computer run a recording is made and labeled 3 sec 
(in r) at a particular point along the time axis, relabeling the recording 
in units of t would entail changing the label at that point to 3/n sec in t. 

Time scaling can also be accomplished directly from the Laplace 
transform. Corresponding to the definition of the Laplace transform 
with respect to t , 

£[/(<)] = /„" M) e-“ dt = F(s) 

The Laplace transform with respect to r can be defined as 

£[/«] = / 0 ” /(r) e~ pr dr = F(p) (3-21) 

If r and t are related by 

t — nt 

the relationship of the Laplace transforms in the s and p domains can 
be obtained from theorem F of Sec. 1-7. Consider the differential 
equation 

d*x(t) . dx(t) , , ,.s 

-<ik +a ~t + b x{t) = /(<) 


(3-22) 
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The Laplace transform of Eq. (3-22) is 

(s 2 + as + b) X(s) = F(s ) + (s + a)x 0 + x 0 


or 


X(8) 


F(s) + (s + g)x 0 + xp 
s 2 + as + b 


(3-23) 

(3-24) 


Again letting x c (r) denote the computer variable, 


£[*.«] = X,(p) 


£ 


©] 


n X ( np) 


using theorem F. Then 


X c (p) = nX(np) 


(3-25) 


This states that the Laplace transform of the computer variable x c (r) 
can be obtained from the Laplace transform of x(t) by simply substituting 
np for s and multiplying by n. Thus, from Eq. (3-24), 


X c (p) = 

Now, from Eq. (3-25), 


F(np) + (np + a)x 0 + x 0 


n 2 p 2 + anp + 6 


Co" 


(3-26) 


n F(np) = F c (p) 


Recalling that 


x 0 


dx 

dt t =o 


x c o 

dx c 


dr 


the transform of x c (t) can be written 

y/\ Fc(p) + n(np + a)x c0 + n 2 x c0 

n 2 p 2 + anp + b 

The equation that would have resulted in (3-26 a) is 


(3-26o) 


ni dxM +an ^M +h x c {r) 


/o(r) 


(3-27) 


which is the equation that would have been obtained if the change of inde¬ 
pendent variable had been made directly in the differential equation. 

Time scaling of the Laplace-transform expression is particularly useful 
in the area of simulation. Suppose that the transfer * function to be 
simulated is 


Y{s) 


0 ( 8 ) 


(3-28o) 


X c (p) = n X(np) 1 


nG(np) Y(np) 


From (3-25), 
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but also, from (3-25), 


Y(np) 


n Y 


Therefore, 


Xc(p) = G(np) Y c (p) 


and the transfer function to be implemented on the computer is 


Thus, if 


X c (p) 

Y.(p) 

0 ( 8 ) 


G c (p ) = G(np) 

K(T\S + 1 ) 
T 2 s + 1 


(3-286) 


the transfer function implemented on the computer is 


Gc(p) 


K(nT i P + 1) 

nT 2 p + 1 


The time constants used on the computer, then, are simply n times the 
time constants of the model. 


Changing 


Instead of the 


independent variable in the equations being changed, the equations in t 
can be instrumented directly on the computer and the computer time 
variable transformed instead. This method is often more convenient 
than that of transforming the mathematical model, for scaling can be 
performed simply by changing RC time constants or appropriate gain 
factors in the computer. Initial conditions and magnitude scale factors 
remain unchanged. 

With this approach, the time-scale change is made in the equations 
concerning the operation of the computer components rather than in the 
original equations. Thus, instead of changing dx/dt to ndx/dr for 
implementation on the computer, we change the independent variable 
in the equations describing the operations of the computer components 
from r to nt. An integrator performs the operation 


e 2 (r) 


RC o 


e\ (r) dr + e 2 (0) 


(3-29) 


hot 


nt) then 


e 2 (nt) 


RC o 


ei(nt) dt + e 2 (0) 


(3-29a) 


The integrator can then be regarded as integrating with respect to t 
with a multiplying constant of n. The computer variable can then be 
denoted by x 0 (nt ), and the relationship 

x(t) = x c (nt) (3-30) 

cmn be used to relate the original model variables to those of the computer. 
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The computer variables are functions of nt , and the time axis of record¬ 
ings are so labeled. 

Now, from (3-30), 

dx(t) __ dx c (nt) 
dt dt 

d 2 x(t) _ d 2 x c (nt) 
dt 2 dt 2 


d m x(t) _ d m x c (nt) 

dt m ~ di” 

Therefore, this time-scaling method will change neither initial condi¬ 
tions nor maximum values.* 

If the operation of the integrator is placed inside brackets, the desired 
time- and magnitude-scaled relationships relating x c to x c are: 


1. Normalized variables 

/ x\ = x m RC f n f * / x\ ^1 + / s c (0) 
\%m/ XmJl \_RC Jo \X m J J y X m 

2. Dimensionalized scale factors 

**• - t£t [ro X * A *] + k ‘ xM 


(3-31 a) 

(3-31 6) 


In the general case, the coefficient in front of the brackets is obtained 
with a coefficient potentiometer preceding the input to the integrator. 
The gain of the integrator is understood to be simply 1 /RC, as before. 
The integrator time constant RC must be chosen such that the coefficient 
in front of the bracket is equal to or less than unity; if it can be made 
equal to unity, the coefficient potentiometer can be dispensed with. 

The required setting of the coefficient potentiometer at the input to a 
time-scaled integrator in the general case with a given integrator time 
constant T = RC is shown in Fig. 3-9 for both magnitude-scaling 

methods. 

Consider again the differential equation 


d 2 x . , c dx . 
_ + i .5- + 4a; 


/«) 


(3-32) 


with 


z(0) 


15 ft 


dx 
~dt t 


3 ft/sec 


* In order to avoid confusion of the computer variable x c (nt), whose derivatives 
are with respect to t, with x c (r), whose derivatives are with respect to r, either nt or r 
should be indioated as above; or, alternatively, the following notation could be used: 




but ±r 
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and assumed maximum values 


15 ft 


dx 

dt 


) 


30 ft/sec 


d 2 x 

~dt 2 


) 


60 ft/sec 2 


is 


The time scale is again changed by letting r = nt, but the substitution 
made in the equations concerning operation of the computer rather 



(a) ' . (i b ) 

Fig. 3-9. General scheme for time-scaling an integrator, (a) Normalized variables. 
(6) Dimensional scale factors. 


than in the original model. Denoting the computer variables by the 
subscript c as before, the equation 

+ ,.5 + 4 x t (rd) - /.(»!) (3-33.) 


can be solved directly on the computer if the computer components are 
time-scaled. An integrator will perform the operation of Eq. (3-29 a) 
with respect to t . The effective gain factor n/RC = n/T of the time- 
scaled integrator must be canceled, if it is not unity, by a coefficient 
potentiometer preceding the integrator input, as in the general case of 
Fig. 3-9. The magnitude-scaling problem is simplified by this time¬ 
scaling approach, since the maximum values of x c (nt) and its derivatives 
are the same as those of x(t) and its derivatives. The initial conditions 
are also unchanged. If magnitude scale factors are used, they may be 
selected as 

= 10 %5 = 6 volts/ft 
k 2 = 10 %o = 3 volts/(ft/sec) 

= 10 %o = 1.5 volts/(ft/sec 2 ) 

From Eq. (3-32a), 

l.5x c = -(2.25x c + 6x e - 1.5/c) (3-326) 

The resulting scaled computer diagram is shown in Fig. 3-10. The 
time scale factor n appears on the diagram as a simple gain factor and, 
therefore, need not be specified before setup of the computer. In order 
to complete the example, let n = 0.2 as before. The coefficient poten¬ 
tiometer at the input to the first integrator should then have the setting 
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Thus, if the integrator time constant can be made equal to 0.1, the 
coefficient potentiometer can be eliminated. The same is true of the 
second coefficient potentiometer, and the resulting diagram with n = 0.2 
is shown in Fig. 3-11. Compare Figs. 3-8 and 3-11. 

Does the value of n have to appear on a scaled computer diagram like 
that of Fig. 3-11 if the diagram is to be complete? The answer is no, 



Fig. 3-10. Example of change of time scale of the computer, x + 1.5£ + 4x = f(t). 
xo = 15 ft, xq = —3 ft/sec. 



for the value of n can be found from the total gain at the input to the 
integrators. If no mistake has been made, the value of n calculated from 
the various integrator gain factors will agree; therefore, this is a quick 
method of checking the correctness of the time scaling. For convenience, 
it is desirable to note on the diagram the value used for n , even though 
it is not really necessary. 

If the normalized-variable method of magnitude scaling is used for 
Eq. (3-32), the scaled equation to be instrumented on the computer 
becomes 

6°(|) + 1.5(30) (|) + (4)(15) (^) - /,<«<) 

“ (S) + 0 75 (!) + (l?) " SB«»« 

n <°> - 1 I (0 > - - 0 - 1 


(3-32c) 
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Again using n = 0.2, we obtain the scaled computer diagram of 
Fig. 3-12. The fact that the derivatives are with respect to t rather than t 
is indicated by showing the independent variable of f c to be nt . The sub¬ 
script c is usually omitted from a computer diagram, which makes it 
practical to indicate derivatives with respect to t as x t = dx/dt to avoid 
confusion. Actually, the time scale factor n must be included either 



Fig. 3-12. Example of Fig. 3-10 using normalized variables. 


as a factor in the magnitude scale or normalization factors or as an 
adjustment of gain factor of each integrator. A quick check will suffice 
to determine which time-scaling method has been used. 

So far, change of time scale of only the integrator has been discussed. 
In discussing change of time scale for other computer operations with 
respect to time, it is convenient to work with transfer functions. Let 

£Mr)] = X c (p) 

£[x(t)] = X(s) 


Then, using theorem F of Sec. 1-7 again, 



£[x(t)] = X(s) 

= £[x c (nt)] 



(3-33) 

(3-34) 


This states that the Laplace transform of the model variable x(t) can 
be obtained from the Laplace transform of the computer variable x c (nt) 
simply by substituting s/n for p and dividing by n. Thus, if a transfer 
function of a computer component is 


Xc(p) K(T lV + 1) 

YM) - °- W - IH+f 


(3-35a) 
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the relationship (3-34) results in 



X{s) - 

= -G'(- 

n \n 


but 

a) ■ 

= n 7(«) 


so 

X(s) - 


Y(s) 

or 

II 

kn 

= G(s) = 

ft (i) 




K[(T 1 /n)s + 1] 


( T 2 /n)s + 1 


(3-356) 


As noted before in Sec. 3-3, the time constants used on the computer are 
simply n times the time constants of the model. 

If a transfer function implemented on the computer is 


Xc(p) 

Y C (V) 



1 

P + a 


(3-36) 


the time function x c (nt) for a unit step input y c (nt) = u,-\(nt) is 


x c (nt) 






(3-37) 


The corresponding model transfer function is 

X(.*) = r /,N = 1 = ” 

Y(s) y s/n + a s + an 
and the response to a unit step input is 

x(t) = - (1 — e~ ant ) 

a 

= x c (nt) 


(3-38) 


(3-39) 


The time-scaling method of changing the computer time scale rather 
than that of the model has two very important advantages: 

1. Magnitude scale factors and initial conditions are not affected by 
time-scaling. 

2. The time scale factor appears directly on the scaled computer 
diagram. 

The result is that a scaled computer diagram is complete even though 
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the value to be used for n has not been specified. This is important, 
for the decision about what time scale factor to use can be relegated to 
the computer operator, and he can try several values of n with reference 
to the one diagram. Also, it often happens that different time scales are 
used for preliminary investigation of a problem than for computation 
when important data are to be taken. There is a real advantage in 
not having to recalculate magnitude scale factors and initial conditions 
and in not having to relabel the dependent-variable axes of recordings 
when a change of time scale is made. 

Are the two methods of time scaling presented in Secs. 3-3 and 3-4 
basically different from each other? This question has undoubtedly 
crossed the reader’s mind. The answer is no. As in the case of the two 
approaches to magnitude scaling, the same scaled computer diagram is 
obtained no matter which method is used—with one important exception: 
when the computer is time-scaled, the time scale factor appears directly 
on the diagram instead of being hidden in the magnitude scale factors. 
For this reason, the magnitude scale factors in the two cases will be 
different. The preliminary work required to obtain a time-scaled version 
of the original model is certainly more time-consuming and liable to more 
errors than the work required simply to instrument the original model on 
the computer. 

The reader should study the computer diagrams of Figs. 3-8, 3-10, 
and 3-11 in order to see the similarities in the two methods and to under¬ 
stand why the time scale factor enters into the computer setup in both 
cases with identically the same result. Upon closer inspection it will 
be seen that the two approaches to scaling are actually just two different 
ways of looking at the same thing; correct use of either approach will 
result in exactly the same computer diagram, except for minor differences 
due to different choice of scale factors. The actual mechanics involved 
in computer-diagram construction are different, however; in the one case 
the mathematical model is left unchanged, and the operations of the 
computer components are interpreted in terms of physical time t\ in the 
other approach the independent variable of the mathematical model 
itself is transformed to the independent variable r of the computer, 
and the necessary interpretations are made between the two mathe¬ 
matical models. 

It is important that the difference in the definitions of the derivatives 
of the computer variables be kept in mind. The definitions are 
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[Jc m ] = mm/sec 2 



(b) 

Fig 3-13. Example 3-2. 


[i m ] = rnm/sec 2 
5 




Example 3-2 Consider the second-order differential equation 


d 2 x i q dx 1 
_ + 8 _ + io ° x 


with 


z(0) = 20 mm 


dx 
dt t 


Assume maximum values of 


—250e~°- 6< 

= — 5 mm/sec 


x m = 20 mm x m = 200 mm/sec x m — 2,000 mm/sec 2 

If normalized variables are used, the equation in terms of computer variables 
becomes 

(piss) + 0 8 (sb) + (t>) - 

*“* (Is') - 1 (is) - -<*■ 025 

The resulting scaled computer diagram is shown in Fig. 3-13a with n as yet unspeci¬ 
fied. If it is cecided to use n — 5, which will slow down the solution, the scaled 
computer diagram of Fig. 3-136 results. Note that both the coefficient potentiom¬ 
eters preceding the integrators have been eliminated by choosing time constants of 
0.5 sec. 


3-5. Estimation of Maximum Values. Selection of values for the 
magnitude scale factors must depend upon prior knowledge or estimates 
of the expected maxima of the various physical variables. (In this 
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context, maxima refer to absolute magnitude rather than to algebraic 
quantity.) 

No matter what method of magnitude and time scaling is used, one 
must, in one way or another, arrive at approximate maximum values for 
the variables in the problem. As a rule these approximate maximum 
values of the variables and also of the parameters are no more than 
educated guesses. These can usually be obtained from a knowledge of 
the physical system and from the mathematics of the problem statement. 
Actually no great harm is done if the approximate maximum values 
chosen are not correct the first time. If the actual maximum value of a 
particular variable turns out to be larger than the assumed maximum 
value, the output of the component representing that variable will, in 
all likelihood, become saturated and overload. Most computers provide 
a means of indicating this to the operator by sounding an alarm and/or 
stopping the problem. The only real harm done is a delay in the problem 
solution. However, if a particular variable reaches only one-tenth of 
the assumed maximum value, the particular component output repre¬ 
senting that variable will be working over a very small part of its dynamic 
range, thereby sacrificing some of the available accuracy. The operating 
range is something that should always be checked on the computer; 
serious scaling errors are easily detectable and easily remedied. 

The question arises: How are the maximum values of the variables 
determined? In the case of linear problems, at least, these values could 
be calculated if necessary. However, there is hardly any point in per¬ 
forming the large amount of numerical computation necessary for this 
when an educated guess and several quick runs on the computer will 
suffice. The possible magnitudes of the primary variables can usually 
be obtained from a cursory knowledge of the physical system. Examples 
would be the maximum static deflection of a spring-damper suspension 
system for an automobile or the muzzle velocity of a projectile in a 
ballistic problem. The approximate magnitudes of the lower-order 
derivatives are also sometimes known. Often a relationship involving a 
variable whose maximum is known can be expressed as a first- or second- 
order differential equation in that variable. A calculation of the 
upper bounds for magnitudes of the first and second derivatives is 

then straightforward. 

Second-order Equations. Consider the equation 

ax + bx + cx = f(t) (3-40) 

Assume that x m or f m (t) is known from a knowledge of the system. The 
values of x m and can be estimated by letting the damping term go to 
lero, i.e., 6-0, and assuming a step input of magnitude A with zero 
Initial conditions. As shown in Sec. 1-10, the solution then is of the 
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x(t) 


A 


(1 — COS CtfftO 


where 


w n 


(1 — COS 0) n t) 


© 


(3-41) 


(3-42) 


The maximum value of x is 2 A/c, since the maximum value of cos c o„t 
is unity. Now x m and x m can be determined by direct differentiation of 
Eq. (3-41). 


x(t) = co„ sin 


x(t) 


Xm 


(3-43) 


OJ n 2 COS 0) n t 


Therefore, the upper bounds for the two absolute magnitudes are 


n 2 




(3-44 a) 


" 2 


Note that this assumes that the system is stable; i.e., that no variables 
tend to increase indefinitely with time. The factor of 2 arises from the 
fact that a step input was assumed with zero initial conditions. The 
displacement of x(t) is then symmetrical about the ordinate A/c rather 
than about zero, as is the case for x(t) and x(t). Nonzero initial condi¬ 
tions or forcing functions other than a step may alter the relationships of 
(3-44a), but they will form a good starting point for single or simul¬ 
taneous second-order equations. 

The quantity co n is termed the undamped natural frequency of the system 
described by Eq. (3-40). The maxima predicted from Eqs. (3-43) will 
usually be quite close if the system damping is low. Of course, even 
for a single second-order equation, the relationships of (3-44a) will hold 
only if the damping term is zero. If the damping is critical (f = 1), 
the second-order equation is 

£ + 2u n x + u n 2 x = f(t) 

The response to a unit step input is 


x(t) 


Wn 


[1 


(1 + 
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which results in actual maximum values of 



The maximum values chosen from (3-44a) will be too large, then, unless 
the damping is actually zero. Furthermore, the discrepancy between 
assumed and actual maximum values will depend upon the value of co n . 
Therefore, if the time scale factor is chosen such as to change the natural 
frequency of the dominant roots to the order of 1 radian/sec, the task of 
magnitude scaling is made somewhat easier. This applies no matter 

which method is used for time scaling. 

Another way of obtaining an estimate of maximum values for Eq. 
(3-40) would be to let fit) = 0 and assume one nonzero initial condition 
x(0) = x m . The resulting upper bounds for the magnitude of the two 

derivatives would then be 

x m = a) n x m (3-446) 

Xm = 0)r?X m 

The relationships of (3-44a) and (3-446) pertain to second-order equa¬ 
tions—and are good approximations only if the roots of the characteristic 
equation are complex-conjugate roots. Are these relationships of any 

use for differential equations of order higher than 2? 

The Equal-coefficient Rule . Consider the nth-order differential equation 

a n x M + a»_iX (n_1) + • * • + a\X (1) + a^x — f(t) (3-45) 

For the simple case of a step forcing function 

f(t) = A u^iijt) 

and zero initial conditions, the maximum value of the nth derivative 
often occurs at t = 0 and is equal to 



If the reader doubts this, let him examine the computer diagram for the 
solution of Eq. (3-45). The final value of x(t) is A/a 0 if the system is 
stable and if no roots of the characteristic equation occur on the imaginary 
axis. However, the maximum value of x{t) must be taken as 2A/ao 
in case roots do occur on the imaginary axis. With normalized variables, 
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Eq. (3-45) becomes 


A 


( x (n > \ 

\A/a n ) 


+ xj n ~ 


n-l) ffl 1 ( 

"- 1 Urn'"- 1 ) 


+ 


• • 


+ CL\X 


( 1 ) 




+ 2 A 


2 A /a 


o 


(i) 

71) 


A U— i ({) (3-47) 


This leads to a rule that one might call the principle of equal coefficients: 
The maximum values may be estimated by using values that cause all 
the coefficients in the normalized equation to be approximately equal, 
with the restriction that the resulting assumed maxima constitute a 
monotonic set; i.e., that the values continually increase (or decrease) for 
each derivative in turn. If the initial conditions are all zero and if f(t) 
is a step function, the coefficient of the ( x/x m ) term should be twice that 
of the others. The maximum values must usually be modified if the 
initial conditions are not zero, and in this case the coefficient of f(t) will 
be less than unity. 

The equal-coefficient rule is so simple that one finds it hard to believe 
that it will work. It is only a generalization and is not infallible, but it 
will serve the purpose for the solution of most linear mathematical models 
and is quite useful for nonlinear models as well. This rule is empirical, 
and to the authors knowledge (or perhaps for lack of it) it has not been 
explained analytically. 


Example 3-3. Consider 


x + 2£a> n x + Wn 2 x 


Xo = Xo = 


= A U-i(t) 
0 


(3-48) 


The normalized equation is 


{£) +(£)+ (£) = 


(3-48o) 


Using the rule of equal coefficients, one would choose 


x m = A 


Xm 


A 

2{c 0 n 


Xm 


2 A 


CO n 


or, stated in terms of x 


m , 


Xm — 


Xm 

2rT 


0> n 


X m 


The choice of x m differs from that of (3-44o) unless = 0.5. It is obvious why the 
restriction was added to the rule; if the coefficient of x is zero, the maximum value of x 
is certainly not infinite, which is what would be obtained if equal coefficients were 
insisted upon. 

Example 3-4. Consider 


x w + 4x (2 > + 25x (1) + 100x - 50 t«_,(0 

Xo ■■ Xo " #o ™ 0 


(3-49) 
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According to the equal-coefficient rule, the normalized equation is 


50 


r (3) 

50 


+ 40 


or 


r(3> 

50 


+ 


/x™ 

\10 

0.8 ^ 


+ 50 


10 


+ 


2 > 
r~(D 


+ 


1°° (f) = 50 

2 (f) = (I) 


(3-49o) 


The characteristic equation can be factored as 


(* + 4) (« 2 +25) = 0 


(3-50) 


which reveals that two of the roots lie on the imaginary axis, resulting in sustained 
oscillations. This equation might be considered a severe test for the equal-coefficient 
rule, but the resulting maxima are found to be 


*m (2) 


0.85 

1.6 

7.5 

50 


These agree very well with the assumed maxima. 

Example 3-6. Consider 

x< 4 > + 70.1x< 8 > + l,232x ( *> + l,870x (1) + 30,000x - 15,000 u^(t) (3-51) 

with all initial conditions zero. The characteristic equation can be factored as 

(s + 40) (s + 30) (s 2 + 0.1s +25) =0 

This has one set of complex conjugate roots with very small damping. Again, by the 
equal-coefficient rule, the normalized equation becomes 


x (4 > 

5.000 


938 


x (3) 

200 


+ 0.986 


x< 2 > 

12 


623 


7T 


+ 2 


( 0 - 


ti-i(0 (3-51o) 


The actual maxima are found to be 


Xm 


(1) = 


* m < 2 > 


Xm 


( 4 ) = 


0.9 

3.4 

10.8 

180 

15,000 


Again, the values estimated by the equal-coefficient rule are surprisingly close to the 
actual maxima. 


One's ability to estimate maximum values of the variables in a more 
complicated model will be greatly enhanced by a basic knowledge of the 
solutions to various mathematical models and by knowledge gained in 
solution of various models on the computer. 

3-6. Choice of Time Scale. Choice of time scale is more critical than 
choice of magnitude scale factors. Actually one has little choice of 
amplitude scale factors, since the physical problem determines the maxi¬ 
mum values of the system variables and the machine being used sets 
limitations upon the maximum values of the machine variables. In the 
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choice of time scale, however, it is more difficult both to estimate the 
rate at which the physical phenomenon occurs and to estimate the errors 
caused by the computer-component limitations at either low or high 
operating speeds. 

The first step in determining the proper time scale should be to estimate 
the pole-zero configuration and, in particular, the natural frequencies 
of the system under study. This can be done by inspection of the 
mathematical model and/or inspection of the physical system itself. 
It is quite obvious that there must be a different time scaling for the 
ballistic problem of an electron and for the ballistic problem of a batted 
baseball. Actually, in linear problems at least, time scaling presents no 
real difficulty if a consistent method is used. If the approach of chang¬ 
ing the time scale of the computer is used, the equations in nt are instru¬ 
mented on the computer directly, and the time scale does not enter into 
the selection of initial conditions or magnitude scale factors. 

It is desirable to know the frequencies and the exponential time con¬ 
stants that exist in the solution of the problem under study. Even 
though little is known about the physical system, with a little effort 
sufficient information can usually be obtained from the mathematical 
representation. Nonlinear problems will present more difficulty than 
linear problems, but again there are simple ways of checking to make 
sure that the chosen time scale is adequate. Emphasis upon frequency 
characteristics, of course, has to do with the rate of information transfer 
in the analog system as opposed to the rate of transfer in the actual 
system. A very fast system, such as the motion of an electron, involves 
a tremendous rate of information transfer. Now, in order to study this 
problem on a computer in continuous fashion, the time scale must be 
slowed down to the point where the amount of information obtained 
about the system per unit of machine time is compatible with the amount 
of information per unit of time that can be processed by the machine 
component. 

The computer components that affect the choice of time scale are 
grouped below with respect to speed and approximate limit of usable 
frequency range. 

A . Fast devices—to 200 cps (1,000 radians/sec) 

1. Operational amplifiers 

2. Recorders 

a. Oscilloscope (well beyond 200 cps) 

b. Electronic analog-digital converter plus magnetic tape storage 

3. Digital multipliers 

4. Diode function generators 
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B . Medium-fast devices—to 20 cps (100 radians/sec) 

1. Recorders 

a. Magnetic tape (analog-signal) 

b. Oscillograph (stylus-type) 

2. Electronic multipliers 

3. Photoformer-type function generators 

C. Slow devices—to 1.5 cps (10 radians/sec) 

1. Recorders 

a . Servo xy recorders 

b. Digital voltmeters 

2. Servo multipliers and resolvers 

3. Function generators 

a. Curve followers 

b. Three-dimensional cam or surface followers 

c. Servo-multiplier types with tapped or specially wound poten¬ 
tiometers 

It can be seen that there are large differences in speed among the 
various computer components. Therefore, the choice of time scale will 
often depend upon the specific types of computer components needed 
and available with the machine being used. In most cases, it will be the 
recording equipment and the multipliers that restrict the speed of com¬ 
putation. The oscilloscope is a very fast monitoring device but not 
very accurate, and, if permanent recordings are to be made, a camera 
must be used. The medium-fast recorders, of which the oscillograph 
of the Brush or Sanborn type is the most common, are also not very 
accurate and usually can be read to only two significant figures. The 
best accuracy and precision are obtained from the slow servo xy recorders 
or digital voltmeters; the results can be read to three or four significant 
figures. The fast electronic analog-digital recording devices are very 
good but are quite expensive and so are not always available. The same 
thing can be said of the digital multipliers. The operational amplifiers 
will be more accurate in general at slow speeds, although drift will cause 
deterioration of accuracy at very low operating speeds. 

Do not ignore the fact that the frequencies given above are upper 
limits . Thus, when servo multipliers are to be used, it is well to choose 
a time scale such that the highest frequency component to be encountered 
on the computer is somewhat less than 1 cps, say cps or 1 radian/sec. 

The problem of choosing a correct time scale factor can be somewhat 
simplified by observing the rule that all poles and zeros of a transfer 
function instrumented on the computer must lie within a circle of radius 
U radians/sec on the p- plane, where R is the smallest of the permissible 
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bandwidths (for a stated accuracy of operation) of the various computing 
components being used. This includes recorders as well as summers, 
integrators, multipliers, etc. This rule of thumb arises from a study of 
the errors caused by instrumenting an operation upon a computer com¬ 
ponent the transfer function of which has unwanted poles and zeros in 
addition to the desired ones. 

As an example, consider the computer solution of 

x + 1,001* + 1,000a; = 1,000 u^(r) (3-52) 

*(0) = x(0) = 0 

The Laplace transform is 

[p 2 + l,001p + 1,000] X(p) = 

or [(p + 1,000)(p + 1)] X(p) = ^99 (3-53) 

Now assume that the correct solution is obtained by the computer 
but that a recorder is used with the transfer function 


= p + a 

(3-54) 

The transform of x(r) should be 


( 1,000 

[P) p(p + 1,000) (p + 1) 

(3-55) 

If Xr{t) denotes the recorded time function 

• • 

Y ( \ 1,000a 

R V p(p + 1,000)(p + l)(p + a) 

(3-56) 

Thus, the recorded output should be 


x(t) = 1 + H99(e- 1 ’ 000T “ l,000<rO 

(3-57) 

but actually is 


/ v 1,1/ O' 1 nnn 1,000a \ 

Xr(t) = 1 + ono ( 1 nnn e 1 » 000r 1 e T ) 

999 \a — 1,000 a — 1 ) 


1,000 

(a - 1,000) (a - 

( 3 ~ 58 ) 


The recorded time function will be in error if a is finite. If desired, 
the maximum per cent error (or other measures of the error) can be 
obtained as a function of a in order to determine the maximum radius 
in radians per second within which the poles of the desired function X (p) 
should lie if the maximum per cent error in the recorded result is to be 
less than, say, 0.1 per cent. This type of error analysis, sometimes 
called operational error analysis, is too complicated for adequate treatment 
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in this text, but the reader should study several typical examples in order 
to develop an insight into the problem. The computer itself can be used 
for such purposes by taking a large time scale factor and using such 
techniques as parallel problem setups. One can time-scale a differential 
equation so that the pole-zero configuration is well within the limits 
imposed by the computer components and deliberately add appropriate 
poles to the transfer function of various computer operations in the 
nonideal setup in order to study their effects. 

It should be recognized that, in solving a differential equation, the 
requirements for operating upon or recording a variable become more 
stringent for derivatives of increasing order. The transfer function of 
each higher derivative has an additional zero at the origin. The increased 
error for higher derivatives due to unwanted poles and zeros of the 
computer components can be studied on the basis of the changes in the 
residues at the poles of the entire transfer function resulting when addi¬ 
tional zeros are placed at the origin. For purposes of illustration, how¬ 
ever, consider the above example concerning the error in recording with a 
nonideal recorder. The transform of the recorded second derivative is 

4*.] - P- X. W - ^ 00 ^% + ^ (3-®) 

The recorded output should be 

x(t) = (l,000e _1 ’ 000r - c~0 (3-60) 


but the recording made is 


Xr(t) 


.,000/ 1,000a 
999 \a - 1,000 


g— l,000r 


’) 


1,000a 2 

0 a - 1,000) (a - 1) 


,—ar 


(3-61) 


The multiplying factor of the first two terms due to a finite value for a 
is the same as before, but the relative importance of the two terms has 
changed appreciably, one being increased by 1,000 and the other decreased 
by the same amount. In addition, the unwanted term has increased in 
magnitude by the factor a 2 . Thus, a recorder or other computer com¬ 
ponent, such as a multiplier, that is “slower” than the integrators and 
summers might be adequate to operate upon x but not upon x or * with 
the same probable maximum error. A case could easily arise for which 
the recorder could handle x and x with the desired accuracy given a time 
scale factor of 10, say, but, in order to record x (4) with the same accuracy, 
would require that the time scale factor be increased to 100. This fact 
should be kex>t in mind whenever computer components are used that 
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are not matched in speed; i.e., that do not have the same location for 
unwanted poles and zeros. And matched components are the exception 
rather than the rule. Multipliers are a rather peculiar animal in this 
respect, for they usually have different transfer functions for the different 
input channels. An obvious example of this is the servo multiplier. * 
The transfer function for the channel that drives the servo motor has 
unwanted poles very much closer to the origin than those of the other 
input channels, for the other inputs merely excite potentiometers. The 
variable with the smallest rate of increase with respect to time should 
always be used for the servo-motor-drive input. The xy recorder is 
another example; the input channel that drives the carriage usually has 
poles closer to the origin than those of the channel that drives the pen 

along the carriage. 

The proper time scale can, then, be chosen by consideration of the 
pole-zero configuration of the desired transfer function if the model is 
linear. But the model is often not linear; and even if it is, the pole-zero 
configuration is often not easily obtained. Fortunately, a satisfactory 
time scale factor can usually be chosen by inspection of the minor loop 
around the first integrator. The transfer function of this minor-loop 
feedback system will have a pole at p = — K radians/sec, where K is the 
gain in the loop. Since the required gain at the input to each integrator 
contains the factor 1/n, the total minor-loop gain can be increased or 
decreased by appropriate choice of n. The loop pole can then be posi¬ 
tioned at will by choosing the proper value of n. This does not tell one 
anything about the rest of the computer setup, but it is sufficient for 

many cases. 

As an example, consider 

*«> + 200x < 3 > + l,500x (2) + 625,000x (1) + (125) (lO 7 )* 

= (0.625) (10 7 ) u-i(t) (3-62) 

with all initial conditions zero. The equation can be normalized as 

(m s£w) + 0959 (rrw) 

+ 0.959 (g) + (%) + 2 (?) - -.M W 

If the time scale is not changed, the computer diagram of Fig. 3-14 
results. The gain in the loop around amplifiers 1, 2, and 3 is 200, and 
the transfer function of that loop will have a pole at 200 radians/sec. 
This is within the usable range of the amplifiers, but let us assume 
that, because of recorder characteristics, it is desirable to restrict the 
operating range to 10 radians/sec. From consideration of only the 
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simplest summer-integrator, the needed time scale factor could be esti¬ 
mated as 

n = 20 

The resulting computer diagram is the same as Fig. 3-14 except that the 



Fig. 3-14. Illustration of choice of time scale. 


gain factors of the integrators are now 


Integrator No. Gain 

2 15 

4 5 

5 2 

6 0.5 


As a check, the characteristic equation of (3-62) can be factored as 

(s + 100) (s + 50) (s 2 + 50$ + 2,500) = 0 
With n — 20, the transform of x c (nt) is 


Xc(p) 


39.063 

p[(p + 5)(p + 2.5) (p 2 + 2.5p + 6.25)] 


(3-63) 


which has all its poles well within the specified 10-radian/sec limit. 

In any case, the time scale can be checked by comparing recordings 
made with the chosen time scale factors and with another value somewhat 
larger, say 10 times the chosen factor. If discrepancies are noted, the 
time scale factor should be increased and the test repeated. Many 
computers provide for a 10:1 change made by simply throwing a switch 
on the control panel. 

Consider an equation that was used as an example in Secs. 3-3 and 3-4: 



(3-64) 
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This is a second-order linear ordinary differential equation with no 
forcing function. The first step in scaling is to estimate the maximum 
values of the dependent variables and their derivatives that will appear 
as outputs of computer components. As a first estimate one can, in this 
case, use the relationships of (3-446). The natural frequency of the 
above equation is 

w n = 4** = 2 radians/sec 

Using (3-446), 

%m = 2 Xm 

X m ~ 4 Xm 

Now what is a reasonable value for 3 m ? The initial value of x(t) is 
15 ft. If this were the maximum value, then x m would be 30 ft/sec; since 
the value of 3(0) is only one-tenth of this maximum value, the initial 
£(0) = —3 ft/sec means that x(t) is initially decreasing in magnitude; 
and, since the damping is appreciable (f = 0.375), the initial value of 
x(t) will, in all probability, be the maximum. Therefore, one may 

safely use 

x m = 3(0) = 15 ft 
x m = 30 ft/sec 
x m = 60 ft/sec 2 

The normalized equation becomes 

( ro ) + °- 75 (») + ( b ) ‘ 0 (3 - 64o) 

Note that the coefficients are all very nearly unity. 

An understanding of how the initial conditions affect the maxima can 
be obtained by inspection of the phase-plane plot of x(t) versus x(t). 
Figure 3-15a is a phase-plane plot of the equation 

x + 4x = 0 

Two trajectories are shown; they are closed curves, since, with no 
damping, the energy of the system remains constant. Trajectory A 
would result if the initial conditions had been 



x(0) = 

= 15 

*(0) = 

= 0 

or 

z(0) = 

= 0 

x(0) = 

= 30 ft/sec 

or 

z(0) = 

= 10 ft 

x(0) = 

= —21 ft/sec 


or any other combination of initial conditions that result in a point on 
the curve. The arrows indicate the direction of motion along the 
trajectory. Curve B results from initial conditions such as 

b( 0) = ±15 ft x(0) = ±30 ft/sec 
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Only at points at which the trajectory intersects one of the axes is the 
initial value the actual maximum value obtained. 

The situation is somewhat different when the damping term is nonzero. 
Several trajectories are shown in Fig. 3-156 for the equation 

x + 1.53 + 4a: = 0 

Each trajectory starts from a particular set of initial conditions, but 
other sets of initial conditions found from any point on the curve would 



(a) (6) 

Fig. 3-15. Plots of z versus x. (a) x + 4z = 0. (6) x + 1.5x + 4x =0. 

result in the remainder of the trajectory. These curves are not closed, 
for energy is lost and the motion damps out in time. (What would a 
trajectory for an unstable system look like?) Trajectory A is the 
solution obtained for the given set of initial conditions: 3(0) = 15 ft, 
,r(0) = — 3ft/sec. Note that the assumed maximum value of x m = 30 ft/ 
sec is larger than necessary. Curve B results from 

3(0) = 15 ft 3(0) = —15 ft/sec 

Curve C results from 

3(0) = 0 3(0) = 30 ft/sec 

'The next step after establishing reasonable maximum values for the 
dependent variables is to choose the time scale to be used. The natural 
frequency of the system under consideration is 2 radians/sec. If electro¬ 
mechanical components of the computer are to be used—for example, 
a hervo xy recorder the frequency range of the computer variables 
should he restricted to about 1.5 ops or 10 radians/sec. The highest 
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frequency component in the physical system described by the differential 
equation is actually somewhat less than the natural undamped frequency 
co n , but a unity time scale factor would certainly be reasonable. The time 
scale could be pushed as far as n = K or perhaps even to }£• For 
critical computations, a check should be made by comparing the results 
of using the chosen time scale, say, n ly with those obtained using a larger 
time scale, say, 10ni. 

If only high-speed computing components were to be used, a time scale 
factor as small as 1/1,000 would be reasonable. 

3-7. Parameter Scaling. The discussion of magnitude scaling to this 
point has been concerned only with the dependent variables. However, 
in most cases, in order to obtain a more complete understanding of the 
system that the model represents, solutions are desired for a range of the 
parameters of the model. In some instances, of course, an understanding 
of the model itself is of immediate concern. Magnitude scaling can, and 
usually should, be applied to the parameters of interest as well as to 
the dependent variables. If the ranges over which the parameters are 
to be varied are known, the largest magnitude of each can be used to 
normalize the parameters in the same way the variables are normalized. 
A simple example of this would be an investigation of the solutions of a 
second-order equation for various values of per-unit critical damping. 
Consider a second-order differential equation in the general form 


x + 2fa ) n x + u n 2 x = A U-i(t) 

Xq = Xq = 0 


(3-65) 


If f > 0, the final value of x(t) is A/u n 2 ; and, if f = 0, the maximum value 
of x{t) is 2 A/ co n 2 . For purposes of illustration, let 

u) n = 10 radians/sec A = 100 cm/sec 2 


The maximum values should be 

x m = 2 cm x m — 10 cm/sec x m = 100 cm/sec 2 
The normalized equation then is 

(m) + 2r (to) + 2 (f) = u ~ l(i) 

Now suppose that it is desired to investigate the effect of the parameter f 
over a range from 0 to 2. The normalized equation then becomes 
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The scaled computer diagram is shown in Fig. 3-16. The parameter f/2 
is less than or equal to unity and can, therefore, be instrumented as a 
setting of a coefficient potentiometer. The symbolic designation of a 
coefficient-potentiometer setting is usually shown directly below the 
potentiometer symbol on a scaled diagram. The space inside the circle 
is reserved for the number pertaining to the particular potentiometer 
used. 



Fig. 3-16. Example of parameter scaling. 


3-8. Discussion. In considering time and magnitude scaling it must 
be kept in mind that the analog computer in itself is always a model, 
whether it be a model of the physical system, a model constructed from 
a symbolic model of the physical system, or a model used to solve the 
mathematical model that represents the physical system. The use of a 
model usually necessitates that dimensions as well as time undergo 
transformation. The space dimensions usually undergo a transformation 
of some definite ratio in passing from the original to the model. The 
scale model may also, of course, be so constructed as to operate faster 
or slower than the system being studied. This technique constitutes 
a well-established and tremendously useful tool of engineering. These 
transformations, whether performed for a computer model or for a scale 
model such as a wind tunnel setup, etc., always serve the purpose of 
making the model more convenient and more accessible for manipulation, 
for measurement of behavior and for changing the conditions and param¬ 
eters that go to make up the functional character of the system or struc¬ 
ture being studied. 

The subject of magnitude and time scaling cannot be thoroughly 
understood and mastered merely by reading an explanation once or even 
twice. Familiarity with the solutions of various models gained by 
experience in using a computer is quite valuable. It is recommended 
that, as a first exercise on an analog computer, the reader obtain a com¬ 
plete set of solutions of an equation of the form 

x + 2{co n x + o) n 2 x = f(t) 

for various values of f with 

(1) f(t) = FmU-xit) 

(2) f(t) = F m cos 0 ) 1 1 
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The selection of the proper magnitude and time scale factors should not 
now be very difficult for a second-order system. If a second-order 
system has complex-conjugate roots, the natural frequency of the charac¬ 
teristic equation is immediately available, and so the problem of time 
scaling is straightforward. In most problems solved on the analog 
computer the transient solution is of primary interest. Therefore, for 
the purpose of establishing magnitude scale factors, one may use the 
relationships of (3-44a) or (3-446) or the equal-coefficient rule. How¬ 
ever, there are occasions when the frequency response of a system 
described by a linear ordinary differential equation is required. In 
this case, the amplitude of y(t) approaches infinity at au = o> n as the 
damping approaches zero. Thus the curves of the frequency response 
of a second-order system obtained by using f{t) = F m cos coit would be of 
considerable help in the problem of magnitude scaling. 

Perhaps a word of caution should be injected at this point concerning 
magnitude scale factors. The tendency of the beginner is to choose 
scale or normalizing factors with a pessimistic frame of mind; the assumed 
maxima are very often chosen too large. There is a danger in this. 
As noted at the beginning of Sec. 3-5, if an assumed maximum value is 
too small, the results are very quickly evident when the problem is run 
on the computer provided the overload-indication circuitry is operating 
correctly; one or more of the computing components will overload and, 
hence, give a warning to the operator. In most machines, however, 
there is no such warning device for the case in which assumed maxima 
are chosen too large. When this occurs the output of the computing 
components will vary in magnitude during problem solution over a very 
small percentage of the total available range. The result is a loss in 
accuracy of the solution. For large problems involving upward of 100 
amplifiers this is something that takes time and effort to detect, whereas 
the choice of assumed maxima that are too small is easily detected when 
computing components overload. It is, therefore, well to choose the 
magnitude scale factors with some care. If not enough information is 
available concerning the size of the variables, then the operator should 
always inspect the questionable variables during a problem solution to 
make sure that maximum computer-component accuracy is being utilized. 
Assumed maxima that are two or three times larger than the actual values 
will not cause appreciable loss in accuracy. 
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CHAPTER 4 


SOLVING ORDINARY LINEAR DIFFERENTIAL EQUATIONS 


Differential equations of a variety of forms are the basic mathematical 
models most commonly solved with electronic analog computers. For 
this reason, it is worth while at this point to review some of the basic 
concepts involved in the analytic solution of linear differential equations 
before discussing the techniques of computer solution. The basic 
properties of linear ordinary differential equations are covered, and the 
more important analytic methods of solving these common mathematical 
models are reviewed. A by-product of this review should be a better 
appreciation of the computer as a labor-saving device. The methods of 
solving such models with the computer are presented, a number of special 
techniques discussed, and illustrative examples given. 

In order to establish terminology and to provide a classification of 
differential equations, the following definitions are stated: 

Differential equation: an equation containing one or more derivatives. 

Example: 



+ 4>(x) y 




Ordinary differential equation: a differential equation that contains 
only ordinary (not partial) derivatives with respect to a single inde¬ 
pendent variable. 

Example: 



Partial differential equation: a differential equation that contains partial 
derivatives. 

Example: 



Linear ordinary differential equation (or LODE): an ordinary differential 
equation that is of the first degree in the dependent variable and its 
derivatives. 
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Example: 


S + ^ l(x) S + Mx) fx + Mx) V + ^ 


Nonlinear ordinary differential equation: an ordinary differential equa¬ 
tion that has terms of second or higher degree in the dependent variable 
and its derivatives; i.e., products and powers of the dependent variable 
and its derivatives or transcendental functions such as sin y appear. 

Examples: 


g + % + AM (||Y + A,{x) y< + AM 


d?y 

dx 2 


+ sin y 


d*y 

dx 2 


+ \y\ 


Ordinary linear differential equation with constant coefficients: an LODE 
in which the coefficient of each term is a constant. 


Example: 


S + 7 - 2 l +^+ 8 


/(*) 


Ordinary linear differential equation with variable coefficients: an LODE 
in which the coefficients of the terms may be functions of the independent 
variable. 


Example: 


S + 4x ^ + (2x)22/ + 7x 


These classes of equations are represented by the pictorial classifica¬ 
tion shown in Fig. 4-1. The material in this chapter covers the cases 
indicated in the two lower boxes. 

4-1. Linear Ordinary Differential Equations and Their Properties. A 

great many physical situations studied by physicists and engineers can 
bo usefully represented by mathematical models in the form of linear 
ordinary differential equations. Such models are usually only approxi¬ 
mate representations of the physical situations—indeed, an exact model 
of any type is rare. A particular model could often be made more exact 
by including nonlinear terms and/or more than one independent variable. 
However, obtaining information from the more exact model would 
usually be much more difficult. Actually, the LODE model is often 
quite sufficient for the purposes of the study. Even when it is not, it is 
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often used as the first stage in the construction and use of a more elaborate 
nonlinear model. 

The most common situations that give rise to LODE models are: 

1. Motion of a particle under the influence of linear forces 

2. Electric circuits composed of ideal resistors, capacitors, and inductors 

3. Linear lumped-parameter physical systems in general 

As an example of the origin of a differential-equation model, consider 
the suspension system of an automobile. A lumped-parameter model 



Fig. 4-1. Classification of differential equations. 


might be assumed, as shown in Fig. 4-2a; here it is assumed that the body 
is rigid and that each wheel is attached to the body by a single spring 
and damper. In order for the model to be a lumped-parameter system, 
the springs must be assumed to have no mass, although the force-dis¬ 
placement relationship need not be linear. The velocity-force relation¬ 
ship of the dampers need not be linear either. 

The motion of the body caused by displacement of the wheels has 
three degrees of freedom in the general case; the body can move up and 
down in the vertical direction, it can pitch about a transverse axis, and 
it can roll from side to side. The mathematical model of the three- 
degree-of-freedom system would contain three dependent variables and 
would consist of three simultaneous differential equations. 

The simplest case would result if the motion of each wheel mount 
could be assumed to be independent of that of the other three; the single- 
degree-of-freedom model of Fig. 4-2 b could then be used. The same 
model could be used to study the vertical motions of the body if all four 
wheel displacements (or forces) were assumed to be identical. With the 
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displacement between body and wheel denoted by y , the three forces 
acting on the body due to the suspension system will be M d 2 y/dt 2 , 
B dy/dt , and Ky , due to inertia of the body, the damper, and the spring, 
respectively. With the assumption that an external force f(t) is also 



(c) W 

Fig. 4-2. Pictorial model of automobile. 


acting on the body, the differential equation model is obtained by equat¬ 
ing the four forces. Thus, 

M S+ B t+ 

This is an ordinary differential equation; it describes the relationship 
of displacement, velocity, and acceleration of the body in time. The 
equation can be solved to obtain the displacement y and its time deriva¬ 
tives as a function of time. If the coefficients M , B, and K are constants, 
the equation is a linear ordinary differential equation (LODE) with 
constant coefficients. In the actual situation, the mass of the body 
changes slowly with time, owing to gasoline consumption; then M is a 
function of time, and the equation is an LODE with variable coefficients. 
To be more realistic, the incremental force exerted by the spring is a 
function of the displacement y , and the incremental force exerted by the 
damper is a function of dy/dt. The force relationships might be of the 
form shown in Fig. 4-2c; the dashed straight line would be the relation¬ 
ship if the particular unit were linear; i.e., if B and K were constants. 
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The above equation would then be a nonlinear ordinary differential 
equation, or NODE. 

The above discussion has assumed that the displacement of the wheels 
is always known. A more realistic model would be obtained if it were 
assumed not that the wheels are attached to the road surface but instead 
that the wheel and tire have a certain mass M i and that the tire acts as a 
suspension system for the wheel to the road surface with spring and 
damping coefficients K\ and B\, respectively. The model for the simple 
case corresponding to Fig. 4-26 is shown in Fig. 4-2 d. There are now 
two dependent variables y i and y 2 , denoting the displacement of wheel 
and body, respectively. The resulting mathematical model will be two 
simultaneous differential equations. The model would be further 
complicated if the fact that the tire can bounce completely clear of the 
road surface were taken into account. 

If the wheels are assumed to have the parameters M h B h and Ki in 
the general model of Fig. 4-2a, the resulting mathematical model will be 
seven simultaneous differential equations. 

An even more complicated model would have to be used if forward 
motion of the automobile were to be taken into account. It can be 
appreciated at this point that, for most physical systems, a number of 
differential-equation models may be constructed of varying degrees of 
complexity. Whether the mathematical model is sufficient to produce 
useful results is always open to question. 

Now consider the ordinary-differential-equation model itself. The 
most general linear ordinary differential equation is of the type 


°o( x ) zzi + + 


dx 


• • 


+ dn-i(x) ^ + a n (x) y = f(x) (4-1) 


This is often expressed as 

L(y) = f(x) 

It is termed a linear differential equation because the left side is a sum 
of terms, each of which is a linear function of y or a derivative of y y and 
the right side is a function only of x . The variable y is termed the 
dependent variable and x the independent variable. 

The differential equation 

ao(s) ^ + ai(x) + • • • + a„_i(x) ^ + a n (x) y = 0 (4-2) 

is said to be the homogeneous equation corresponding to (4-1). 

The order of a differential equation is defined as the order of highest 
derivative. Equations (4-1) and (4-2) are of the order n, provided 
o 0 (x) 0. If there is only one dependent variable whose relation to the 
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independent variable is desired, a single differential equation will result. 
If there are two or more dependent variables, a set of simultaneous 
differential equations will result, with the number of equations equal 
to the number of dependent variables. 

A solution of a differential equation is any functional relationship 
among the variables in which no derivative appears and which reduces the 
equation to an identity. An equation of order n possesses a solution 
containing n essential arbitrary constants; no solution can contain more 
than n constants. A solution of (4-1) containing n arbitrary constants 
is called the general solution; any particular solution of the equation 
containing no arbitrary constants is called a particular solution. The 
general solution of the homogeneous equation (4-2) is termed the com¬ 
plementary function. 

Superposition Principle. If y = u(x) is a solution of (4-1) and if 
y = v(x) is a solution of the same equation with f(x) replaced by g(x) f 
then y = a u(x) + 6 v(x) is a solution of the equation with f(x) replaced 
by af(x) + bg(x), a and 6 being any constants. If u(x) and v(x) are 
both solutions of a homogeneous linear differential equation, then 
y = a u(x) + 6 v(x) is also a solution. The superposition principle 
holds only for linear equations. 

The general solution of Eq. (4-2) contains n arbitrary constants. In 
particular, if u h u 2) . . . , u n are n independent solutions, then 

u(x) = CiUi + C 2 U 2 + • • • + c n u n 

is the general solution of the homogeneous equation, where c h c 2 , . . . , c„ 
are n arbitrary constants. An independent set of solutions is one for 
which no one of the solutions can be expressed as a linear combination 
of the other solutions. The constants Ci, c 2 , . . . , c n can be chosen 
in one way only, so that 

u(x 0 ) = i/o ■u (1) (£o) = 2/o (1) * • • w (n_1) (x 0 ) = 2/o (n “ 1) (4-3) 

Applying the superposition principle, one may arrive at the general 
solution of a nonhomogeneous equation L(y) = f{x) as follows. If 

2/e = C\U\ + c 2 u 2 + * * * + c n u n 

is the general solution of the homogeneous equation L(y) — 0 [it is, 
therefore, the complementary function of the equation L(y) = f(x)] 
and if . . 

Vv = n 

is one particular solution of L(y) = f(x) } then 

MciUi + c a u 2 + • • • + c n u n + u) — 0 + f(x) = f(x) 
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y(x) = ciui + c 2 u 2 + 


+ c n u n + u 


is a solution of the nonhomogeneous equation L{y) = f(x). It is the 


+ c n u n of the 


general solution, since it contains n arbitrary constants. 

The complementary function y c = C\U\ + C 2 U 2 + • # 
general solution contains all the arbitrary constants and does not depend 
on the forcing function f(x), but only on the function L(y). The par¬ 
ticular solution y p (x) depends upon the expression L{y) as well as upon 
the forcing function /Or). 


Analytic 


cient LODE. 


The Laplace- 

The 


transform method of solving LODE's is presented in Chap. 1. 
classical approach is reviewed here. 

Consider the solution of the following equation: 


m 


„ d n y , „ d n ~ l y L 

flo TTZ + Ul 7Jtn _i "r 


dt n 


dt 


+ a n y = f(t) 


(4-4) 


where ao, Oi, . . . , a n are real constants; f(t) is a function of time t , 
not equal to 0; and a 0 0. According to the definitions of Sec. 4-1, 
Eq. (4-4) is a nonhomogeneous linear ordinary differential equation of 

nth order, with constant coefficients. 

By definition, the complementary function is the general solution to 


the homogeneous equation 


L(y) = a ° ^ + ai ^=1 + * * * + a »y - 0 


If y is represented by a power series in t y then L(y) is a power series in t. 
To vanish identically, the power series L(y) must have zero coefficients 
for all powers of t. This suggests that, if U\ is a solution of Eq. (4-5), 
all the derivatives of U\ must have the same functional form as Wi itself. 
A common type of function whose derivatives assume the same form 
as the function itself is the exponential function. The solution can thus 
be obtained by assuming the solution to consist of terms of the form e pt f 
where p is a constant (real or complex) to be determined and where e 
is the base of the natural logarithm. Substituting y = e pt into Eq. (4-5) 
yields 

(< a 0 p n + a\p n ~ l + • • • + a n )e pt = 0 (4-6) 

Now e pt can never be zero; hence 

a 0 p n + a\p n ~ l + • • • + a n = 0 (4-7) 

Equation (4-7) must be satisfied if e pt is a solution to Eq. (4-5). The 
nature or character of the complementary function is completely deter¬ 
mined by Eq. (4-7); it is, therefore, called the characteristic equation of 
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the differential equation. Note that the characteristic equation is a 
polynomial equation, of degree n equal to the order of the given differen¬ 
tial equation, and with the same coefficients. 

The nth-degree characteristic equation (4-7) has n roots, but not neces¬ 
sarily all distinct; they are called characteristic roots (eigenvalues) of the 
differential equation. Each root of Eq. (4-7) gives rise to one solution 
of the differential equation (4-5). The roots may be real or complex 
(if complex, they must exist in conjugate pairs), single or multiple. Four 
cases will be considered: 

Case 1. Single Real Root. If p\ is a single real root of Eq. (4-7), 
then it corresponds to a solution, of the form c\e pxt , to the differential 
equation (4-5). 

Case 2. Multiple Real Roots. If P 2 is a double real root of equation 
(4-7), it corresponds to a solution, of the form (c 2 + c z t)e pit y to the dif¬ 
ferential equation (4-5). In general, an nth multiple root p corresponds 
to a solution of the form {K\ + K 2 t + * * * + K n t n ~ l )e pt . Multiplica¬ 
tion of all terms except the first by powers of the independent variable 
is required if the terms are to represent independent solutions. 

Case 3. Single Pair of Complex Roots. If a + jb and a — jb , where 
a and b are real numbers, are a conjugate pair of complex roots, they 
give rise to a solution of the form 

(A cos bt + B sin bt)e at 

This result can be obtained by assuming pi = a + jb and p 2 = a — jb. 
Then, using Euler's formula, 




cos x ± j sin x 

e at eibt 

e°*(cos bt + j sin bt) 
e at (cos bt — j sin bt) 


Thus (A — jB)e plt + (A + jB)e Pit = 2 e at (A cos bt + B sin bt) 

Case 4. Multiple Complex Roots. If a + jb and a — jb form a double 
conjugate-complex root, they correspond to a solution of the form 

[(Ai + A 2 t) cos bt + (Bi + B 2 t) sin bt]e at 

For an nth multiple root, the solution is 


[(Ai + A2t + 


• • 


+ A n t n ~ l ) cos bt 


+ (#i + Bit + 


• • 


+ B n t n x ) sin bt\e at 


It is clear that real roots contribute exponential terms, that is, terms 
(hat will increase monotonically with time if the roots have positive real 
parts. Complex roots contribute sinusoidal terms—damped sinusoids 
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if the real part of the complex conjugate roots is negative. Note that 
the oscillation frequency of the sinusoidal terms is just the imaginary 
component of the roots. More will be said about this fact later. It is 
obvious that all roots must have nonpositive real parts if a stable solution 
is to exist. 

So far, only the solution to the homogeneous equation—the comple¬ 
mentary function—has been considered. The complete solution of the 
nonhomogeneous equation can be obtained by finding one particular 
solution that satisfies Eq. (4-4) and then adding to this the general solu¬ 
tion of the homogeneous case for which f(t) = 0. The resulting sum is 
the general solution of the nonhomogeneous equation and has n arbitrary 
constants. 

As noted earlier, if y x and y 2 are both solutions of a homogeneous 
linear equation, then y = y x + y 2 is also a solution. In fact, if y = y X} 
Vi, . . . , y n are n solutions, the linear combination 

c x y x + c 2 y 2 + • • • + c n y n 

is also a solution, where the c’s are arbitrary constants. Although the 
result is a solution of the homogeneous equation with n arbitrary con¬ 
stants, it is not the general solution unless the functions 2 / 1 , 2 / 2 , . . . , 2 /n 
are linearly independent; for, if they are linearly dependent, the com¬ 
bination can be expressed in a form involving less than n arbitrary con¬ 
stants. If the functions are linearly dependent, then there exists a 
linear relationship 


b x yi + 622/2 + * • * + b n y n = 0 

where the b’s are constants, not all zero. Tests for the linear dependence 
of a set of functions can be made by use of the Wronskian determinant 
or other appropriate means . 2 

The particular solution can be obtained by: 

1. Inspection. The equation must be fairly simple. 

. 2. Method of undetermined coefficients. This requires that f(t) be 
of the form f(t) = ct b e at , where a may be real or complex. It applies to 
any function fit) such that/(Z) and a finite number of its successive deriva¬ 
tives form a set of linearly dependent functions 

bof M (i) + +•’••+ W (1> (0 + b*f(t) - 0 

3. Method of variation of parameters. This method requires more 
effort, but is powerful when fit) is a tabulated function such as tan t or 
sec 2 at. 

4. Use of the superposition integral. This is a general method that is 
most useful in the solution of initial-condition problems. 
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5. Use of infinite series. In many problems it is not possible to find 


solutions in terms of elementary functions, 
the form of an infinite series is indicated. 


In such cases a solution in 


This approach is amenable to 
the numerical computation of an approximate solution. Two such 
methods using power series are due to Picard and Frobenius . 3 

Instead of power series, an infinite trigonometric series can be used. 
This method is known as Fourier analysis. Such series are useful in the 
investigation of various periodic physical phenomena. 

6 . Laplace-transform method. This is a powerful method. The 
Laplace transformation of a differential equation incorporates all initial 
conditions, and the solution of the inverse Laplace-transform integral 
results in the complete solution of the nonhomogeneous differential 
equation. 

7. Operational methods. The common engineering use of the differen¬ 
tial and integral operators is known as Heaviside operational calculus 
and follows from the theory of the Laplace transformation. The Laplace- 
transform method is, in general, more useful. 

The Method of Undetermined Coefficients. This is method 2 of the 
above list. It applies to functions of the form 


fit) = ct b e at 

where b is any positive integer or zero, a is real or complex, and c is any 
constant different from zero. Let r be the number of times a appears 
as a root of the characteristic equation. Let 

yi = (A# + Byp-' + • • • + Qi)t r e at (4-8) 

and substitute this into the given equation. Determine the coefficients 
A 1 , B\j . . . , Qi f so as to reduce the resulting relation to an identity. 
The function y x (t) will then be a particular solution. 

The Superposition Integral. This is method 4 of the list above. A 
solution is assumed of the form 

y = yi + 2/2 

where y 1 is a solution of the homogeneous equation and satisfies all 
initial conditions and where y 2 is a solution of the given equation assuming 
all initial conditions zero. Let 

V = A(t) (4-9) 

be the response to a unit step, i.e., the solution of the equation with the 
forcing function f(t) replaced by a unit step at t = 0 (such a function is 
usually denoted by the solution A(t) is termed the indicial admit¬ 

tance.) Since the superposition theorem holds, the solution to a forcing 
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function of the form shown in Fig. 4-3 will be the sum of the responses 
to the individual steps. Thus, 


y{t) 


^ b n A (t — r„) 


(4-10) 


• * 

where b n = magnitude of nth step 

r n = time of application of nth step 

When f(t) is a continuous function in time, the summation of (4-10) is 
replaced by an integral, resulting in 


y(t ) = /(0) A{t) + / 0 V'(r) A(t - t) dr 


(4-10a) 


Operational Methods 


f(t) 


(method 7). A differential operator may be 

defined as 


— 

i 


» 


D 


or 


D n 


dt 


r 2 r 3 


d n 

dt n 


n 


0, 1, . . . (4-11) 


Fig. 4-3 This is not a quantity , but an 

operator; when it is placed to the left of any function of t 1 it indicates 
that the function is to be differentiated with respect to the independent 
variable, t in this case. The differential operators obey the commutative 
and associative laws of addition and multiplication: 


a -f - b = b “b a 
ab = ba 


a + (b + c) 

a(bc) 


(a + b) + c 
( ab)c 


They also obey the distributive and index laws of multiplication 


a(b + c) 


ab + ac 


and 


a j a k 


1+k 


where j and k are positive integers. 


Similarly, an integral operator D~ l may be defined as 


D - 1 


D 


Therefore, 


D- i m 


/; 


dt 


m dt 


(4-12) 


Note that, if the relationship 


DD-'m = m 

is to be satisfied, df(t)/dt must exist, and also f(to) must be zero. The 
logical extension of this concept is to define the inverse of an operational 
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function. Let 

G(D) = ao D» + a\D n ~ l + • • • + o n _iD + a n (4-13) 
Then let G~\D) = ^ (4-14) 

Certain restrictions hold here also, namely that, if G(D ) y = y, 

then y and its first n — 1 derivatives must vanish at t = to . The relation¬ 
ship (4-14) is very useful and leads to the concept of transfer functions , 
which are defined in Chap. 1 under the discussion of the Laplace transform. 

The use of differential and integral operators simplifies the solution of 
many LODE’s with constant coefficients, both because they may be 
manipulated as algebraic quantities and because the solutions to many 
standard forms have been tabulated. 

For most engineering problems, the use of the unilateral Laplace trans¬ 
formation or, in some cases, the more specialized Fourier-integral trans¬ 
formation, is more convenient and powerful than the use of the differen¬ 
tial operator. The Laplace transformation of a differential equation 
incorporates all initial conditions, and the solution of the inverse Laplace- 
transform integral results in the complete solution to the original equation. 
Furthermore, the Laplace transform can usually be obtained in the form 
of a partial fraction expansion, each component of which is simple enough 
to be integrated easily or found in a standard table of Laplace-transform 
pairs. The use of the Laplace transformation is discussed in some detail 
in Chap. 1 and will not be repeated here. 

It should be noted that all the above methods lead to solutions in 
either closed or infinite-series form. In order actually to obtain a graph 
of the solution, the value of the dependent variable must be calculated 
for a large number of values of the independent variable. Considerable 
effort may, therefore, be required even after an analytic solution is 
obtained. It should be pointed out, however, that much information 
can often be obtained from the mathematical model without performing 
these rather laborious calculations. Computer solution of such equa¬ 
tions will be found to be quite straightforward. 

4-3. Analytic Solution of Variable-coefficient LODE. Many differen¬ 
tial equations have coefficients that are not constants but rather functions 
of the independent variable. Such mathematical models arise, for 
example, in the study of planetary motion, hydrodynamics, thermo¬ 
dynamics, aeronautics, the theory of elasticity, acoustics, and in many 
problems in electrical engineering. Some of the more common equations 
of this type are: 

Weber’s: ^ + (n + i ^ y = 0 

(1 "^ - 2x % + n(n " 1)j/ ■ 0 


LegondreV. 
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Analytic solutions to this equation are known as Legendre functions. 
They could arise from a boundary-value problem in spherical coordinates. 

Bessel’s: x 2 + x + (x 2 — n 2 )y = 0 

Analytic solutions are known as Bessel functions. They could describe 
the current-density variation in a round wire. 

MathieuV. + (a — 2q cos 2t)y = 0 

Note that the coefficient of y is periodic. This equation could arise 
in study of an oscillator with a time-varying capacitance or inductance. 

Gauss’: t(l - t) + [7 — (a + P + 1 )t\ ^ - afiy = 0 


This equation arises from noise theory. 

The material of Sec. 4-2 concerning homogeneous equations, particular 
solutions, superposition, and other concepts applies here as well. Special 
methods, however, are generally required to obtain the general solution. 
In fact, there is no known type of LODE with variable coefficients of 
general order n that can be fully and explicitly integrated in terms of 
elementary functions. The solution invariably must be expressed in an 
infinite form, for example, as an infinite series, an infinite continued frac¬ 
tion, or a definite integral. 

The infinite-series-type methods of Picard and Frobenius are quite 
useful, particularly the latter. The method of Frobenius is not so 
restricted in use as that of Picard and is applicable to LODE’s of any 
order with variable coefficients. A solution in the form of a series is 
assumed: 

y = c(ao + a\X + a 2 x 2 + • • • ) (4-15) 


The constants c, a 0 , 01 , . . . are determined by substituting (4-15) in 
the given differential equation and setting the complete coefficient of 
each power of x equal to zero. The resulting series solution must, of 
course, be examined for convergence to determine the region of its 
validity. Certain linear differential equations cannot be solved by this 
method since they do not possess a solution of the form (4-15). The 
equation 



has no solution of type (4-15), since its general solution is 
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and the functions e 1,x and e~ l,x cannot be expressed in a series of ascending 
powers of x. 

Detailed treatment of the analytical solution of LODE’s with variable 
coefficient is beyond the scope of this book. It should be appreciated 
that the analytic solution of such equations is considerably harder than 
the solution of the constant-coefficient case. The analog computer is 
particularly advantageous in solving such equations; this will be found 
to be so for nonlinear differential equations as well. 

4-4. Computer Solution of the Constant-coefficient Case. Ordinary 
differential equations are represented on the analog computer by sub¬ 
stituting time for the independent variable, producing voltages that cor¬ 
respond to the desired dependent variables and derivatives, and inter¬ 
connecting these voltages in accordance with the equation. When the 
computer operates, the time history of these voltages is the solution to 
the equation. 

An equation of the form 

a Q y w + ai 2 / (n_1) + • • • + a n _i y (1) + a n y = f(x) (4-16) 


can be solved by the indirect method, as discussed in Sec. 2-5. The 
highest derivative is 



(4-17) 


Equation (4-17) can be solved for the nth derivative y in) simply by 
summing the quantities on the right-hand side. Once y M is obtained, 
it can be integrated n times to generate the lower-order derivatives of the 
variable and the variable itself. 

To handle ordinary linear differential equations with constant coeffi¬ 
cients requires computer devices to perform four functions: 

1. Algebraic summation of voltages 

2. Integration of voltages with respect to time 

3. Multiplication of voltages by positive and negative constants 

4. Generation of forcing functions 

Operational amplifiers connected as summers will perform the first 
function; connected as integrators they will perform the second. Coeffi¬ 
cient potentiometers used with proper amplifier inputs will accomplish 
the third; sign inversion through an amplifier accounts for negative quanti¬ 
ties. Generation of forcing functions may be accomplished in a number 
of ways. A step input can be generated quite simply: a constant voltage 
source can be connected to the input of the summer (or integrator) the 
output of which is the highest derivative appearing on the computer. 
Both positive and negative reference supplies are usually available for 


130 


ANALOG COMPUTATION 


this purpose; these reference sources are also used to provide the initial- 
condition voltages either directly or through potentiometers as well as 
to provide the reference for the setting of coefficient potentiometers and 
the calibration of monitoring and recording equipment. Other simple 
forcing functions that have square, sinusoidal, or triangular wave shapes 
can be obtained from ordinary low-frequency laboratory signal generators 
or generated using operational amplifiers. Analytic forcing functions 
such as e~ at can be generated using computer components. Arbitrary 
functions can be generated by use of function generators. The curve- 
follower type of function generator is very convenient in many cases, 
for experimental data can be used to construct a smooth curve on graph 
paper as a function of the independent variable. A voltage proportional 
to the independent variable r is generated on the computer and is used to 
drive the curve follower, the output of which is then a voltage propor¬ 
tional to the arbitrary forcing function. Forcing functions that exhibit 
random or noise properties are obtained by adding the output of a noise 
generator to a repeatable function from one of the sources mentioned 
above. Noise generators are common accessory equipment for analog 
computers. 

The way in which these components can be used to solve a differential 
equation is best described by use of an example. Consider the following 
differential equation: 

x + ax + bx = f(t) (4-18) 

Because of the difficulties inherent in analog differentiation the equa¬ 
tion is rearranged so that it can be solved by integrations rather than 
differentiations. The rearrangement consists of so writing the equation 
that the highest-order derivative of the dependent variable appears alone 
on the left side of the equation. 

x = — [ax + bx — f(t)] (4-18 a) 

This equation is usually in terms of physical units. It must be turned 
into a voltage equation for machine representation by use of normalized 
variables or by multiplying through by appropriate scale factors; for 
convenience in this illustration, these scale factors will be assumed to 
be unity so that Eq. (4-18) may also be thought of as the scaled equation. 
(It should be recognized that the sometimes tedious scaling procedure is 
merely being side-stepped; such liberties are not usually possible in 
practice.) The reason for putting the negative sign on the outside of 
the brackets in (4-18a) becomes clear when the resulting computer dia¬ 
gram of Fig. 4-4a is examined: the summer contributes the minus sign. 
If it is not necessary for £ to appear on the computer for recording or 
monitoring purposes, the equation can be solved using one amplifier fewer 
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than shown in Fig. 4-4a. Instead of solving Eq. (4-18a) for x, we can 
obtain the next-lower derivative by solving 

x = — Jq [ax + bx — f(t)] dt + x 0 (4-186) 

This results in the computer diagram of Fig. 4-46. Note that, besides the 
difference of one amplifier, Fig. 4-4a results in a computer setup from 
which both plus and minus x are available, whereas, in Fig. 4-46, both 



(a) (b) 

Fig. 4-4. Diagrams for x ax 4- bx — fit). 


plus and minus x are available. Little details of this sort can become 
important from the standpoint of efficient computer utilization in solving 
simultaneous equations or problems other than linear differential equa¬ 
tions with constant coefficients. It should be pointed out that multiple 
inputs to an operational amplifier degrade its performance and that 
integrators are more adversely affected by multiple inputs than summers. * 
Therefore, it is well to avoid more than one input to an integrator unless 
consideration of other factors warrants the increased integrator error. 

From a study of Fig. 4-4, it can be concluded that an nth-order equation 
requires n integrators and two summers if the nth derivative is to be 
available, but needs one less summer if the nth derivative is not required. 
In the completely general case, as many as 2n coefficient potentiometers 
could be required as well as n — 1 potentiometers for the initial condi¬ 
tions. A 20-amplifier computer could be used to solve a 19th-order 
equation. As many as 56 potentiometers could be required, but this 
number can usually be reduced to less than 30. 

The indirect method can be used to solve simultaneous equations as 
well as single equations. Consider a system described by the mathe¬ 
matical model 


x + 3x + 2y = 10 u-i(t) 
y + 2y + 9y — 5x = 0 


(4-19) 


* Hoo Chap. 12 for a detailed treatment. 
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where the displacements x and y are measured in inches and where 

£(0) = 2/(0) = 0 i/(0) = 0.5 in./sec 

Note that it is not necessary to specify the initial value of the highest 
derivatives, x and y , in order to specify the model completely. What 
will those two initial values be? 



The variable x can be obtained from the first equation of (4-19) and y 
from the second if the indirect method of solution is used. This results in 


x = —[Sx + 2y — 10 u-\(t)] 
V = - (2y + 9y - 5x) 


(4-19 a) 


The resulting unsealed computer diagram is shown in Fig. 4-5a. If the 
two highest derivatives are not required, the equations 



(4-195) 


may be used, resulting in the computer diagram of Fig. 4-55. The latter 
implementation results in a saving of three amplifiers. 

Now it is conceivable that a reader might ask: How can the forcing 
function be implemented as shown in Fig. 4-5? There is supposed to be a 
unit step at t = 0; yet, from the computer diagram of Fig. 4-5, the voltage 
representing U-i(t) appears to be simply connected through a potentiom¬ 
eter to the summing amplifier without any provision for switching it 
on at t = 0. 
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The answer, of course, lies in the way in which the computer is con¬ 
trolled. When the computer is in the IC (INITIAL CONDITION) 
state just before it is switched to COMPUTE, all inputs to the integrators 
are disconnected by internal control circuitry, and the output voltage of 
the integrators is made equal to the negative of the voltage applied at the 
IC terminal. Therefore, at the instant just before the COMPUTE 
switch is thrown, the outputs of all integrators are at their respective 
required initial conditions, but the computer setup prescribed by the 
computer diagram is not completed—none of the connections shown to 
the integrators is yet made (except for the quantities applied to the IC 
jacks). The conditions of (4-19), given by the two equations and the 
initial conditions at t = 0+, are then satisfied the moment the COM¬ 
PUTE switch is thrown (corresponding to t = 0+). The voltage cor¬ 
responding to then contributes a sudden step at t = 0+ to the 

input of the first integrator. 

Another question often voiced by persons familiar with digital com¬ 
puters is: Even for the simple set of equations (4-19), the resulting com¬ 
puter setup has five “loops” of information transfer. Now, after x is 
calculated, the values of x and — x can be computed, but, after +x is 
finally obtained and fed back to the summer calculating x , the other 
inputs may have changed and the resulting value of x would no longer 
be valid. 

It can only be emphasized that the analog computer does not go 
through a numerical, step-by-step type of computation but rather per¬ 
forms analog computation. All the computer components perform 
simultaneously. It is true, however, that the components do have an 
upper limit on their speed of response. As discussed in Chaps. 2 and 
3, this limit is often expressed in terms of the frequency response or 
bandwidth. 

From Fig. 4-5, it can be seen that a change in y(t) due to the sudden 
step function at t = 0+ cannot occur instantaneously, because the 
information must pass through at least five operational amplifiers. A 
student in class once jumped up at this point crying, “ Aha, I knew the 
computer wouldn't work.” 

The remaining members of the class were set at ease by the following 
explanation. If Eqs. (4-19) are always to be satisfied, the value of y(t) 
cannot change suddenly at t = 0+. The second equation describes a 
system that has a finite mass. The force proportional to x(t) acting 
upon the mass produces an acceleration, which eventually results in a 
finite displacement y(t), but the displacement cannot occur instantane¬ 
ously if the equations are to be satisfied. If the time scale is chosen 
correctly, the finite time required for information to pass through the 
computer components will be negligible compared with the time required 
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to satisfy the equations. If the time scale were decreased after each run 
of the same problem (the computer solution would be speeded up each 
time), the time scale would eventually become so small that the time 
required for the information to be propagated through the computer 
components would no longer be negligible. The differential equations 
would no longer be always satisfied, and errors would result. It is for 
this reason that there exists a lower limit on the permissible time scale, 

which is dependent upon the model and the computer components used 
(including recording equipment). 

If the quantity 2 y in the first equation of (4-19) is ignored for the 
moment, the maximum value of x becomes *%, or approximately 4 in., 
and that of x 12 in./sec. Next, using this value of x m , examine the second 
equation. If the term 5x in this equation is treated as a step function of 
magnitude in., the maximum value of y becomes 

y m = 2(K)(1JK)S3 

This approximation assumes that the initial conditions are zero, although 
that is actually not the case here. In obtaining these approximate 
maximum values it has also been assumed that the solution to the model 
is stable; i.e., that the variables do not increase indefinitely with time. 
This matter will be discussed in a moment. Now, if the term 5x in the 
second equation of (4-19) is considered to be simply a forcing function, 
then this equation is of second order, with a natural undamped frequency 
of 3 radians/sec. This is not the actual undamped natural frequency 
of the system, as will be shown later; however, this value could be used to 
estimate maximum values for y and y. Using this approximate value 
of co n , the maximum value of the first derivative of y would be 

y m = 3^ — 5 in./sec 

and y m = 9 ^ a* 15 in./sec 2 

Now two things must be considered. (1) The initial condition of y 
is not zero; however, it is considerably smaller than the value y m found 
above, and probably can be ignored. (2) The variable x(t) that appears 
as a forcing function in the second equation involves the quantity y(t). 
Note that the term 2 y in the first equation tends to decrease the size of x, 
whereas y itself builds up with x in the second equation. This, of course, 
provides a clue to the stability of the solution. From the foregoing 
analysis it can be concluded that the approximate values for the maximum 
amplitudes given above should be sufficient. The normalized equations 
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become 



(4-19c) 


The resulting computer diagram is given in Fig. 4-6. The five non¬ 
unity coefficients in (4-19c) are obtained by coefficient potentiometers; 
the coefficients 1.8 and 1.33 are obtained by setting coefficient potentiom¬ 
eters at 0.9 and 0.667, respectively, and using inputs to the summing 



Fig. 4-6. Diagram for solution of x + 3x + 2y «= 10m_i(<); y + 2y + 9y — 5x — 0. 


amplifier with a gain of 2.0. The forcing function appears simply as 
minus reference voltage applied to a coefficient potentiometer set at 
0.833; it will have the form of a step function when the computer is 
switched to COMPUTE. Remember that Eqs. (4-19c) are normalized; 
the variables as well as the forcing function are expressed as per-unit 
quantities. These per-unit quantities will appear on the computer as 
voltages measured and expressed as percentages of the reference. Since 
u-i(t) is a unit step function, it will appear on the computer as 1 unit, or 
1.00 times the reference level in volts. On the computer diagram, it is 
represented simply by a minus sign, indicating minus reference. 

The computer diagram of Fig. 4-6 is a scaled diagram, but the value 
of the time scale factor n has not been specified. The choice of time 
scale should not be made solely on the basis of the approximate undamped 
natural frequency obtained by considering the second equation by itself. 
If one knew the pole-zero configuration of the model, the choice of time 
scale factor would be quite easy. However, this is usually not the case. 
From Fig. 4-6 it can be seen that the transfer function of the first com- 
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puter loop involving x is 



12 -1 
4n s + 12/4n 


This loop then has a pole at s = — 12/4ti radians/sec. The loop around 
the first integrator involving y has the transfer function 



— 5/n 

$ + (0.667) (5)/n 


This transfer function has a pole at s = —3.335 /n. Since the approxi¬ 
mate undamped natural frequency of the system as well as the poles of 



Fig. 4-7 


the two simplest transfer functions of the computer setup are all values 
of less than 5 radians/sec, the problem could probably be run using slow 
computer components with a time scale factor of unity or with a factor as 
small as Y if medium-speed components are used. If a time scale 
factor of unity is chosen, the scaled computer diagram of Fig. 4-7 results. 

If the diagram of Fig. 4-7 is implemented on the computer and solu¬ 
tions are obtained to the simultaneous equation, how can one be sure that 
these are correct? The answer is that analytical methods must usually 
be used to obtain more information about the solution, and numerical 
calculations may perhaps be made to obtain values for one or more spot 
checks. A very common approach is to examine the model in order to 
determine first of all whether the solution is stable and also to obtain 
information pertaining to the natural frequencies of the system, its 
oscillation frequency, and the relative damping of terms contributed by 
complex poles of the characteristic equation. As an illustration of this 
approach it will be instructive to examine the characteristic equation of 
the system of the set of differential equations (4-19). 
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Taking the Laplace transform of the equations (4-19), 


[s + 3] X(s) + 2 Y(s) = F x + I x (s) 


[s 2 + 2s + 9] Y(s) 


5 X(s) - F t (s) + I v (s ) 


(4-20) 


The Laplace transforms of the forcing functions and the terms due to 
initial conditions were left in general form in order to show that they do 
not affect stability. Equations (4-20) may be rewritten in matrix form: 


s + 3 


s 2 + 2s+ 9 


][ 


X(«) 

Y(s) 


\ F ' 


(s) +1 
00 +/: 


*(«)] 

,00 I 


(4-20 a) 


The characteristic equation is obtained by setting the determinant 


equal to zero: 


8 + 3 


s 2 + 2$ + 9 


(4-21) 


Multiplied out, this gives 


s 3 + 5s 2 + 15s + 37 


(4-2 la) 


It was pointed out previously that, if the solution is to be stable and 
nonoscillatory, all the roots of the characteristic equation must have 
nonpositive real parts, with the exception that a single zero root is allowed. 
For a system simply to be stable, the characteristic equation cannot have 
roots with positive real parts or multiple (repeated) zero or conjugate- 
imaginary roots. To determine the stability of the solution it is not 
necessary actually to find the roots of the characteristic equation. One 
of the most common methods of investigating stability is known as 
Routh’s criterion. This is a numerical method of determining whether 
any of the roots have positive real parts and is reviewed in Appendix II. 
There are a number of methods of obtaining or estimating the roots of a 
characteristic equation, but all are quite tedious and time-consuming. 
Digital or analog computers can be used, but this is not relevant to the 
present topic. 

Using Routh’s procedure on (4-21a), one obtains 

s 3 1 15 0 

s 2 5 37 

s 1 7.6 0 

s° 37 


Therefore, there are no roots of Eq. (4-2la) with positive real parts, 
and the solution to (4-19) will be stable. 

Determination of the stability of the solution to a differential equation 
is quite important. One would be tempted to say: Why worry about 
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the stability of the solution? The computer run will soon indicate 
whether the solution is stable or not. 

This may be so; however, there may be malfunctions in the computer 
or, as is very often the case, the computer may have been incorrectly 
programmed for the problem. In either case, the result of the first 
computer run might lead one to believe—incorrectly—that the solution 
to the original mathematical model was not stable. It is, therefore, 
quite important that the user of the machine know when the solution to 
the problem is likely not to be stable. The student will soon find that 
predictions concerning system stability can often be made merely by 
inspection of the computer diagram. 

If the characteristic equation (4-2la) is factored, it will be found that 
it has a real root at s = —3.66 and a pair of complex conjugates at a 
distance from the origin of co n = 3.18. The per-unit damping of the 
complex roots is f = 0.21. Note that the natural frequency of the system 
is quite close to that estimated by considering the second equation alone. 

Actually, an unstable condition on the computer could occur for a 

number of reasons; the more common are: 

1. That the system being studied actually is unstable or at least that 

the model being used yields an unstable solution 

2. Mistakes in programming the computer 

3. Equipment failure 

4. Loops involving summers and no integrators, with too large a value 
of loop gain 

The result of this last cause could be termed electronic instability; it 
occurs because the transfer function of a summer is not simply a gain 
constant. Even if each summer in the loop had the simple transfer 

function 



-fey 
Ts + 1 


the total loop gain would have to be quite small or the loop would be 
unstable. It can easily be shown that the maximum gain for three 
identical summers of the above form in a loop is kykjzz = 8. The 
general expression for the critical value of loop gain for n summers of the 

above form in a loop is 



If an integrator is included in the loop, the gain allowable is greatly 
increased; the critical value of gain in a loop composed of two identical 
summers of the above form and a perfect integrator is of the order of 10 6 
for high-quality amplifiers.* Thus, it is loops composed only of summers 

* This and other aspects of loop stability are left as exorcises in Chap. 6. 
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that ordinarily cause electronic instability and, since with proper mag¬ 
nitude scaling it is rarely necessary to use gains of any appreciable mag¬ 
nitude at the inputs of summers, this trouble can usually be avoided. 
Note that an even number of amplifiers in a loop constitutes positive 
feedback; the maximum loop gain is unity in such cases, regardless of the 
number of summers in the loop. Loops around an even number of 
summers will occur whenever the highest-order derivative of two or more 
problem variables appears in each of two or more of the simultaneous 
equations representing the system. In such cases, the equations should 
be manipulated so as to eliminate the highest-order derivative from 
one of the equations if the gain, after scaling, is near unity in any of the 
positive-feedback summer loops. The application of Lagrange’s equa¬ 
tions frequently results in the situation described above; therefore, this 
method of deriving the differential equations should be avoided when¬ 
ever possible. Oscillations due to electronic instability will in general 
occur in the IC state as well as the RUN state, since integrators are 
rarely involved; this makes it easy to detect the cause. 

Example 4-1. Consider the set of differential equations 

xi + 10xi + 400zi + 50^2 = 0 

xt -j- 10^2 + 10022 + xi — 100xi = 250 w_i(0 (4-22) 

£i(0) = 2i(0) = x 2 (0) = z 2 (0) = 0 

Using the equal coefficient rule, the normalized equations can be written 

(WoM ffl) + 2 (?) + °“ (?) 

G &)+( l )+ 2 (?)+»■* ( 4 ) - 2 (?) 

The scaled computer diagram with n unspecified is shown in Fig. 4-8. The appro- 




Fia. 4-8, Diagram for Example 4-1. 
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priate time scale factor could be estimated either by obtaining approximate natural 
frequencies or by inspection of the gains specified by the computer diagram. If each 
equation of (4-22) is considered alone, the approximate natural frequencies will be 
found to be 20 and 10 radians/sec. These values could differ appreciably from the 
actual values. Assume that slow-speed computer components are to be used and 
that it is desired to restrict the pole-zero configuration of the model within a circle 
about the origin in the p plane of radius 5 radians/sec. This would seem to call for a 
time scale factor at least as large as 5. 

From inspection of Fig. 4-8, it can be seen that the two simplest loops both have 
gains of 10 if n = 1; therefore, the transfer functions of these two loops have poles 
at p = 10 radians/sec. The over-all loop around the upper four amplifiers has a gain 
of 400 if n — 1 and that around the lower four a gain of 100, as they should have 
according to Eqs. (4-22). Both of these two gains will be reduced by n 2 . The longest 
loop involves the terms 50ar 2 and — 100z i and has a gain of 5,000, which will be reduced 
by n 4 . From these considerations it follows that a time scale factor of 2 might suffice 
but 5 would be safer. In practice, one would compare the results of a computer run 
with n = 5 and those of a run with n = 10 or 50 to make sure that the time scale factor 
used is adequate. If the recorder requires a much larger time scale factor than do the 
computer components actually used for computation, as would happen here, the 
computer could be run with a time scale factor of 1 or smaller for the preliminary 
investigation of the problem. The time scale factor could then be increased when it 
became necessary to use the recorder to obtain a permanent record of the solution. 

The question whether the set of differential equations has a stable solution can be 
answered by obtaining the characteristic equation. Taking the Laplace transform 
of the two equations results in 

$ 2 4“ ids 400 4-50 1 r -X\(s)n r Zio 

s - 100 s* + 10s + lOOJ [x 2 (s)J = + /so 

The characteristic equation then is 

s 4 4- 20s 3 4- 600s 2 -f 4,950s 4- 45,000 =» 0 

Using Houth's criterion to check stability of the system, 

1 600 45,000 

20 4,950 0 

352.5 45,000 

2,405 0 

45,000 





The solution will be stable. 

Example 4-2. Consider the fourth-order differential equation 


s (4) 4-0.9a4 3 > 4- 0.32z (2) 4* 4- 0.0045x = -0.0675 u~i(t) 

Xo = 10 £o (1) = xo (2) == a?o (3) = 0 



The step forcing function will make the final value of x equal to —15 if the solution 
is stable and not continuously oscillatory. Since the initial value of x is 10, the 
maximum value could be assumed to be on the order of 


x m - 10 4- 2 X 15 - 40 




) 9 ? 
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The equal-coefficient rule can be used to obtain the normalized equation 


( o £ 


x< 4 > 

L09 


4- 


(© 


4- 0.889 


(i 


x <2) 

).25 


4- 0.767 

xo 

40 “ 


(?) 


0.25 


4-2 


(a) 


0.75 u~i(t ) 


(4-23a) 


If a time scale factor of unity is chosen, the scaled computer diagram of Fig. 4-9 
results. Note that the gains are quite small. This indicates that the problem could 
be speeded up on the computer by choosing a time scale factor smaller than unity. 
The first minor loop has a gain of 0.9; therefore, the transfer function has a pole at 



Fig. 4-9. Diagram for Example 4-2. 


p =* —0.9 radians/sec. This would indicate that the time scale could probably be 
chosen as small as 0.1 and still restrict the pole-zero configuration to a circle of radius 
10 radians/sec. With n = 0.1, the only change in Fig. 4-9 is that the gain of each 
integrator is changed from 1 to 10. As a check on the computer operation, Routh’s 
criterion may be applied to the characteristic equation of (4-23); it will be found that 
there are no roots with positive real parts and, therefore, that the solution is stable. 

Example 4-3. Electron Ballistic Problem. Consider the problem of obtaining the 
trajectory of an electron under the influence of combined magnetic and electric fields. 
The force acting on the electron is given by the vector equation 

F = g(E+VXB) (4-24) 

where q = charge of the electron 
E =* electric field vector 
V = velocity of the particle 
B = magnetic field vector 

Equating force to mass times acceleration and writing the three components of the 
vector equation separately, 

*“«<*■ + B 'V - B ^ 

V = (E„ + B x i - B z x) (4-24 a) 

7ft 

S "‘m (B,+ b v x - B x y) 

Suppose that one wishes to study the effects produced by an orthogonal field rela- 
tionship. The problem could then be simplified by letting the magnetic field have 
a component only in the z direction (B, - H y - 0) and by setting E, — 0. The 
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equations of motion then reduce to 


*-£(*,+ B.y) 
V = 4 W, - Bj) 


(4-246) 


If the magnetic field is constant, the equations are linear ordinary differential equa¬ 
tions with constant coefficients, and the problem can be solved using the unsealed 
diagram of Fig. 4-10. Note that B s appears as a coefficient-potentiometer setting and 



Fig. 4-10. Electron ballistic problem. 


must remain constant for any one computer run; however, no such restriction is 
placed upon the electric-field components. The effects of constant, alternating, or 
rotating electric fields can be studied with the computer setup of Fig. 4-10. The 
electric field can also be made nonuniform quite easily: if E x and E v vary linearly with 
position as 

E x = ki(yi - y ) 

E y =* ki(x i — x ) 

the model is still linear and requires only the addition of coefficient potentiometers 
for ki and k 2 and perhaps two inverters, depending upon the signs of k\ and k 2 . 

Let B t = 5,000 gauss 
|I£|max 58 5 X 10 5 volts/cm 
The mass-charge ratio of an electron is 


— = 5.68 X 10~ 9 g/coulomb 
= 5.68 X 10“ 16 volt sec 2 /cm 2 

and 1 gauss = 10 -8 volt sec/cm 2 . 

If displacement is measured in centimeters, the equations of motion become 


(5.68 X lO" 1 ®)* =* E x + B t y 
(5.68 X IQ" 16 )# =* E v - B t x 


(4-24 c) 


If the speed of the electron in the model is restricted to 


5-t.hird the speed of light to 
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avoid including effects of relativity, the maximum values can be assumed to be 


x m 


2/m 

Vm 


10 10 cm/sec 
10 21 cm/sec 2 


The normalized equations are 


1.136 


1.136 


(£)- 

GW- 


E x 

5 X 10 5 
Ey 

5 X 10 5 


+ 


(-»:-) (-±) 

\ 5,000/ \ 10 10 / 

V 5,000/ Vio 10 / 


(4-24d) 


The resulting partially scaled diagram is shown in Fig. 4-11. In order to obtain an 
estimate of the required time scale factor, the transfer function of the loop from 


5-10' 


0.568 


■so 


lrx W 


10 


u T 


B 

5,000 


. Vio 2 l 


_y_ 

10 


5 - 10 5 


10 


a T 


0.568 

Fig. 4-11. Electron ballistic problem. 

amplifiers 1 through 2, 4, 5, and 3 could be examined. The loop contains two inte¬ 
grators and, therefore, has very nearly the transfer function 


G(p) = - 


10 


p 2 -f 10 22 /n 2 


This has a pair of complex poles at p = —10 u /n. If these are to be restricted to 
within 10 radians/sec of the origin, the necessary time scale factor can be determined 


as 


10 11 


10 

10 10 


This will make 1 sec on the computer correspond to 100 ppsec in the physical system. 
The proper choice of time scale could have been determined by obtaining the roots of 
t ho characteristic equation, of course, but time scaling by inspection of the computer 
diagram is often much faster. 

Now t ho maximum values of x and y have not yet been determined. These maxima 
may have to bo changed to moot varying conditions of initial conditions and field 
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0.568 





Fig. 4-13. Electron trajectories, (a) Effect of magnetic field with E =0. (|x 0 | = c.) 

(6) Effect of adding an electric field (xo « c). (c) Effect of different initial directions 
of travel. (|x 0 | = c.) ( d ) Small value of E. (x 0 =* c.) (e) Effect of a 5,000-mega- 
cycle variation in E. (/) Effect of periodically reversing E. 
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strengths. Maximum values of 




are quite reasonable. The resulting scaled diagram is shown in Fig. 4-12. A number 
of examples of electron trajectories for various field and initial conditions are shown in 
Fig. 4-13. 

The condition of a rotating electric field can be obtained quite simply by letting 
E x and E y be quadrature components of a rotating field vector, or 


Noting that 


The second-order equation 


E x = 

Ey - 
= 


E sin cot 
E cos cot 

1 dE x 


CO 


dt 



to 


1 d*E, 
dt* 


1 dE y 

co dt 




(4-25) 


» 


can be solved using three amplifiers to obtain the desired components of the rotating 
field. 

4-5. Differentiation. Occasionally it is necessary to obtain the deriva¬ 
tive of a variable on the computer, but a differentiator should not be used 
unless really necessary. Use of a differentiator has three drawbacks: 

1. It decreases the signal-to-noise ratio. 

2. An operational amplifier used as a differentiator may frequently 
be driven to saturation and overload. 

3. Stability problems may be encountered, for some amplifiers are 
quite sensitive to capacitance loading. 

The operational amplifier can, if necessary, be used as a differentiator 
hh well as an integrator. A true differentiator has a frequency-response- 
gain curve which is zero at dc (very low frequencies) and which increases 
by a factor of 10 for each decade increase in frequency. That is, if the 
differentiator has a gain of 5 at 1 cps, it will have a gain of 50 at 10 cps 
and of 500 at 100 cps; at 10,000 cps this differentiator has a gain of 50,000. 
Because of this gain-frequency characteristic, a differentiator is often 
called a noise amplifier . The effect of the differentiator, if it is used in an 
analog-computer loop, will certainly be to increase noise in the system. 
The reason for this, of course, is that the signals that contain pertinent 
information concerning the problem being solved on the computer are 
purposely restricted to rather low frequency ranges, from 0 to 1 cps or 
perhaps higher, depending on the type of computing components being 
UNod. On the other hand, noise is always present in an electronic system 
like a computer, and this noise has essentially a flat frequency response; 
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that is, the magnitude of noise at a frequency of 1 cps is roughly the 
same as it is at a frequency of 10,000 cps. Since a differentiator is an 
amplifying device that is partial to higher-frequency signals and since 
most of the high-frequency signals on the computer are noise, the output 
of the differentiator will be the desired derivative of the input variable 
with a considerable amount of noise superimposed. 


R 




*2 


c 2 


*—RC% 


Ri C 


Ri 


R 


(a) 


Fig. 4-14. 
(6) Zip) 


Use of an operational 
=* —RtCp/iRiCp + 1). 


(b) 

amplifier for 

(c) Zip) = 


(c) 

differentiation, (a) Z(p) = —RCp 

-RtC<p/[{RiCir> + 1 )(R*C 2 p + 1)] 


A capacitor can be used as an input element to an operational amplifier 
in conjunction with a resistor as a feedback element, as shown in Fig. 
4-14a; the result will be 


or, in the time domain, 


G(p) = 

-RCp 

(4-26) 

z(r) = 

-RC% 

CLT 

(4-26o) 


Some of the disadvantages of the true differentiator can be overcome 
by using the approximate differentiating circuit of Fig. 4-14 b. The 
input network consists of a resistor and capacitor in series with a resist¬ 
ance feedback element. The transfer function is 


G(V) 


RiCp 
RiCp + 1 


(4-27) 


which, in the time domain, results in the differential equation 


RiC J + 2 


R,C 


dx 

dr 


(4-27 a) 


This circuit will approach the characteristics of a true differentiator only 
as R\ approaches zero. Because of its noise-amplifying property, a 
true differentiator is usually not practical for use on a computer, and R\ 
can be adjusted so as to make a good compromise between noise output 
and close approximation to a true differentiator. The resistor R\ can 
be a potentiometer that does not have the bottom tap grounded. Ihe 
transfer function of this approximate differentiator is seen to have a 
zero at the origin, as it should have, but it has in addition a pole at 
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p = —1/RiC. For problem solution it is usually quite sufficient to 
place this pole 5 or 10 times as far away from the origin as the farthest 
pole of the transfer function of the system being studied. If the pole- 
zero configuration of the system being studied has been restricted to, 
say, 10 radians/sec, then it would be sufficient to place the pole of the 
approximate differentiator at 100 radians/sec. If a capacitance of 
1 pi has been chosen for the differentiator, Ri could be chosen as 10,000 
ohms. The approximate differentiator then will behave very nearly 
like the true differentiator over the frequency range that contains the 
wanted problem information, but will act as a simple amplifier for higher 
frequencies that contain noise components. Note, however, that the 
gain of this approximate differentiator at frequencies above 100 radians/ 
sec remains constant at 100. Therefore, although this approximate- 
differentiation circuit helps to minimize noise, there will still be consider¬ 
able noise content in its output. 

An approximate-differentiation circuit that decreases in gain at the 
higher frequencies is shown in Fig. 4-14c. The transfer function of this 
circuit is 


G(p) 


RtCip 

(RiC# + 1 )(R 2 C 2 p + 1) 


(4-28) 


The design of this circuit can be simplified by letting R X C 


R%G 2 so 


that the two poles of (4-28) are equal. If it is desired to operate upon 
signal frequency components of an, __ 


with a maximum error of 1 per cent, 
the time-constant values could be 
chosen as 


-2 


dx 

dr 


rfzd\ 


RiC 


R2C2 


lOan 


The error decreases approximately 
as the square of the frequency differ- 


Fig. 4-15. Circuit for approximate differ¬ 
entiation. As a is increased, z approaches 
the time derivative dx/dt. 


cnee from an so that, at a frequency of lO^on, the maximum error will be 
approximately 0.1 per cent. 

Figure 4-15 shows another circuit for an approximate differentiator, 
using three amplifiers. This circuit is based upon the solution of the 
implicit differential equation 


(1 


\ dz . 
o) * +2 


dx 

dr 


(4-29) 


If a ■ 1, the above differential equation gives the desired relationship 
dx/dr. The above differential equation is implemented on the 
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computer by first integrating both sides of Eq. (4-29), resulting in 



The transfer function of the circuit of Fig. 4-15 is 


(4-29o) 



-v 

(1 — a) p + 1 


(4-295) 


This circuit can be used the same way as the other approximate-differen¬ 
tiation circuits shown in Fig. 4-14. , 

It is to be emphasized that differentiation on the computer should 
be avoided if at all possible. 

4-6. Computer Solution of the Variable-coefficient Case. The com¬ 
puter solution of LODE’s with variable coefficients requires no new special 
procedure.* One additional type of computer component is required 
for the variable-coefficient as opposed to the constant-coefficient case; 
this component is the multiplier. The only other complication is that 
it is necessary to generate the coefficients that are functions of the 
independent variable. 

The generation of such analytic functions of time as 


t t 2 e~ at sin c ct • • • 


can be accomplished very simply on the computer, since time is the inde¬ 
pendent variable in the machine, and integrators can, therefore, be used 
to generate these functions. Once the functions of t are generated, the 
multipliers are needed to obtain the products of the variable coefficient's 
and the dependent variables. As an illustration, consider the function 
Q = e~ at . The general rule for implicit generation of such functions is 
to differentiate with respect to time and thus obtain a derivative that 
can be integrated the proper number of times to obtain the function 
needed. In the particular case chosen, 


differentiating, 



Assuming that the quantity Q(t) is available at the output of an 
amplifier, it can be multiplied by the constant a, and the derivative^ 
dQ/dt will be obtained. This can then be integrated to obtain Q(t), 

*The adjoint method presented in Sec. 10-6 is an interesting and useful “simu¬ 
lation” approach to the study of linear systems with time-varying parameter-. 
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and the original assumption will be valid. The necessary computer 
diagram (unsealed) is shown in Fig. 4-16. 

As an example of the computer solution of an LODE with variable 
coefficients, consider Mathieu’s equation 



This model arises in the study of frequency-modulated oscillations. 

The first part of the coefficient of y(t) is merely the constant a; the 
second part, however, varies periodically with the independent variable, 
as shown in Fig. 4-17. This nonconstant part of the coefficient could 



Fig. 4-16 


Fig. 4-17 



be obtained from a test instrument known as a low-frequency sine 
l/merator or low-frequency oscillator . Some difficulty would be experi¬ 
enced, however, in synchronizing the computer to the oscillator, or vice 
versa, so that the computer would enter the COMPUTE state just as 
the output of the oscillator reached its peak positive swing, as required 
for the conditions at t — 0+. It may be more convenient to generate 
the function with the computer. This can be accomplished by solving 
the equation 


x + a) 2 x = 0 
s(0) = 26 x(0) = 0 


(4-31) 


The general solution to Eq. (4-31) is 

x{t) = A cos a )t + B sin cot (4-32) 

Applying the initial conditions, 


a:(0) = A cos 0 + B sin 0 
therefore, A = 26 

x(0) = — coA sin 0 + coB cos 0 


therefore, B « 0, and Eq. (4-32) becomes, as required, 


x(t) ■■ 26 cos cot 


(4-32 a) 
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The required computer setup for generation of the function is shown 
in Fig. 4-18. The computer setup could also have been obtained by the 


20 



Fig. 4-18. Generation of x = 20 cos c d. 


procedure recommended above for the generation of general analytic 
functions of time. The function required is 

x = 26 cos a )t 

Differentiating twice, 

x = —20o) sin cot 
x = — 20o) 2 cos o )t 

= —<a) 2 X 

or x + o) 2 x = 0 

This is Eq. (4-31) above. 

The unsealed computer diagram for the solution of Eq. (4-30) is given 
in Fig. 4-19. The setup of Fig. 4-19 is seen to be quite simple; the ease 

-(20 cos wt)y 



Fig. 4-19. Unsealed diagram for Mathieu’s equation. 


of the computer solution contrasts with the difficulty that would be 
experienced in obtaining a solution to this equation by analytical means. 
The addition of a forcing function would be quite easy and a natural 
step in obtaining understanding of the system represented by the dif¬ 
ferential-equation model. 

To illustrate further the procedure of scaling, assume 

2 /o = 0 I/O = 6 ma 
a = 6.25 sec -2 
6 = 1.50 sec -2 
o) = 2 radians/sec 
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Equation (4-30) becomes 


2 / + (6.25 — 3 cos 2t)y 


(4-33) 


The maximum value of 2/(0 may be assumed to be slightly larger than 
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Fig. 4-20. Scaled diagram for Mathieu’s equation. 


?/o, since there is no damping and the effect of the periodic coefficient is 
not obvious. Let 


y m = 8 ma 

The natural frequency would be 2.5 radians/sec if 


Therefore, 


let 


* 3 = / 

ft, ' 

77 - 1 


2.57/m 

20 ma/sec 

0.25 2 7/m 
50 ma/se^ 


The normalized equation then is 


(i) 


+ (i 


0.48 cos 2 1) 

(?) 


(4-33a) 


0.75 


The initial condition 20, required for the generation of 20 cos 2 1, will 


up pear as 


20 ?= 


(2) (1.5) (8) sec -2 ma 


50 


ma/sec 2 


0.48 


The resulting scaled computer diagram is shown in Fig. 4-20. Coeffi- 
rient potentiometers at the input to the integrators are included and 
labeled in general terms; these factors include the time constants of the 
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integrators and the time scale that has not yet been chosen. The gain 
at an integrator input is simply l/T = l/RC and is so labeled. 

Consider for the moment the auxiliary loop that generates 26 cos 2 1. 
The factor 26 is obtained as an initial condition. It would have been 
just as well, and perhaps better, simply to generate cos 2 1 and obtain the 
26 factor with a coefficient potentiometer following the multiplier. The 
initial condition would then be 1.0, the reference level, and all three 
amplifiers in that loop would then have maximum amplitudes of unity. 
The factor of 2 appearing at the input to each integrator is the frequency, 

2 radians/sec. 

The time scale may now be chosen at the discretion of the computer 
operator. If fast components only are to be used, the lower limit on n 
would be on the order of 1/1,000; it would be about /'loo f° r medium- 
fast components, and Y± for slow components. If accurate, continuous 
plots of y{i) are to be obtained, a time scale of n = 1 would be appropriate; 
in this case the multiplier could be of the servo type. In any case, once 
the time scale is chosen, the values for the integrator time constants 
may be specified by reference to Fig. 4-20. For example, if n = 1, the 
values could be chosen as 

Ti = r 2 = /h = 0.4 sec 

2.0 

* Tz = Ta = = 0.5 sec 

The four coefficient potentiometers at the input to the integrators 
could then be eliminated. 

Perhaps a word should be said here concerning the use of a multiplier. 
The multiplication is usually performed with respect to the reference 
voltage; so the output of a multiplier with inputs x and y is often labeled 
xy/E iet or, since the reference is usually 100 volts, xy/ 100. If normalized 
variables are used for magnitude scaling, the reference voltage is con¬ 
sidered to be unity; therefore, the factor l/E Tef or }{oo does not appear. 

The above example was quite straightforward. A model such as 
Bessel's equation requires more care in handling. Consider Bessel's 

equation 

t 2 y + ty + (t 2 — n 2 )y = 0 (4-34) 

Solution of this equation on the computer will involve division by t 2 . 

If the solution is started at t = 0, the divisor will be zero and the quotient 
should be infinite. Even for the case of n = 0, the y term must be 
divided by t and, though an initial value of y = 0 will provide % at * 
l = 0+, it will require special treatment. One way to obtain a solution 
is to clamp y(fi) to precalculated (or assumed) values for the first few 
units of time when the solution is started. The division by t 2 would 
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not then become operative until the divisor was large enough to prevent 
y m from being exceeded. 

It should also be mentioned that considerable difficulty is sometimes 
involved in starting the solution itself. The equation may be such that, 
in the absence of initial conditions or a forcing function, the variable 
and its derivatives all equal to zero constitute a stable solution, although 
trivial. Special methods must then be used to start a nontrivial solution. 

In the above example, specific values for the parameters were given 
in order to demonstrate the technique of scaling. Once the model is 
instrumented on the computer, however, the parameters a, 6 , and co would 
normally be varied in order to obtain a more complete understanding of 
the system that the model represents. 

Magnitude scaling can, and usually should, be applied to the parameters 
of interest as well as to the variables. If the ranges over which the 
parameters are to be varied are known, the largest magnitude of each 
can be used to normalize the parameters in the same way in which the 
variables were normalized. 

Consider again the model of Mathieu's equation 


y + (a — 26 cos c ot)y = 0 


Now, instead of using fixed values for the parameters as before, 
assume that the ranges of interest are 

‘ 2 < a < 10 sec -2 
r 0 < 6 < 10 sec -2 
O'X co < 10 radians/sec 

Assuming that the same initial condition yo = 6 ma applies, the values 

A ® 

of 7/ m and y m will have to be larger to cover adequately all cases within 
the ranges of the parameters. Let 


7/m = 8 ma 
7/ m = 25 ma/sec 
7/m = 80 ma/sec 2 


'The normalized equation then is 


0 


or 



(4-35) 


The normalized parameters are (a/10), (6/ 10), and (co/10); they will 
appear on the computer diagram as coefficient-potentiometer settings. 


154 


ANALOG COMPUTATION 


The resulting computer diagram is shown in Fig. 4-21. This time, a 
unit-magnitude cosine wave is generated and the 20 factor of the variable 
coefficient is obtained after multiplication is performed. 

The technique of scaling parameters as well as variables will be found 
to be quite useful. It makes the computer diagram easier to interpret; it 



Fig. 4-21. Parameter scaling for Mathieu’s equation. 


takes care of the problem of scaling the variables for a range of variation 
of the parameters before solution is started; and it helps to eliminate 
human error in making the computer runs. 

The model used for the electron ballistic problem of Example 4-3 
becomes an LODE with nonconstant coefficients if the magnetic flux is 
allowed to vary with time. The computer diagram of Fig. 4-12 could be 
used with the B z coefficient potentiometers replaced by multipliers. 
B z (t) could be generated with an external signal generator, by the solution 
of an equation, or by the use of a function generator, depending upon the 
nature of the function. 

Example 4-4. Legendre’s Equation. The equation 

' (1 - <*) § - 2t J + »(» + 1)» = 0 (4-36) 

where n is an integer, is a model often used in potential theory and antenna theory in 
spherical coordinates. Obtaining the solution of this equation with an analog com¬ 
puter requires that the independent variable appear as a machine variable (a voltage or 
current). The coefficient 1 — t* could be generated using a function generator, but^ 
it would be simpler to find an implicit differential to solve for it. Let 

x - 1 - t* 
i - - 2 1 
£ - -2 


then 
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Therefore, two integrators can be used 
to generate 1 — t 2 , and the other vari¬ 
able coefficient, 2 1, will be obtained at 
the same time. With this method, 
Legendre’s equation can be solved by the 
computer setup given in the unsealed 
diagram of Fig. 4-22. Since y is divided 
by 1 — t 2 , t must be restricted to values 
less than 1.0. This implementation re¬ 
quires two separate multipliers. If servo 
multipliers are to be used, it would be 
desirable to solve the equation in such a 
way that both products to be generated 
have a common variable. Servo multi¬ 
pliers usually have a number of linear 
potentiometers or cups ganged with the 
follow-up cup so that a number of prod¬ 
ucts can be generated, all having in 



Fig. 4-22. Computer diagram for Legen¬ 
dre’s equation. 


common the variable used as the input to the servo. Therefore, only one servo multi- 
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plier would be needed. The same is true for most electronic multipliers of the time- 
division or analog-digital types. Rewriting Eq. (4-36), 


0 


[-t(ty + 2 y) + n(n + 1 )y) 


(4-36a) 


The resulting unsealed diagram is shown in Fig. 4-23a with two sections of one multi¬ 
plier being used. The principal input to the multiplier is —t, which is generated with 
a single integrator. Figure 4-236 shows the resulting diagram with a servo multiplier. 
Since t can have only positive values it is not necessary to apply both plus and minus 
reference voltages to the follow-up cup. More accuracy can be obtained by utilizing 
the entire range of the servo cups for positive values of t by simply grounding the 
lower tap of each cup being used. Remember that the loading of all three cups should 
be the same; therefore, Rl should be the same value as the two input resistors used 
from the sliders of cups la and 16. Note that, even though division is not performed 
in the instrumentation of Fig. 4-23, t is still restricted to values less than 1.0; for the 
loop through the two servo cups is a positive-feedback loop, and the gain of that loop 
approaches infinity as t approaches 1.0. From a practical standpoint, t should be 
limited to a value somewhat less than 1.0. This can be done by using a diode limiter 
circuit around the integrator driving the servo multiplier. The use of such circuits 
is discussed in detail in Chap. 5. The independent variable t will appear as t/1 on the 
computer. The normalization or magnitude scale factor used for the independent 
variable should not be confused with the time scale factor; the former relates a voltage 
to time, whereas the latter relates time to time. 


4-7. Boundary-value Models and Independent Variables Other than 
Time. Many ordinary-differential-equation models have not time but a 
variable such as a spatial coordinate as the independent variable. Recall 
that the solution of an nth-order differential equation requires that n 
conditions concerning the dependent variables and its derivatives be 
known. The models discussed in the preceding sections all had time 
as the independent variable, and all of the n conditions were given as 
initial conditions, i.e., values of the dependent variable and its n — 1 
derivatives at t = 0. In a differential-equation model that has a spatial 
coordinate as the independent variable, such as x , the n necessary con¬ 
ditions are often not specified at just one end point x = 0; some are 
specified at the other end point, x = L. Such a model is termed a 
boundary-value model, for the necessary conditions are given as values 
at the boundaries. 

The handling of models with independent variables other than time 
is no problem in itself. The computer time r is still the computer inde¬ 
pendent variable, but it may be related through the time scale factor n 
to any independent variable just as if it were t. The new independent 
variable is treated exactly as if it were t , and the same concepts and rules^ 
hold as for time scaling from t to r. 

Although the different independent variable presents no problem, the 
solving of a boundary-value model on an analog computer does present 
some difficulties. This is because the analog computer is a dynamic 
system that has time as its independent variable and so can handle only 
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initial conditions directly. Consider the static deflection of a cantilever 
beam of length L under a traverse load of intensity f(x ). The standard 
model is 


(4-37) 


where x = distance along the beam, measured from the fixed end 
y (x) = beam deflection 
El ( x ) = flexural rigidity 

Two boundary values are given at the end x — 0, which can be treated 
as initial conditions on the computer, but the remaining two are given 
at the other end of the beam, at x = L. The solution to Eq. (4-37) 
cannot be obtained directly with the computer. Two courses of action 
are open: 

1. Use trial-and-error procedure to find the correct values of the 
unspecified boundary conditions at x = 0, so as to achieve the correct 
boundary values at x = L. 

2. If the model is linear, use the method of superposition. 6 

The trial-and-error method has been used successfully for equations 
of second and fourth order. It is not very useful for higher-order dif¬ 
ferential equations because of the increased number of combinations of 
initial conditions that are possible. 

The method of superposition is applicable only to linear equations and 
requires a bit of numerical calculation, but it is a powerful method for 
fourth- and higher-order differential equations. The steps required to 
obtain the solution of Eq. (4-37) by the method of superposition are: 

a. Obtain a particular solution of Eq. (4-37) using the two specified 
boundary values at x = 0 and setting the other two equal to zero. 
Denote this solution by u(x), and use 

u( 0) = u'( 0) = ^"(0) = u"\ 0) = 0 

where the primes refer to derivatives with respect to x. Record the 
values of w"(L) and u'"(L). 

b. Obtain any two linearly independent solutions v x (x) and v 2 (x) of 
the homogeneous equation 

C Eiv n y ' = o 

lignin using the two specified boundary values at x = 0. The other two 
nun be sot arbitrarily as 

v''(0) - A x t/"(0) - 0 

t/,'(0) « 0 t/ 2 "(0) = A 2 

Uncord the values of t//(L), V\\L) % V%(L) t and v\"(L), 
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c. From the principle of superposition, the solution to Eq. (4-37) can 
be written 


y(x) = u{x) + C\Vi(x) + c 2 v 2 (x) 


(4-38) 


The constants c i and c 2 can be determined from the boundary values 
recorded for the three solutions; for Eq. (4-38) requires that 


u"(L) + Cl v[\L) + c 2 v"(L) = 0 
u'"(L) + c/"(L) + c 2 v''\L) = 0 


(4-39) 


These two equations can be quickly solved for c\ and c 2 . 



Fig. 4-24. A boundary-value problem: Deflection of a cantilever beam. 


d. The complete solution to Eq. (4-37) can then be obtained with 
the computer, using the initial conditions specified by Eq. (4-38), which 
are 

2 /( 0 ) = u(0) + CiVi(0) + c 2 v 2 (0) = 0 
y\ 0) = u\ 0) + civ[(0) + c 2 v' 2 ( 0) = 0 
2 /"( 0) = u"( 0) + dv'^0) + c 2 v'( 0) = CiAi 
y"\ 0) = <'( 0) + ci*/"(0) + C 2 »',"( 0) = c 2 A 2 

The entire problem for the general case of a nonuniform beam requires 
only six amplifiers, two function generators, and a multiplier, as shown 
in Fig. 4-24. 

Although boundary-value problems cannot be solved directly on the 
computer, a trial-and-error approach is feasible for equations of order 
as high as 4. The method of superposition is feasible for linear equations 
of at least order 10. Automatic iteration methods can be applied to 
certain boundary-value problems. 7 Many eigenvalue models can be 
solved on the computer by the same general methods that are discussed 
above in conjunction with boundary-value models involving ordinary 
differential equations. 8 * 9 

Nothing has been said yet about differential equations that have com-^ 
plex coefficients. Consider such an equation, 

x + (a + jb)x + (c + jd)x = f(t) (4-40) 

Since the coefficients are complex numbers (complex functions in the 
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variable-coefficient case), the solution x(t) can be expressed as the com¬ 
plex function 

x(t) = Xi(t) + jx 2 (t) (4-41) 

Let f(t) in Eq. (4-40) be a real function of t for purposes of illustration. 
Equation (4-40) can be rewritten 

xi + jx 2 + (a + jb)(x i + jx 2 ) + (c + jd)(xi + jx 2 ) = f(t) (4-42) 

Since this is a complex equation, the real and imaginary parts of the 
equation must be satisfied simultaneously. Separating the real and 
imaginary parts of Eq. (4-42), 

xi + ax i + cx i — bx 2 — dx 2 = f(t) (4-43a) 

x 2 + ax 2 + cx 2 + bx i + dxi = 0 (4-436) 

This set of simultaneous equations can be solved in the usual way for the 
real and imaginary parts of x(t). If desired, a plot of x = X\ + jx 2 
can be obtained by using X\ and x 2 as the two inputs to an xy recorder 
or oscilloscope. Timing pulses could be superimposed upon the plot 
by connecting the output of a pulse generator or multivibrator circuit 
constructed with operational amplifiers to one or both of the recorder 
inputs. 

4-8. Discussion. The linear ordinary differential equation is a com¬ 
monly used type of mathematical model. A single differential equation 
with constant coefficients presents little difficulty to analysis, although a 
considerable amount of numerical computation may be necessary to 
obtain the desired information. Sets of simultaneous equations or 
equations with variable coefficients present considerably more difficulty. 
The solution on an analog computer of LODE’s with constant coefficients, 
whether single or simultaneous sets, is so simple that such a problem 
might be considered trivial. The solution of LODE’s with variable 
coefficients offers more challenge in some cases, but, for most such models, 
computer solution is simple and straightforward. 

Linear mathematical models almost always require that many approxi¬ 
mations be made concerning the physical system. As the creative engi¬ 
neer becomes familiar with the potentialities of electronic computers, 
ho will begin to expand his concept of a model and no longer inhibit his 
creative efforts by working only with models that admit of analytic 
Molution. As a matter of fact, one of the main objectives of this book will 
be realized the moment the reader rejects for the first time his impulse 
! o uho a model because it has been solved analytically and instead starts 
constructing one on the basis of validity. 

With this attitude, the reader will find the use of computers to be not 
only indispensable but highly challenging as well. One should approach 
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the computer with the goal of evolving a new technique if necessary so 
that solutions to the model may be obtained. 

Regarding the solution of a model, it should be understood that very 
seldom does one want one numerical answer. Rather, the computer 
should be used to obtain a better understanding of the situation or 
system being studied. The computer is used as an aid in analysis, syn¬ 
thesis, and design—all involve prediction, with the ultimate aim of being 
able to control better man’s environment, his physical world. 
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CHAPTER 5 

SOLVING ORDINARY NONLINEAR 
DIFFERENTIAL EQUATIONS 

Nonlinear differential equations arise in nearly every phase of engineer¬ 
ing and scientific work. However, because of the severe difficulty of 
obtaining solutions to most nonlinear problems, methods of analysis 
have often emphasized an attempt to justify linear approximations that 
can be solved by conventional means. In his book on nonlinear vibra¬ 
tions, J. J. Stoker states: “Practically all of the problems in mechanics 
are nonlinear from the outset, and linearizations commonly practiced 
are an approximating device which is often simply a confession of defeat 
in the face of the challenge presented by the nonlinear problems as 
such.”* 

Linear representation of a physical system is usually based upon an 
assumption of ideal characteristics that are often not present in practice. 
Three standard examples are: 

1. Motion of a pendulum . By considering only the forces of accelera¬ 
tion and of gravity, the equation of motion is found to be 

mr '6 + mg sin 0 = 0 

To permit a linear analysis, the study is often restricted to a consideration 
of small angles of motion, so that sin 0 may be approximated by 0 itself. 
This restriction is often not realized in practice; a nonlinear model that 
is more realistic must then be studied. 

2. Nonideal electrical inductor . Ordinary analysis of electrical circuits 
is based upon consideration of ideal passive units. When effects such 
as saturation of an iron-cored inductor are considered, the problem 
becomes nonlinear. If the relationship between flux and current could 
be represented by 

i = Oi<£ + a 3 <£ 3 + a b <t> b + * * * 

all terms but the first would be ignored in a linear analysis. 

3. Friction . Friction between moving surfaces is a complicated 
phenomenon. The combination of viscous, dry, and coulomb friction has 

• By pcrmitinion, from Ref. 2, p. vii. 
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been found in many cases to be related to relative velocity by a function 


such as that shown in Fig. 5-1. 
times used—simnlv to nermit 


simply to permit linear analysis 


approximation 
s—is F„ = Kx 


Kx and is repre¬ 


sented by the dashed line on the figure. It is apparent that predictions 
grossly in error can result from a study that ignores the true character 
of the friction. Phenomena exhibited by a system with dry and coulomb 

p friction may be entirely different 

v from those predicted by using the 

linear approximation. 

Why the difficulty of solving 
nonlinear differential equations 
X \ by conventional analytic means? 

\ The main difficulty is that the 

— * p r i nc ipi e 0 f superposition, with 

all its ramifications, no longer 
applies as it did for linear mathe- 
^ matical models. This fact means, 

for example, that, for a system of 
N \ nonlinear equations, it is not valid 

c i i* »• , . , N , to say that the sum of any two 

Pig. 5-1. Combination of viscous, dry, and . . . . J 

coulomb friction. solutions is itself a solution; that 

any solution multiplied by a con¬ 
stant is a solution; or that each solution to the nonhomogeneous case is 
the sum of a homogeneous solution and a particular solution. It is 
upon the ability to make these assertions that much of the theory of 
linear equations is based; removal of these principles pulls the supports 
from under attempts to study nonlinear systems by standard methods 
applicable to linear systems. Frequency analysis, for example, as used 
in the study of feedback-control systems and in circuit analysis, is 
properly defined only for linear systems. Furthermore, such concepts 
as transfer functions cannot be applied with generality. 

A nonlinear differential equation is one that contains one or more 
terms that are of degree 2 or higher in the dependent variable and its 
derivatives. The reader should obtain a clear understanding of the 
difference between nonlinear equations and linear equations with non¬ 
constant coefficients; in the latter case, one or more coefficients are 
functions of the independent variable, but the principle of superposition 
still holds. 

This chapter will first cover a brief review of the available methods 
of analysis of nonlinear differential equations and, in particular, the 
concept of phase space. The use of the analog computer to solve such 
equations is next discussed, and some additional computer components 
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and techniques required for the solution of such problems are treated in 
some detail. Next, some special requirements for the study of dis¬ 
continuous systems with the computer are discussed. This section 
includes material pertaining to systems that are actually discontinuous 
in nature as well as mathematical models that are discontinuous. In the 
latter case, the model is purposefully made discontinuous in order to 
simplify the model itself, e.g., piecewise linear approximations to non¬ 
linear systems. This chapter is restricted to the discussion of nonlinear 
ordinary differential equations and the special techniques required for 
their solution on an analog computer. The study of nonlinear systems 
in general by simulation techniques is covered in Chap. 6. 

6-1. Analysis of Nonlinear Differential Equations. It is an unfor¬ 
tunate fact that there exists no general theoretical background for the 
solution of nonlinear differential equations. In many cases a solution 
cannot be established with certainty; nor can the existence of types of 
solutions be predicted with a general method. A very useful and 
systematic study of nonlinear differential equations was made by Poincar6 
about 1880. To date, no effective general methods have evolved. A 
number of different types of problems involving one degree of freedom 
have been solved—each one by a method specially adapted to the 
particular type of problem. Not much progress has been made concern¬ 
ing problems with more than one degree of freedom. 

Among the methods that have been used to attack nonlinear problems, 
the following types have proved useful in specific cases: 

1. Methods based upon assumptions that the nonlinearity is small, so 
that the solution is very nearly described by linear theory 

2. Numerical methods based upon successive approximations or other 
iterative procedures 

3. Graphic methods, such as phase-plane analysis, in which the rate of 
change of a variable is plotted against its instantaneous value 

4. Construction of a nonlinear mathematical model for direct solution 


with an analog computer 

5. Experimental work performed with the physical system or with a 
model of it. It is in this category that simulation with an analog com¬ 
puter fits, for the computer circuit can then be regarded as an electric 
scale model of the system under study. 

It is not the purpose here to cover all of the broad field of methods 
of solution of nonlinear differential equations. Methods based upon the 


concept of phase space are particularly valuable in the analytic study of 
nonlinear systems and also in the interpretation of results obtained by 
computer solution. This section will review the basic concepts of phase 
space and, more specifically, how the phase plane can be used to study 
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autonomous, nonlinear systems with one degree of freedom. A system 
is termed autonomous if time does not appear explicitly in the differential 
equations that describe the system. 

Vector and Phase Space . A system is defined as being dynamic when 
its state is a function of 2n positional and velocity coordinates gi, g 2 , 
• • • , 02 n, which are functions of the real-time variable t. One can often 
obtain information about the behavior of a dynamic system (an electric 
circuit, for example, or a lumped-parameter mechanical system) from a 
set of differential equations of the type 




• ) 9 2 nJ t) 


1 , 2 , . . . , 2 n 


(5-1) 


In this formulation, for the class of linear systems the functions /»• have 
the form 


2 n 


fii.9 1>9%> • • • t) 


2 O <>(0 gi + a i0 (t) 

i -1 


i = 1 , 2 , 


. , 2n (5-2) 


To indicate the generality of the Eq. (5-1), consider the linear homo- 
geneous differential equation 


d m x . .. d m ~ l x , 

Co d^ + ClW ' 


• + Cm(f) X 


(5-3) 


By means of the substitutions 


9 1 


dx 

dt 


9 2 


d m ~ l x 

dt m ~ l 


Eq. (5-3) can be converted into a linear system of the type 


2 n 


dg 

dt 


= X °* 

i-i 


(0 ft 


i = 1 , 2 , . . . , 2n 


(5-4) 


Definition: The number of degrees of freedom of a dynamic system is 
defined as the number n necessary to describe the system in the form of 
Eq. (5-1). 

As an example, consider the differential equation 


M W>+ B< Jt + K * 


m 


which can be used to describe a mass-damper-spring system. 


Let 


Then 


dg i 
dt 


9 2 


dg 2 
dt 


= 9 1 


da; 

dt 


9 2 


[Bff, + Kg 


/«)] 
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This system can be described, then, by two equations of form (5-1), 
and the number n of degrees of freedom is equal to 1. 

Now consider the system composed of a mass Mi suspended from a 
support by a spring-damper system with a second mass M 2 suspended 
from the first by a second spring-damper system. The differential 
equation model is 

MiXi + ( B\ + B 2 )x\ + ( K\ + K 2 )x\ — B 2 x 2 — K 2 x 2 = 0 

M 2 x 2 -f* B 2 x 2 -f- K 2 x 2 — B 2 xi — K 2 X\ — 0 
Let x\ = gi ±i = g 2 x 2 = gz x 2 = g± 

It is clear that a set of four differential equations can now be written 
in the form (5-1) and that the system has two degrees of freedom. 

A more sophisticated way of stating the set of equations (5-1) is 

§ - F < 5 - 5 ) 

where G and F are vectors with components g h g 2 , , g 2n and /i, f 2 , 

. . . , / 2n , respectively. In general, the components of a vector having n 
components determine a point in a space E having n dimensions. 

With reference to Eq. (5-1), it is obvious that, in order to establish 
the state of a dynamic system at a time t, it is necessary to fix the values 
of the coordinates g im Thus a dynamic system with n degrees of freedom 
involves a 2n-dimensional space E . 

A vector space E whose coordinates are gi is termed a phase space. Thus, 
for every dynamic system there exists a corresponding phase space, in 
which the state of the system at a time t is represented by a point M with 
coordinates g ». With time as a continuous variable, the set of points 
M(gi) define a path or trajectory C describing the whole operation of the 
system. There may be different paths C for a dynamic system cor¬ 
responding to various initial conditions, but, once a point Mo has been 
established, the entire path of operation is determined. This statement 
merely means that there is one and only one path through each point of a 
phase space (except for singular points, to be described). 

The Phase Plane and Singularities. Dynamic, autonomous systems 
with one degree of freedom are quite common. Each such system 
involves a single positional coordinate x , and its state is determined at 
(Mich instant of time by x and x. As t increases, the point ( x,x ) traverses 
a path or trajectory in two-dimensional phase space, or in the phase 
plane. Letting 

dx 

(7i = x g* = y = a 

nuoh a system can be described by a set of two first-order differential 
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The points in the phase plane at which dx/dt and dy/dt vanish simul¬ 
taneously are termed singular points; the singular points are, therefore, 
determined by simultaneous solution of the two equations 


P(x,y) = 0 

Q(*,y) = 0 



At a singular point the system is in a state of equilibrium. The phase- 
plane trajectories are a plot of x as a function of x. The initial condi¬ 
tions Xq and Xo locate a point in the phase plane; the path through this 
point indicates the behavior of the system at all later times. If the 
path tends to infinity, the system is unstable; if the path approaches the 
origin or some other fixed point in the phase plane and remains at that 
point as t increases indefinitely, the system will come to rest for large 
values of time and is stable. Therefore, if a system is stable in the 
conventional linear sense, the trajectories will approach a singular point, 
hence a state of equilibrium. The trajectories of an unstable system 
will diverge from a singular point. 

Analysis of a system through study of its phase-plane trajectories 
can be quite rewarding for certain types of systems. Phase-plane 
analysis is restricted for the most part to the study of systems with a 
single degree of freedom, that is, systems that can be described by a single 
second-order differential equation. The effects of nonlinearities in more 
complex systems can ordinarily be studied only by reducing the system 
to second order. Phase-plane analysis is also not applicable in general 
to systems that are driven by an external force. Thus, in general, the 
phase plane can be used to study only the transient performance of a 
system subject to initial conditions but otherwise unexcited. The effects 
of certain simple types of forcing functions, such as the step function 
and the ramp function, have been studied by means of the phase plane, 
but general types of forcing functions cannot be treated in this manner. 
As indicated in Eqs. (5-6), phase-plane analysis is generally restricted to 
the study of equations in which the nonlinear terms are functions of x 
and x only and not of time explicitly. For an account of some of the 
work that has been done pertaining to systems with time-varying 
parameters, see Refs. 6 and 7. 

Although limited in application, the phase plane with rectangular 
coordinates (x,x) provides a useful method of studying dynamic systems, 
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both linear and nonlinear. It applies particularly well to systems that 
have responses of essentially an arbitrary nature. Although the use of 
the phase plane is restricted in general to systems having one degree of 
freedom, phase-plane analysis can often be used with more complicated 
nonlinear systems for studying the simpler parts of the over-all system 
one at a time and, thereby, deriving useful information concerning over-all 
system performance. 

A system with time-independent parameters and upon which no 
external time-varying force is applied is termed autonomous. Consider 
an autonomous system described by the equation 


Letting 


x + f(x,x) + x 

dx 


dt 


the equation can be written 


dy 

dt 




(5-8) 


(5-8a) 


Dividing Eq. (5-8a) by dx/dt gives 

dy _ —x - 
dx 




(5-9) 


'This expression gives the slope or direction field of the solution trajectories 
in the phase plane; the slope in the xy plane is uniquely determined at 
almost every point (the slope cannot be determined at singular points). 
Equation (5-9) can be used to plot solution trajectories of the system 
for given initial conditions. As a specific example, consider the linear 
equation 

x + 4f£ + 4x = 0 (5-10) 


lotting x = y, the slope or phase-plane equation becomes 


dy 

dx 


4 {$y + x) 


(5-10a) 


Note that the model has a singular point (0,0), the origin. Suppose 
the initial conditions were 


x(0) 


x(0) 


2 /( 0 ) 


10 


The slope at this point in the phase plane for the undamped case = 0 is 


dy 

(It * 

UX y- 10 


20 


10 


+2 
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The slope at (6,-10) for the case of f = 0.3 (underdamped; complex- 
conjugate characteristic roots) is 



2 = 5 
1 / =*» —10 




and for the case of f = 
roots) is 


1 (critically damped; equal real characteristic 


dy 

dx 


2 = 5 
-10 




One could expect just from the above figures that the phase-plane 
trajectories for the three cases would look considerably different from 
one another. Starting at the point determined by the initial conditions, 
the approximate-solution trajectory could be plotted by connecting small 
straight-line slope segments, as illustrated in Fig. 5-2a. A number of 



(d) (e) (f) 

Fig. 5-2. Phase-plane trajectories for £ -f -f- Ax * 0. (a) Construction of trajec¬ 
tories. (6) Completed trajectories for f ** 0. (c) Resulting trajectories for various 

values of $*. ( d ) Results of different initial conditions, (e) Illustration of sym¬ 

metry. (/) Typical time response. 
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completed trajectories are shown in Fig. 5-26 for f = 0. These curves 
are seen to be closed, and in this case are loci of constant system energy, 
sometimes termed integral curves. The solution of Eq. (5-10), x(t), could 
be obtained graphically from the phase-plane trajectory if desired. 

If damping is present in the system, energy is lost as time progresses, 
and the trajectories will spiral inward toward the singular point at the 
origin, as shown in Fig. 5-2 c for several values of f. Note the different 
nature of the trajectories in the vicinity of the singular point in the three 
cases. For this particular set of initial conditions, the trajectory for 
f = 1 is a straight line to the origin, as might be expected from the above 
calculation of slope. Figure 5-2 d shows the trajectories for f = 1 and 
f = 0.3 starting at two different initial points. Note that the straight 
line obtained in Fig. 5-2c for f = 1 is an asymptote to the slope of all 
f = 1 trajectories as they approach the origin. Figure 5-2e gives a 
better indication of the symmetry of the trajectories. Figure 5-2/ shows 
a typical set of solution curves for Eq. (5-10). 

The method is applicable to nonlinear systems as well. Consider 
again the classical problem of large motion of a pendulum: 

mr6 + mg sin 0 = 0 (5-11) 

bet 01 = 0 02 = y = 0 

Then y = — - sin 0 

r 

.nd g - - 2 “i (5-12) 

dd r y 

The slope of the trajectories in the 0 vs. 6 phase plane is given by 
Kq. (5-12). Note that, for values of y — 6 — 0 (on the 0 axis), the slope 
is infinite (vertical) except at the points 0 = 0, ±x, . . . , where the 
slope is not defined. These points are singular points. For all points 
nlong the 0 axis (0 = 0), the slope is equal to zero (trajectories cross 
horizontally). 

The slope of the trajectories for points along the 0 and 0 axes can be 
indicated on the phase-plane plot as shown in Fig. 5-3a. If this is done 
lor enough points in the phase plane, the trajectories can be started 
id any initial point and sketched in or constructed by inspection. This 
!h k nown as the method of isoclines , for the procedure is to find lines 
or curves in the phase plane for which slopes of the trajectories are 
constant. In the present example, it is seen that the lines 0 = ±x and 
6 0 are loci of a constant slope of zero. Other isoclines can be con¬ 

structed by letting 

6 = k sin 0 

Whole families of curves can be constructed by choosing different 
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values of k. After a number of such constructions, the phase-plane plot 
will be as shown in Fig. 5-36. 

The resulting phase trajectories are shown in Fig. 5-3 c. Near the 
origin the paths become very nearly the circles predicted by the linear 
approximation. The closed path becomes distorted as larger swings are 
considered. At x = ±180° unstable singular points are noted. From 
this point, 6 might decrease to zero or might continue through a larger 


• • 

e q 



angle, depending upon whatever slight disturbance the pendulum might 
receive. The paths that do not form closed curves correspond to con¬ 
tinuous rotation in one direction. Of course, 0 = 0° and 6 = 360° are 
the same point in physical space. 

As one can see, the phase plane is divided into various regions by the 
heavy lines of Fig. 5-3c. This is typical of most nonlinear problems. 
In all cases, a closed curve in the phase plane corresponds to a periodic 
solution. The rest positions of equilibrium (0, +tc 9 —tt, . . . in Fig. 
5-3) correspond to the singular points of the model; at these points the 
direction field defined by Eq. (5-12) is not uniquely determined. It can 
be proved that a closed phase-plane trajectory always contains at least 
one singularity in its interior. 

Several graphic methods are available for constructing the integral 
curves; notable in this respect are the method of isoclines just discussed, 
and Lienard's construction. Lionard’s method is discussed briefly in 
Appendix III. 
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Classification of Singular Points . It is desirable to know something 
about the nature of the phase-plane trajectories in the vicinity of the 
various types of singularities that can occur. If the system is described 
in terms of the phase-plane coordinates x and y and the differential 
equations 


dx 

dt 

dy 

dt 


P(?,y) 


(5-13) 


Q(x,y) 


then the singular points are given by the simultaneous solution of the 
two equations 

P(x,y) = 0 
Q(x,y) = 0 

If the singular points are isolated, the question whether the trajectories 
converge or diverge from the singular points can often be answered by 
expanding the functions P(x,y) and Q(x,y) in the vicinity of the singular 
points in question. If, in the vicinity of an isolated singular point at 
x “ a and y = 0, the functions P and Q can be expanded in the form 




a(x - a) + b{y - P) + P\(x,y) 


Q(x,y) = c{x - a) + d(y - 0) + Qi(x,y) 


(5-14) 


where Pi(x,y) and Qi(x,y) contain only higher-order terms involving 
r ~ a and y — ft, then the converging or diverging nature of the trajec¬ 
tories in the vicinity of the point (a,0) can be determined from the 
characteristic equation resulting from considering only the linear terms— 
1 1 the roots of the linearized characteristic equation have nonzero real 
parts.* The restriction that the roots have nonzero real parts can be 


parts.* The restrict: 
withdrawn in case ad 

lotting 


be 7 * 0. 


Xi 


y i 


I'll |h. (5-13) can be written in the form 


dx i 
dt 


axi + byi + P i(xi,yi) 


d]f 

dt 


- 1 = cx i + dy i + Qi(x h yi) 


(5-15) 


I'lin Laplace transform of the linearized form of this set of equations 


icNiiltH in 


I s — a 
L -c 


lIXiOOl 

J L*i«J 


UtwJ 


(5-16) 


• TliU In known iin the theorem of LinponofT. 1 
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where Ii(s) and / 2 (s) are terms arising from the initial conditions. The 
characteristic equation of the linearized model then is 

s 2 — (a + d)s + ad — 6c *= 0 (5-17) 

The roots of this characteristic equation are 

«i ,«2 = + d) ± 3 4,[(a + d) 2 + 4 (be — ad)]^ (5-18a) 

= A(a + d) ± y 2 [(a - dy + 46c] M (5-186) 

Singular points may be classified according to the behavior of trajec¬ 
tories in their vicinity as determined by the roots of Eq. (5-17). If 
the coefficients of Eq. (5-17) are all real, six situations can exist, as 
follows: 

Table 5-1 

Position of roots in s plane Type of singularity 

Both on negative real axis Stable node 

Complex conjugate in left half plane Stable focus 
Complex conjugate on imaginary axis* Center 
Complex conjugate in right half plane Unstable focus 
Both on positive real axis Unstable node 

Both real, one positive, one negative Saddle point 

* Since the roots have zero real parts, this classification is valid only if ad — be p* 0 ; 
i.e., it does not include roots at the origin in the s plane. If ad — be = 0, higher-order 
terms in Pi and Q 1 must be considered. 

The six possibilities of root locations and the associated forms of the 
trajectories in the neighborhood of the singularity are shown in Fig. 5-4. 
A brief description of each type of singularity will make clear the major 
distinctions among the four types. 

Center. This is a singularity that is not approached by any tra¬ 
jectory. With this location of the characteristic roots (c in Table 5-1) 
x(t) exhibits simple harmonic motion with the amplitude of oscillation 
dependent upon the initial conditions. There is a continuum of closed 
trajectories enclosing the singularity, as in Fig. 5-4c. 

Node. A nodal point is a singularity that is approached by trajec¬ 
tories such that their tangents approach a definite limit. Thus, with 
reference to Fig. 5-4a and e, the straight line DD' represents the limit of 
dy/dx as the singular point is approached (Fig. 5-4a) or as the trajectories 
diverge from the vicinity of the singular point (Fig. 5-4e). 

Focus. A focal point is a singularity approached by trajectories 
without definite direction, as shown in Fig. 5-46 and d . Since the char¬ 
acteristic roots are complex conjugates, the response is oscillatory; x(t) 
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is a damped sinusoid in the case of the stable focus and an exponentially 
increasing sinusoid in the case of the unstable focus. 


Saddle Point. A saddle point 
approached in the limit simultane¬ 
ously by four isolated trajectories 
in the general case and by two 
isolated trajectories in the special 
case of what is termed a degen¬ 
erate saddle point . Between the 
four isolated trajectories there exist 
four regions characterized by a con¬ 
tinuum of trajectories such that 
none approaches the singular point 

(Fig. 5-4/). 

Since the only phase-plane graph 
that does not contain any singu¬ 
larity is that of a constant, it is 
obvious that the behavior of the 
dynamic system is characterized, in 
the large, by its singularities. The 
importance of determining the be¬ 
havior of a system in the neigh¬ 
borhood of its singular points is 
obvious. 

Limit Cycles. In the analysis of 
nonlinear systems in general, a 
ntudy of the nature of the trajec¬ 
tories in the neighborhood of sin¬ 
gular points is not sufficient to 
determine the stability of a system. 
For, although the trajectories of a 
nonlinear system may, for example, 
spiral outward from an unstable 
local point, indicating that the sys¬ 
tem is unstable in the neighborhood 
ol that singularity, the trajectories 
may spiral into a single closed tra¬ 
jectory termed a limit cycle. A 
limit cycle is an isolated closed 
pnl1 1 in the phase-plane portrait 


is typified by a singularity that is 



Fig. 5-4. Classification of singularities, 
(a) Stable node. (6) Stable focus, (c) 
Center. ( d ) Unstable focus, (e) Un¬ 
stable node. (/) Saddle point. 

of a system. The existence of a 


hiblo limit cycle corresponds to a system oscillation of fixed amplitude 


mid period, although a limit cycle may be either stable or unstable, 


depending on whether the trajectories in its neighborhood converge 
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toward it or diverge away from it. In the case of a system having a 
single unstable limit cycle, the phase plane will be divided into two regions 
by a closed curve outside of which all trajectories spiral outward and 
inside of which all trajectories spiral inward. In more complicated cases, 
the phase plane may be partitioned by a number of alternate stable and 
unstable limit cycles. The concept of limit cycles is something that has 
no place in the theory of linear systems, for a linear system is either stable 
or unstable; if it is stable, from any initial conditions it eventually comes 
to rest; if it is unstable, its output either oscillates with increasing ampli¬ 
tude or grows exponentially. A linear system can also, of course, 

oscillate with constant amplitude.* 

As an example, consider one form of Rayleigh's equation: 

x — 6 ^1 — ^ x + x = 0 e>0 (5-19) 

Letting y = x, the two first-order differential equations are obtained: 

^ = P(x,y) = y (5-20a) 

f = Q(z,2/) = « (l-fjy-x (5-20 b) 

The system has a single singularity at x = y = 0. If only the first- 
order terms of P and Q are considered, the resulting characteristic 

equation is 

s* - es+ 1=0 (5-21) 

Note that, in this case with the singularity at the origin, the linearized 
characteristic equation could have been obtained directly from Eq. (5-19) 
simply by ignoring the nonlinear terms. The roots of the characteristic 

equation are 

$i,S2 = | ± ^ (« 2 — 4)** (5-22) 

For 0 < e < 2, the roots are complex conjugates in the right half plane; 
therefore, the singular point at the origin is an unstable focus. For 
€ > 2, the roots lie on the positive real axis, and the singular point is 
an unstable node. In any case, the point (0,0) is an unstable singularity 
for e > 0 and the trajectories will diverge from the origin in the phase 
plane, at least in a small neighborhood about the origin. 

The question to be answered next is: Do the trajectories in the phase 
plane diverge from the origin indefinitely or do they approach a stable 

* The amplitude in this case depends only upon the initial conditions, assuming no 
forcing function. 
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limit cycle at some distance from the origin? It is unfortunate that, in 
general, there is no clear-cut way to determine the location of limit cycles 
or even whether a limit cycle exists. A basic method of proving the 
existence of a limit cycle involves the establishment of the convergent 
properties of the paths outside the limit cycle and the divergent properties 
inside. The required convergent and divergent properties can often be 
demonstrated from physical reasoning based on considerations of change 
in stored energy with time. There are several theorems that are useful 
in an attempt either to prove the existence of a limit cycle or to find its 
location. Bendixson's first theorem, for example, states that no limit 
cycle exists in any region within which dP/dx + dQ/dy does not change 
sign. P and Q are defined as in Eqs. (5-20). Poincar6 has shown that, 
within any limit cycle, the total number of node, focus, and center 
singularities must exceed the number of saddle points by 1. Bendixson's 
second theorem states that, if a path stays inside a finite region D and 
does not approach a singular point, it must either be a limit cycle or 
npproach a limit cycle asymptotically. These theorems, however, do 
not furnish any straightforward, universally applicable procedure for 
establishing the existence of limit cycles. 

With reference to Rayleigh's equation, the model can be shown to have 
a limit cycle by considering the nature of the time rate of change of the 
radial distance to the point moving along a trajectory far from the origin. 
The time derivative of the square of the radial distance from the origin is 

Tt = It {x * + yi) = 2x * + 2yy (5-23) 


Mubstitution of Eqs. (5-20a) and (5-206) in (5-23) leads to the relation 

1 - 0 (5-24) 

The Hign of dr 2 /dt changes as \y\ passes through the value 3^ = 1.73. 
II • is positive, paths far from the origin are converging, since y is greater 
limn 1.73 almost all the time. Since the origin was an unstable focus 
m node, the trajectories diverge from the origin; yet the physical sig¬ 
nificance of Eq. (5-24) is that the trajectories at large distances from the 
origin are converging toward the origin. Thus, at least one limit cycle 
iXlltl. 

Lotting y « x, the slope of the trajectories in the phase plane can be 
obtained from Eqs. (5-20a) and (5-206): 
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Two trajectories plotted from Eq. (5-25) are shown in Fig. 5-5. The 
spirals inside the closed limit cycle, as well as those outside, tend to the 
single closed curve. This is the graphic description of relaxation phe¬ 
nomena. This example will be treated in more detail in the next section. 
Phase-plane analysis is useful in the study of the effects of nonlinear 
y3 . " : elements in single-degree-of-freedom 

£(y -j) y systems that are self-excited or have 

\ simple forcing functions, such as step 

/j \ or ram P functions. From such an 

// f \ analysis a qualitative description of 

// l \ \ the effects of similar nonlinearities 

-—i- j— x in higher-order systems can often be 

\y / / / deduced. The concepts associated 

J ] with phase-plane methods of analysis 

^ / J are perhaps more important here 

/ than use of the methods, in partic- 

^ular the concepts of phase-plane 

trajectories, singular points, and 
Fig 5-5 The limit cycle obtained for ^ les . These conce pts serve 
Rayleigh’s equation. / . f 

as useful tools not only in the analy¬ 


Fig. 5-5. The limit cycle obtained for 
Rayleigh’s equation. 


sis of nonlinear systems but often in the study of linear systems as well. 

5-2. Use of a Computer to Solve Nonlinear Ordinary Differential 
Equations. Of the pencil-and-paper methods available for study of non¬ 
linear equations, every one is either restricted to special cases, inexact, 
laborious, or all three. It is to this class of problems that the analog 
computer has brought new light by permitting them to be studied with 
relative ease. The computer has also allowed the scientist and engineer 
to relax the constraints that bind him to linear approximations; it has 
permitted him to examine more realistic models of systems in which he 
is interested. In addition, it permits him to investigate possible improve¬ 
ments of a system by intentional introduction of nonlinearities. 

In general, the use of the computer to solve nonlinear equations does 
not involve any new concepts not covered in the first four chapters of 
this text. The use of some additional components and techniques not 
previously discussed in detail is covered in the next two sections. 

Consider the example of a spring-mass system with a nonlinear spring. 
If the restoring force of the spring is, over the region of interest, 

F = Ax + Bx 8 

then the over-all system is described by 

nx + dx + Ax + Bx 8 = f{t) 

This is known as Duffing's equation, if f(t) = F cos o)t. If B is posi¬ 
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tive, the spring becomes stiffer with extension; it is termed a hard spring. 
If B is negative, the incremental restoring force decreases with exten¬ 
sion; it is termed a soft spring. This equation can easily be solved by 
the computer setup shown in Fig. 5-6. Apart from using proper care 
in the scaling of the product terms, no difficulty is encountered in instru¬ 
menting the computer to solve the equation. 

Although the computer setup for many nonlinear problems is little 
more complicated than for many linear problems, the computer study 
may require more runs. For a linear oscillatory system, for example, the 
frequency is fixed, and the amplitude depends only on the initial energy 
of the system. Any solution, there- F 

fore, is typical of any other dif- ™ sin 

fering only in amplitude. It is, - 

therefore, reasonable to speak of 

per-unit values related to, perhaps, /I 

the initial value. A single com- 

puter run, therefore, supplies in- ___ 

formation about linear oscillations m ^3 x 2 —j—^ 

of all possible amplitudes. But - On— ^ - 

when a nonlinear system is under m 

atudy such extensions cannot be Fig 5-6. Unsealed computer diagram for 
. ^ . -l mx + dx + (A + Bx 2 )x = t (i t ). 

made. Each amplitude corre- 


—X 


M 


M 


Fig. 5-6. Unsealed computer diagram for 
mx dx (A + Bx 2 )x = F(t). 


h ponds, essentially, to a new system and must be examined individually. 
Kor this reason, phase-plane information recorded by an xy recorder (plot- 
l mg table) may often be a useful means of presentation of output data. 

The task of scaling is more difficult in the study of nonlinear equations, 
lor it is much harder to make accurate predictions concerning the nature 
nl the solution. Magnitude scaling is made even harder by the fact 
I lint, the principle of superposition does not hold. In a computer study 
ol linear differential equations, all magnitude scale factors involved in 
I ho computer solution could be uniformly changed simply by changing 
l ho magnitude of the forcing-function input and of the initial conditions. 
Thus it is often possible to rescale a linear problem on the computer 
mi mply by changing one potentiometer setting. This procedure will not 
necessarily result in adequate magnitude scaling, but it is quite useful 
in the preliminary stages of problem investigation, including the deter¬ 
mination of satisfactory scale factors. This procedure will not, of course, 
work in the study of nonlinear equations, since the principle of super- 
push ion does not hold. Magnitude scaling must, therefore, be approached 
with more care in the study of nonlinear equations. 

Chocking a computer solution is also a much more difficult task for 
nonlinear than for linear equations. Not only are numerical check 
points, etc., more difficult to obtain from a nonlinear-differential-equation 
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model, but, because the principle of superposition does not hold, more 
check points or other data are required to cover adequately, in the 
checking procedure, the entire range of interest of the variables. 

The computer study of nonlinear equations requires the use of multi¬ 
pliers and function generators, which also were required for the solution 
of linear ordinary differential equations with nonconstant coefficients. 
These computer components are used not only in a straightforward 
manner but also in less obvious ways when such operations as the genera¬ 
tion of powers of a variable, vector resolution, etc., are required. These 
techniques are discussed in Sec. 5-3. The solution of nonlinear-equation 
models that are discontinuous in nature requires switching components, 
which have not as yet been discussed. This is covered in Sec. 5-4. 

The use of function generators is often required in the solution of 
linear ordinary differential equations with nonconstant coefficients. 
In this case only functions of a single variable, the independent variable, 
are required. In the study of nonlinear differential equations, arbitrary 
functions of one dependent variable are often required and sometimes 
arbitrary functions of two or more dependent variables. Functions of a 
single variable are easily obtained with standard function generators, of 
which the diode straight-line type and the curve-follower types are the 
most common. The use of standard single-variable function generators 
for the solution of nonlinear differential equations involves the same con¬ 
siderations as those discussed in Chap. 4. The generation of arbitrary 
functions of two or more variables is, in general, not so straightforward. 
Many commercially available diode straight-line-type function genera¬ 
tors can be used to obtain functions of two variables if the resulting family 
of curves, with the function plotted versus one of the variables and with 
the second variable as a parameter of the function, can be made sym¬ 
metrical about the origin. A set of single-variable function generators 
can be used in conjunction with switching devices and comparator cir¬ 
cuits to generate functions of two variables that cannot be obtained with 
a single function generator. Special-purpose two-variable function 
generators such as the surface (three-dimensional) follower are discussed 
in Chap. 12. 

Rayleigh’s Equation . As an example of the computer solution of a 
nonlinear-differential-equation model, consider Rayleigh’s equation again 
in the form 

x + a; = 0 (5-26) 

The form of the phase-plane plot, as discussed in Sec. 5-1, is shown in 
Fig. 5-5. It can be seen that the spirals near the origin as well as those 
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far from the origin tend to a single closed trajectory (limit cycle), which 

corresponds to a periodic solution of Eq. (5-26). 

It is desired to study the equation for various values of «, say, 0.1 < 
t < 10. Magnitude scaling is more critical here than in the solution of a 
linear equation. The initial conditions may be chosen arbitrarily. If 
the equation were linear and had a stable solution, the initial conditions 
would determine the maximum amplitudes of the variables, and the 
choice of x m , x m , and x m could be made from consideration of the case 
with no damping. The chosen values would then serve for the entire 
range of interest for the damping coefficient. However, for the solution 
of Eq. (5-26), the maximum amplitudes will be determined only by the 
limit cycle if the initial conditions fall inside of it, and the shape of the 
limit cycle depends upon «. Therefore, maximum amplitudes that 
would suffice for e = 10 could be much too large to determine accurately 

the nature of the solution inside the limit cycle for e = 0.1. 

Inspection of Lienard’s construction for the phase-plane trajectories 
discloses that the maximum amplitude of x is nearly independent of e, 
since all the curves for <#>(x) = t(x — x 3 /3) intersect the x axis at x = 3 W . 
Also, from Eq. (5-24) it can be seen that the sign of dr*/dt changes as 
* passes through the value 3 W , independently of the value of e. The 
maximum amplitude of x, if x(0) = 0, could be taken then as 

x m = 2.5 

From the phase-plane plot of Fig. 5-5, it can be seen that the maximum 
amplitude of x occurs very nearly when x = 0. Therefore, from energy 
considerations, one could assume that 

x m ^ x m ^ ex m (5-27) 


Hince the model is to be studied for a wide range of e, it is advantageous 
to incorporate e into the magnitude scaling by using the relationships 
of (5-27) directly. The normalized equation is 




(5-28) 


and, using ± m 




+ (4) (0.5208) 






0 (5-28a) 
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The resulting computer diagram is given in Fig. 5-7 a. The parameter 
e appears twice, once in the numerator and once as a denominator of an 
integrator coefficient. 



Fig. 5-7. Diagram for Rayleigh’s equation. 



Fig. 5-8. Results of computer study of Rayleigh’s equation. 

The frequency of oscillation of the linear system with e = 0 is 1 radian/ 
sec. Therefore, if servo multipliers and an xy recorder are used, the time 
scale factor should be about n = 1.0; if electronic multipliers and an 
oscilloscope monitor are used, the time scale factor could be n = 0.01. 
Fig. 5-75 shows the partial diagrams resulting from these two choices 
of time scale factor. 
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Figure 5-8 is a recording of a number of phase-plane trajectories 
obtained with the computer setup indicated in Fig. 5-7 for e = 1. 

Example 6-1. Van der PoPs Equation. Consider Van der Pol’s equation 


x — c(l — x 2 )x + x = 0 (5-29) 

Solutions of this equation can be obtained with the general computer setup illus¬ 
trated by the unsealed diagram of Fig. 5-9. The variable x need not appear on the 


computer if it is not of interest; one less 
amplifier would then be needed. Before 
considering scaling it would be well to 
obtain as much information as possible 
concerning the solution. 

Using the technique of linearization 
discussed in the previous section, the 
linearized characteristic equation in the 
vicinity of the singularity, which occurs 
at the origin in the phase plane, is found 
to be 

S 2 - eS + 1 = 0 



Fig. 5-9. Unsealed computer diagram for 
Van der Pol’s equation. 


For positive values of e it is seen that the roots of the linearized characteristic equation 
always have positive real parts; therefore, the singularity at (0,0) is an unstable focus 
if 0 < e <2 and an unstable node if e > 2. The same argument used for Rayleigh’s 
equation to show the existence of a limit cycle can be used for Van der Pol’s equation. 
It is found that for large values of y the trajectories tend to converge toward the 
origin, indicating that at least one limit cycle exists. Bcndixson’s first theorem may 
bo used to obtain an estimate of the location of the limit cycle. 

Letting y = x, Eq. (5-29) can be rewritten as the set of first-order differential 
equations 

§ = y = P(x,y) (5-30a) 


dt 

dy 

dt 


= e(l - x 2 )y - x = Q(x,y) 


Then 


dP 

dx 


+ 


dQ 

dy 


= e(l - x 2 ) 


(5-30 b) 
(5-31) 


Itendixson’s first theorem states that no limit cycle exists in any region within which 
iir/t'Kc ■+■ dQ/dy does not change sign. Therefore a limit cycle of the Van der Pol 
equation cannot exist within the strip in the phase plane bounded by the lines x = 1 
•uni ,r — — 1. A limit cycle may pass through the strip, but none can exist in the 
inlerior, where damping is always positive. It is also worth while to examine dr 2 /dt, 
l In* l ime derivative of the radial distance to the trajectories. From Eqs. (5-30o) and 


dr 2 

~dt 


+ * 2 > 

=■ 2^(1 - x 2 ) 


(5-32) 


I quiil inn (5-32) indicates that the trajectories converge toward the origin for |x| > 1. 
Therefore, a limit cycle must exist somewhere in the neighborhood of the origin but 
mil aide I be sh ip I < j < 1. In scaling the problem for computer solution, the 
• miMimim value of x should be assumed larger than 1; the proper value will depend 
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somewhat on the value of e. The equal-coefficient rule can be used with limited 
success for nonlinear problems. Assuming x m — 3 for = 1, the normalized equation 





4- 2.7 



4- 0.3 




(5-33a) 


would be reasonable. The coefficients are not exactly equal, but scaling a nonlinear 
equation often requires a few compromises. Assuming x m = 5 for e m = 10, the 
normalized equation 




+ 4.5 



4- 0.03 




(5-335) 


could be used. Note that the coefficient of the x term is quite small; this indicates 
that, except for values of \x\ near unity, the damping-force term is predominant. 



The scaled computer diagram for Eq. (5-336) is shown in Fig. 5-10. A servo multi¬ 
plier is used, and details of the servo-cup connections are shown. Note that cup la 
need not be excited by both — x/5 and -M/5, but simply by — x/5 at both ends. The 
output of slider la is then — x|x|/15, so the sign of the slider output depends only upon 
x and not upon x. This is true also for cup 16, for its output is x 2 x/45, which also 
depends in sign only on x. This often makes it possible to save amplifiers. It is 
important to realize that an amplifier must follow each servo-cup output to prevent 
loading errors; furthermore, the amplifier input resistors used from the sliders of cups 
la and 16 should be of the same value, and a resistor of that value should be placed 
from the follow-up-cup slider to ground. 

A time scale of n — 10 was chosen for Fig. 5-10 in order to minimize errors due to 
the slow response of the servo multiplier and xy recorder. 

Phase-plane trajectories for three values of e obtained from the computer setup of 
Fig. 5-10 are shown in Fig. 5-11. The limit cycle for e = 0.1 is almost a circle, and 
many oscillations are exhibited before the limit cycle is reached for the system starting 
at either small or large values of initial conditions. For the larger value of c — 1, 
the trajectories approach the limit cycle quite rapidly. 

Example 6-2. Consider the equation 

x — e(l — x 2 — x a )x -b x « 0 (5-34) 

This equation was suggested to the author by Van der Pol as one that could have a 
very interesting property: if a solution 


x — sin t 


(5-36) 
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is assumed, the damping term becomes zero, resulting in the equation 

£ 4" x =* 0 (5-36) 

The solution of this equation is certainly the one assumed. One might suspect that 


x 



Kio. 5-11. Typical solutions to Van der Pol’s equation, (a) e — 0.1. (6) € = 0.5. 

(c) • - 1.0. 

I Ills is only a trivial solution and that special initial conditions would be needed to 
generate it. 

(Computer solution of Eq. (5-34) is straightforward. If Eq. (5-35) is actually the 
general solution, a phase-plane plot would reveal a limit cycle that is a unit circle. 
Tim maximum values should be chosen somewhat larger than x m = x m =* 1 if 

portions of the phase plane outside the unit circle are to be investigated for other 
limit cycles. The normalized equation could be written 




4 - 0.1 



- 0 (5-37) 
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Fig. 5-12. Scaled diagram for solution of x — c(l — x 2 — x 2 )x -f- x = 0. 


♦ 



Fig. 5-13. Computer solution of £ — «(1 
c = 10. 
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With a time scale factor of unity, the appropriate scaled diagram is that of Fig. 5-12. 
Servo multipliers are indicated, with the servo-cup connections again shown in detail. 
The symbol for an open-loop amplifier is used for the sign changers following cups 
la and 2a in order to emphasize the use of equal loading resistors for all cups on a 
given servo multiplier. The approach taken here was different from that used in 
instrumenting Van der Pol’s equation in that the variable x is not solved for. This 
permits the use of one coefficient potentiometer for e. By using nonstandard values of 
resistors with the first open-loop amplifier, a saving of two amplifiers is obtained. 


x(t) 



Fig. 5-14. Plot of x(t) for c = 0.5 from computer study of x — e(l — x 2 — x 2 )x -f- x =* 0. 


Note that a servo-multiplier cup slider should not be loaded with a coefficient poten¬ 
tiometer but only with an input resistor to an amplifier. 

By using the techniques discussed in Sec. 5-1, the model is found to have an unstable 
dingular point at the origin. Furthermore, 


dr 2 

It 


= 2eX 2 (l - X 2 - X 2 ) 


(5-38) 


Therefore, the trajectories could be expected to diverge from the origin when they are 
inside the unit circle and to converge toward the origin when they are outside the 
unit circle. 

Several phase-plane trajectories obtained from a computer study of Eq. (5-34) are 
shown in Fig. 5-13 for e = 1 and e = 10. The results are quite interesting, for the 
limit cycle is indeed the unit circle, independent of the value of c and of the initial 
conditions. A sample of the time history of x(l ) is shown in Fig. 5-14 for e = 0.5, 
Su ■■ 0.12, and xo — 0. After the transients have died out, the solution is always a 
line sinusoid. Thus, if one could synthesize a system described by Eq. (5-34), a 
nonlinear system would be obtained having a pure sine-wave output of fixed frequency 
iiml amplitude. Very interesting. 


5-3. Products, Quotients, Powers of a Variable, and Vector Resolution, 

The solution of nonlinear differential equations requires the use of some 
techniques not previously discussed in detail. 

The Multiplier . The solution of nonlinear differential equations 
inquires the use of multipliers for straight multiplication, for division, 
und for raising variables to powers. These uses are illustrated in Fig. 
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5-15. Variables can be raised to fractional powers also. Figure 5-16 
shows a diagram that can be used to obtain the square root of a variable. 
The multiplier is used as a squaring device for the feedback element of 



Fig. 5-15. Use of multipliers, (a) Multiplication. (5) Division, (c) Variables 
raised to powers. 


a high-gain (open-loop) operational amplifier. If the amplifier is con¬ 
sidered to have a transfer function of — K ) the output is 

2 = -K(-x + z 2 ) (5-39o) 

or (1 + Kz)z = Kx (5-396) 

If K is a large, real number, 

z 2 = x 

or 2 = ±x* 

Note, however, that such a circuit cannot produce complex or imaginary 
numbers. When multipliers are used in this way care should be taken 
so that their output is meaningful. For the circuit shown, the output 
of the multiplier is always positive, so the input voltage must always be 
negative, restricting x to positive quantities. The output is then 

z = +x^ x > 0 (5-40) 


Cube roots can be obtained by an extension of the same principle; 
multipliers are used in the feedback loop of a high-gain amplifier to cube 



Fig. 5-16. Square root. Fig. 5-17. Cube root. Fig. 5-18. Fractional exponent. 


the output. This is shown in Fig. 5-17. Fractional exponents of 
variables can be handled in the same way. Figure 5-18 shows a diagram 
for the solution of 

z = s* 

Although Figs. 5-15 to 5-18 all show multipliers that obtain a positive 
output for x 2 , some multipliers, specifically servo and some electronic 
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multipliers, are flexible in this regard and can be used for sign inversion 
so as to obtain the negative of x 2 . 

Because the multiplier operates over a given maximum computer- 
variable range—normally the same range as the amplifiers—its scaling 
must be considered. The actual operation of multipliers is to produce 
an output equal to the product of the two inputs divided by the com¬ 
puter reference. That is, 

_ C1C2 

jp 

It is unnecessary for the operator to worry about whether the output will 
exceed the design maximum; two inputs in the proper range will always 



Fig. 5-19. Multiplier scaling, (a) Nor- Fig. 5-20. Division scaling, 

malized variables. (6) Dimensional scale 
factors (E n f — 100 volts). 


produce an output within the necessary limits. He must, however, be 
sure of his scaling method. If normalized variables are used, one may 
ignore multiplier scaling as a problem because the reference is taken as 
unity. Thus, consider the generation of z = xy , where a; is a variable 
with a maximum of 10 and y a variable with a maximum of 20. The 
product has a maximum of 200. The representation of the quantities 
on the computer will be x/10, y/ 20, and xy/ 200. The multiplier symbol 
will appear as in Fig. 5-19a. 

If the method of dimensional scale factors and direct measurement 
of voltages is used, the scaled quantities will appear as 10a;, 5 y, and 0 ,5xy, 
if 100 volts is the computer maximum or reference level. Because the 
voltages themselves are being described, it is necessary to include the 
division by E Te{ , the reference, which may be considered a normalizing 
factor. This is shown in Fig. 5-196. 

If division is involved, it is important that the circuit be designed to 
generate the proper scale factor for the quotient . This will, of course, 
involve both the maximum value of the numerator and the minimum 
value of the denominator. Although multiplication circuits inherently 
generate the proper output scale factor, division circuits may not. Con¬ 
sider generating w — x/y } where x roM is 10, y m i n is 2, and y m is 20; so 
U)m„ is 5. A proper diagram is illustrated in Fig. 5-20. Note that the 
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input for wy /100 must have a gain larger than that for z/10 by a factor of 

io% 0 = 10. 

Generation of Variable Powers. The solution of 

z = x v 

where both x and y are problem variables, can be obtained by the use of 
logarithmic generators. A simple diode function generator can be used 
to obtain the function 

w = log X 

Specially wound potentiometers or multi-tapped potentiometers 
attached to the output shaft of a servo multiplier can also be used to 



Fig. 5-21. Variable exponent. 

obtain the log function. Figure 5-21 shows a diagram for the solution of 

w — x v 

One multiplier and two log generators are required. Note the use of the 
log generator in the feedback loop of the high-gain amplifier to obtain 
the antilogarithm. 

The instrumentation of functions such as log x often requires a bit of 
careful thought with regard to magnitude scaling. Since the computer 
will seldom perform this task, the person preparing the problem must 
consider the permissible minimum as well as the maximum values of the 
variables in question. Use of a logarithmic function is a case in point. 
If the log of x to the base a appears in the mathematical model as 

w = loga x (5-41) 

a restriction is placed upon x that it be always greater than zero, for w 
approaches minus infinity as x approaches zero. One is concerned, then, 
not only with x m in magnitude scaling, but with the minimum value of x 
also. If it is known that 

0.5 < x < 3.5 

then the range of w can be found from Eq. (5-41) to be 

-0.32 < w < 0.5 if a = 10 

-0.67 < w < 1.25 if a = e 

-1.0 <w< 1.85 if a = 2 
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Suppose that it is the log to the base 2 that is of interest. Clearly, the 
output of the logarithmic-function generator should be labeled w/l.So 
or perhaps for simplicity w/2. But the input to the log generator will 
be magnitude-scaled also and will appear as x/3.5. The question now is: 
Does the log generator obtain the logarithm of x or of x/3.5? The 
variable x is not actually available on the computer, but only its mag¬ 
nitude-scaled representation in the form of a fraction of the computer 
reference. If one normalizes Eq. (5-41), the result is 


w 


(-) 

\W m / 


log, 


(=)] 


l0g o X m + log 


*(-) 

\Xm/ 


and, finally, 


w 


w 


If 

then 


w 


logq X m l0gq (X/X m ) 
W m W m 

logq X m 


(5-41a) 


w 


1 + 


l0ga {X/Xm) 


W 


(5-41 b) 


Since the output of the log function generator is to be w/w m and since the 
input is x/x m , the function to be generated is not simply log a x but that 
given by Eq. (5-41a). For the example above, the desired function is 


(i) 


0.925 + 0.5 log 2 


(3.5) 


(5-42) 


If, for example, a diode function generator were to be used to generate 
log 2 x } it would be the curve for w/2 as a function of x/3.5 from Eq. (5-42) 
that would be approximated by the straight-line segments of the generator. 

As another example of the difficulty that can arise in magnitude- 
Noaling such functions, consider again the equation 


w 


X* 


(5-43) 


II the diagram of Fig. 5-21 is used to obtain w, certain restrictions must 
be observed before considering magnitude scaling. Since log x and log w 
nro used, x and w both must always be positive. Restricting x to values 
greater than zero automatically takes care of that restriction on w. 
I n order to magnitude-scale the problem, the value of w m must be esti¬ 
mated. Now this could be any one of the four quantities 


(z 


max. 


1/max 


(x 


min 


^ 1/min 




min 


^ 2/max 


or (x mal ) ymin 


In order to scale the output log w of the second log generator, the 
minimum as well as the maximum values of w must be known or esti- 
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mated. This could be either 


Wmin = (^m»x) Vmin 

Or W m iu = (^mi n ) ymax 

The question also arises: Should one normalize Eq. (5-43) for magnitude¬ 
scaling purposes? The normalized equation is 

(5-43o) 

\WmJ W m LVm/ J 

This is not particularly easy to implement on the computer. In this 
case it would be much easier to scale the computer diagram directly. 
Suppose that 



•Emax 

= 2.5 

♦Train “ 

= 0.5 


2/max “ 

= 3 

2/min “ 

= -2 

Then 

Wmax = 

= 15.6 

t^min - 

= 0.125 


Note that here y m is 3 but that, if y min had been —4, y m would be 4. If 
one has a choice of the logarithm base to be used, as one has if a general- 
purpose function generator is used, choice of the natural logarithm would 



Fig. 5-22. Magnitude scaling of w = x v . 


simplify calculations. The resulting scaled diagram is shown in Fig. 5-22. 
Since 

In = In a; — In 2.5 

the correct output of the first log generator is obtained by instrumenting 

(t) “ ( 2 - 5 ) + 

The output of the second log generator is obtained by instrumenting 

0t) - i >“ (in) + 

on the second function generator. 

The logarithm of a function can be generated by implicit techniques 
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as well as by the use of function generators. Consider 

y = In x 

Taking the time derivative of both sides, 


(5-44) 


dy 

dt 


1 dx 
x dt 


(5-45) 


Equation (5-45) can be instrumented on the computer as shown in Fig. 


\nxo 


y 

•X J 


Hn* 




M 


x>0 - 1 

Fig. 5-23. Implicit generation of y = In x, 


5-23. The quantities x and x must both be available, and, of course, x 
must be greater than zero, as noted on the diagram. 

The function 


In x v 


(5-46) 


required in Fig. 5-22 could be handled in the same way. Taking the 
derivative of both sides of Eq. (5-46), 


dz 

dt 


d JL\ nx + y^ 

dt ^ X dt 

z dy , y dx 
y dt x dt 


(5-47) 


If this is instrumented in the manner used in Fig. 5-23, four multipliers 
and four amplifiers are required. The variables x and y must also be 
available, and considerably more effort is required for proper magnitude 
scaling. 

The solution of nonlinear differential equations often involves the 
decision whether a function should be generated by implicit-solution 
techniques or by the use of a function generator. Consider 




(5-48) 


I! implicit techniques are used, the natural logarithm of both sides of 
Eq. (5-48) can be taken to yield 

In y - - 


'A In t 
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Taking the derivative of both sides yields 



Equation (5-49) cannot be instrumented directly on the computer, since a 



divisor cannot be allowed to go to 
zero and since t is zero at the start 
of computation. However, the 
function 

y = {t + a)-* (5-50) 

could be treated successfully by im¬ 
plicit techniques. The equation 


Fig. 5-24. Implicit solution of y = 
0 t -f a)~y>. 



y 

2 (t + a) 


(5-51) 


could be implemented as shown in Fig. 5-24. The alternative would be to 
instrument the curve for y on a function generator. 

Vector Resolution. A form of nonlinear term frequently encountered 
in problems involves trigonometric functions such as sine or cosine. A 
sine term arose, for example, in considering such an apparently simple 
system as the pendulum. Trigonometric terms also appear when physical 
systems involving more than one set of axes are described. Airplane and 
missile problems are of this nature. The equations of motion of the 
vehicle are most often written in a coordinate system that may move and 
rotate with respect to earth or with respect to other space coordinates 
often considered fixed for practical purposes. In this case the force 
of gravity, for instance, must be expressed in terms of components 
(resolved) along the selected movable axes. It may also be required to 
translate the motions of the craft into “ earth” axes; then a coordinate 
rotation is required. Consideration of electric-power transfer between 
synchronous machines also involves a sine term. 

Such needs are so frequent in the computing field that special units 
known as resolvers are included in most computer systems to perform 
trigonometric operations. Generally they can be used to produce, from 
R and 6 inputs, the outputs R sin 6 and R cos 6 ; or, alternatively, they will 
give, from x and y inputs, outputs of R — ( x 2 + y 2 )^ and 0 = tan"” 1 y/x. 

The resolver is usually a specially wound potentiometer unit driven 
by an electromechanical servo, and can be shown symbolically as in 
Fig. 5-25; the diagram shows a resolver being used to transform the 
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polar coordinates R and 6 to rectangular coordinates: 

x = R cos 0 (5-52 a) 

y = R sin 0 (5-52 b) 

The servo drive unit accepts the input 0 and positions the shaft of the 
resolver potentiometer or cup proportional to 0 by nulling the input with 
the voltage from the feedback cup. The 
mechanical connections from the servo 6 ' 0 

to the feedback and resolver cups are / r-o+ 

shown as dashed lines in Fig. 5-25. -^-*4 

The transformation from rectangular +Ro—p/ 

to polar coordinates requires the use of C—J- R sin 9= y 

two identical sine-cosine potentiometers vJ Rcos9= x 

driven by the same servo. The rela- „ 

/r f-o \ i /- \ i i,. r ig. 5-25. bine-cosine resolver. 

tions (5-52 a) and (5-52 b) can be multi¬ 
plied by —sin 0 and cos 0, respectively, and added to obtain 

—x sin 0 + y cos 0 = 0 (5-53) 

This relation can be used as the error equation to drive the servo. 
That is to say, the two inputs to the servo are —x sin 0 and y cos 0; the 
feedback necessary to null the error is through the shaft positioning of 
the sine-cosine cup. The servo will then turn the output shaft so as to 

\ -x sin 6 ^ 

I s' y cos 0 ^ 


- R sin G=y 

- R cos 0=x 

-Ro—r 

Fig. 5-25. Sine-cosine resolver. 


+x 




x cos 9 


+y 




-R 


y sin 9 


-y 


Fig. 5-26. Transformation—rectangular to polar 


f ntisfy Eq. (5-53), thereby generating the variable 9 as a shaft position. 
If (5-52a) and (5-52 b) are multiplied by cos 6 and sin 6 , respectively, and 
thon added, the result is 

x cos d + y sin 6 = R (5-54) 

'Two sine-cosine cups driven from the 6 servo shaft are required to 
hintrument Eq. (5-53); the second output of each can be used to solve 
K<|. (5-54) for R at the same time. The required computer diagram is 
nhown in Fig. 5-20. 
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(a) 


(b) 


Fig. 5-27. Symbols used for diodes. 
Direction of forward current is from P to 
K. (a) Hot type. (6) Cold type. 


To inject a practical note, the loading of sine-cosine cups requires more 
care than that of linear servo cups, to prevent large loading errors. Best 
results are obtained if the loading resistance from cup arm to ground is 
very large, infinite if possible. A special positive-feedback circuit for 
such uses, which utilizes operational amplifiers and has an input imped¬ 
ance of nearly infinity, is shown in Appendix VI. 

5-4. Switching Devices. Problems that are discontinuous in nature 
are often solved on the analog computer; they arise either from the study 

® p K of a physical system that is itself 

K -H- discontinuous or from an attempt 

to simplify a mathematical model 

(V by techniques such as approxi- 

Fig. 5-27. Symbols used for diodes, mating a nonlinear differential 
Direction of forward current is from P to equation b a set of linear equa _ 

A. (a) Hot type. (6) Cold type. ,. tit 

tions, each of which is applicable 
over a stated interval of one or more of the problem variables. Such a 
mathematical model is called a piecewise linear approximation . 

The computer study of discontinuous models requires the use of switch- 
type devices that have not yet been discussed. Switching devices used 
in analog-computer work can be vacuum tubes, solid-state devices such 
as diodes or transistors, relays, motor-driven or solenoid-operated 
stepping switches, and mechanical switches that can be activated manu¬ 
ally. The relay is often preferred with the computer, although the 
diode has many applications. Diodes are not often used purely as 
switching devices with analog computers, but many relay switching cir¬ 
cuits use diodes as auxiliary components. 

Diodes . There are three types of diode used in analog-computer work. 
These are the germanium diode, a solid-state device often referred to as a 
cold diode; the vacuum-tube diode, referred to as a thermionic or hot 
diode; and the silicon-junction diode, also a solid-state device, which is 
classified as a cold diode and is often termed a Zener diode. The svmbols 


used to depict a diode are shown in Fig. 5-27. The symbol for the 
vacuum-tube diode, or hot type, shows the accepted symbols for the 
plate and cathode electrodes, labeled P and K , respectively. The direc¬ 
tion of easy current flow is from P to K , termed the forward direction. 
The symbol for a cold-type diode includes an arrowhead pointed in the 
direction of easy current flow. In this text, the arrowhead symbol is used 
for diodes in all diagrams unless only the hot type can be used. 

The static conduction characteristics of the three types of diodes are 
shown in Fig. 5-28. Figure 5-28a shows the circuit used to obtain the 
voltage-current characteristic curves. Figure 5-286 shows the voltage- 
current characteristics of a vacuum-tube diode. Over the voltage range 
of 0 to A the curve is quite steep, indicating a relatively low forward 


The symbols 


NONLINEAR DIFFERENTIAL EQUATIONS 


195 


resistance. In the reverse direction, from 0 to B , the slope is quite small, 
indicating very high back (inverse) resistance. This device, then, acts 
like a very small resistance to current flow in the forward direction but 
like a rather high resistance in the reverse direction. Note that the 
diode conducts a small amount of current even with 0 volts across it. 
Figure 5-28c shows the voltage-current characteristic curve for a ger¬ 
manium diode. This curve is quite similar to Fig. 5-286 except that the 


i 



(c) (d) 

Fig. 5-28. Static conduction characteristics of the three types of diodes, (a) Circuit 
lined to obtain the voltage-current characteristic curves. (6) Vacuum-tube diode 
(hot or thermionic type), (c) Germanium diode (cold type), (d) Silicon-junction, 
nr Zener, diode (cold type). 

diode does not conduct at zero voltage across it. The slope in the positive 
legion is less than for a vacuum-tube diode and is usually much higher 
in the reverse direction. If the ideal diode were defined as one that 
exhibited no resistance to current flow in the forward direction and 
In Unite resistance to current flow in the reverse direction, then a vacuum- 
in !>o diode could be considered “more ideal” than a solid-state diode. 
Figure 5-28d shows the voltage-current characteristic curve for a silicon- 
junction, or Zener, diode. This diode has the unusual property that, 
nil hough it has low resistance in the forward direction and high resistance 
in I ho reverse direction from 0 to B, the curve breaks sharply at point B , 
Mini, in the region from B to C y the diode again conducts current and 
exhibits very little resistance. Thus, within a few tenths of a volt in 
Ihn neighborhood of 7i, the back resistance may fall abruptly from several 
megohms to a few ohms. The extreme steepness of the segment BC 
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suggests breakdown of the diode and is so termed; but this high-conduc¬ 
tion interval is nondestructive, provided the maximum allowable power 
dissipation of the diode is not exceeded. Point B is termed the Zener 
voltage. Silicon-junction diodes can be processed to place the Zener 
point at any desired voltage level between 2 and 300 volts. This Zener 
point can be held as closely as ± 1 per cent in commercial Zener diodes. 

Although diodes are used extensively as switching devices in the design 
of digital computers, they are rarely used strictly as switches in the 
analog computer. They are, however, often used in conjunction with 
operational amplifiers and relays to provide switching circuits. The 



(a) ~ E (b) 


Fig. 5-29. Comparator circuit using diodes and operational amplifier, (a) Schematic. 
(6) Output. 

nonlinear, almost on-off characteristics of diodes make them useful in 
the design of circuits used to simulate such nonlinear phenomena as 
limiting and backlash. These uses are discussed in detail in the next 
section. 

Diodes are also useful in the design of comparator and selection cir¬ 
cuits. Figure 5-29 shows a comparator circuit utilizing two diodes and 
an operational amplifier. Two potentiometers are used to obtain bias 
for the diodes, with the sliders set at ratios of ki and k 2 of the voltages 
applied to the noncommon taps of the potentiometers. The output 
of the circuit is shown in Fig. 5-295. The output is positive and of mag¬ 
nitude k 2 E when x is less than V and negative of magnitude kiE when x 
is greater than V. V, as well as x , may be a problem variable. The 
forward resistance of the diodes and the resistance of the bias poten¬ 
tiometers must be negligible compared with the summing resistors R. 
If it is not necessary to have continuous control over the ratios k\ and 
k 2 in the circuit of Fig. 5-29, Zener diodes with the proper breakdown 
voltage can be used, in which case the bias potentiometers can be dis¬ 
pensed with. 

Figure 5-30a shows a circuit that can be used to obtain the maximum of 
a set of input voltages and Fig. 5-305 a circuit for the minimum. The 
source and diode forward resistances must be negligible compared with 
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R i and R 2 . The voltage E can be either positive or negative in the two 
circuits. For example, if is equal to R 2 and if E is chosen as twice the 
minus reference voltage for the computer, the circuit of Fig. 5-30 a will 
obtain simply the maximum of the set of input voltages. It is interesting 
to note that, in this case where E is negative, the circuit of Fig. 5-30a is 
the familiar OR gate circuit that is one of the primary building blocks of 
the digital computer. Likewise, the circuit of Fig. 5-305, with E positive, 
is the familiar AND gate circuit used in digital computers. 

Relays. Although diodes can be used as switching devices, relays are 
usually preferred in analog-computer use. The relays used for this 



(a) (b) 

l'iu. 5-30. Selection circuits. The source and diode forward resistances must be 
negligible compared with R x and R 2 , and E b = [R 2 /(Ri -f R 2 )]E. 

purpose are either sensitive-plate relays or differential relays of the 
double-throw type having one or more poles. The plate-type relays 
run usually be driven directly by the output of an operational amplifier. 
Since a plate-type relay will close at a specified value of coil current 
regardless of the direction of current flow, diodes are usually used as 
feedback elements around the relay-driving amplifier, in order to limit 
!he amplifier output to only one polarity. A second diode or a small 
neon tube is often required to limit the output voltage of the driving 
amplifier. Consider the function 



if x — y < 0 
if x — y > 0 


\ relay can be used to produce this function, as shown in Fig. 5-31a. The 
symbol used for the diode means that, for an ideal diode, current can 
IImnn iu the direction of the arrowhead without hindrance but not at all 
in Min reverse direction. Therefore, the amplifier would have no feed- 
Inick if the amplifier output is negative and would overload in the nega¬ 
tive direction. This voltage is applied to the relay coil, so that the 
n lny is energized if the amplifier input x — y is positive. If x — y is 
itegid ivo, the amplifier output tries to go positive, but, if the output is 
punitive, the diode acts as a zero impedance element for current flow 
limn output to summing junction. The result is that the amplifier 
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output is clamped at zero when x — y is negative, and the relay remains 
unenergized. The symbol used for the relay contacts in Fig. 5-3la is 
standard, the relay arm shown schematically touching the normally 

closed contact. 

Many operational amplifiers should not be deliberately overloaded, 
for the stabilizing circuit may take several seconds to recover from an 
overload. In any case, deliberately driving an amplifier to overload, 
as in Fig. 5-3 la, will prevent use of the automatic overload stop or alarm 



Fig. 5-31. Use of relay circuit for switching, (a) Basic diagram using relay for piece- 
wise linear model, (b) Addition of second diode to prevent overload of amplifier, 
(c) Use of neon-gas tube to prevent overload of amplifier. 

systems. A second diode can be used, as shown in Fig. 5-315, to limit 
the amplifier output to — e x volts. This second diode acts in the same 
way as the first. In this case, current will flow from summing point to 
output through the second diode when the amplifier output becomes more 
negative than — ei, the voltage set at the slider of the potentiometer 
when the amplifier output is zero. It can be seen that the circuit of 
Fig. 5-315 is simply a variation of the comparator circuit shown in Fig. 
5-30a with the output of the operating amplifier driving a plate-type 
relay. The output of the amplifier can be very conveniently limited 
to about 70 volts by the use of a small neon bulb as a feedback element, 
as shown in Fig. 5-31c. A Zener diode with a breakdown potential of 
— ei volts could be placed from the output to the summing point of the 
amplifier in Fig. 5-315 without the use of the bias potentiometer. In 
this respect, the Zener diode acts like a neon discharge tube. 

Differential relays are used quite often for switching and are, in general, 
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better than plate relays driven by operational amplifiers. The differen¬ 
tial relay as used with analog computers is a self-contained device, which 
may be thought of as a logical unit that performs a switching operation 
whenever the sum of the two input voltages changes sign. Figure 5-32 
shows the symbol used here for a differential relay. The unit has two 
high-impedance inputs (the two grids of a differential amplifier), and the 
relay arm is closed to the plus contact if the sum of the input voltages is 
positive and to the minus contact if the sum is negative. The arm may 
have an intermediate position for zero input, but usually closes the plus 
contact instead. Differential relays are quite fast, with switching times 




-c *-y<0 
-x x-y> 0 


Fig. 5-33. Differential-relay switching circuit. 


of the order of 1 msec or better. They are more expensive than plate- 
type relays but are needed when fast switching is required. The dif¬ 
ferential-relay circuit for the generation of 

f c x — y < 0 
w = { 

\ x x — y > 0 

in shown in Fig. 5-33. Note that the polarity of x, y, and w had to be 
reversed from that shown in Fig. 5-3la, because it is assumed that the 
relay arm closes to the plus contact for zero input. 

5-6. Discontinuous Systems. Most physical systems are discontinu¬ 
ous in nature. Mechanical systems have “ stops, ” which constrain dis¬ 
placement within certain limits, and also have natural limitations upon 
speed and acceleration. Electronic systems always have voltage and 
current “limits” as well as less obvious constraints imposed by physical 
structure and energy considerations. Other discontinuous phenomena 
lire deliberately introduced into the study of some systems in order to 
simplify the model used for the study or to fit experimental data better 
to the model. This section includes a discussion of the computer treat¬ 
ment of mechanical stops, backlash, limiting, coulomb friction, and 
dtmd-Hpaco phenomena. 
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For analog-computer studies, the pertinent constraints of a physical 
system can usually be handled best by consideration of constraining 
forces. It is true that often the computer representation of a variable 
that is limited to certain values in the system under study can be forced 
to remain within prescribed limits by a simple diode limiting circuit and 
still retain the required accuracy of representation. Use of simple 
one-amplifier limiter circuits is always a temptation, but one should 



Fig. 5-34. Particle con- 


examine the requirements carefully before for¬ 
saking the general method of representation of 
constraints by forces. 

Elastic Mechanical Stop . 10-12 Consider the 
moving particle constrained at x = X\ by a 
barrier in Fig. 5-34. If the impact between 


strained by a barrier. particle and barrier is elastic, energy is not 


lost, and the force exerted upon the particle 
by the barrier will be proportional to the amount of penetration of 

the barrier. Thus, the constraining force due to an elastic stop can be 
expressed in the form 


k(x — xi) 


if x < x\ 
if x > X\ 


(5-55) 


where k is dependent upon the materials involved. If the particle is 


R 


R 


(a) 




R 


JO\fx< Xl 

~ \-k(x-Xi) if 


X>X\ 


(b) 


Fig. 5-35. Diode circuits for generating restraining force associated with elastic stop 

(k = Ro/R). (a) Single-diode circuit. (6) Two-diode circuit. Lower diode pre¬ 
vents amplifier overload. 


under the influence of n forces for x < Xi, the acceleration could be 
expressed as 

* = “ (fc + fi + U + * • * +fn) (5-56) 

for all values of x. 

Tvo diode circuits that can be used to generate the constraining force 
of an elastic stop are shown in Fig. 5-35. The circuit of Fig. 5-35a may 
allow f e to be slightly positive when it should be zero. The circuit of 
I ig. 5-355 allows the amplifier output to go positive to a value determined 
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by the potentiometer setting. This cuts off the second diode at the 
amplifier output terminal and prevents f e from ever being positive. 

As an example of the use of the constraining force / c , consider the 
system shown in Fig. 5-36, consisting of a mass-spring-damper system 


with a mechanical stop at a; = The 
equation of motion is 

Mx + Bx + Kx = f(t) + f c (5-57) 

where, if the stop is elastic, 

f, - ( 0 ^ 11 (5-58) 

J — k(x — x i) if x > Xi 



Fig. 5-36. Mass-spring-damper sys- 
tem with a mechanical stop. 


The unsealed diagram for solution of the problem is shown in Fig. 5-37. 
The diode circuit of Fig. 5-355 is used to generate f c . Note that the 
position of the elastic stop, £i, is represented on the computer as a voltage 
and, therefore, can be a problem variable; hence, the position of the stop 
need not be fixed. If the mass were limited between two stops, the 
second stop could be taken into account by adding to Fig. 5-37 a second 
diode circuit like the first but with reversed diodes. 



I ’m. 5-37. Computer diagram for system of Fig. 5-36, showing method of huiuHing Mm 
constraining force generated by an elastic stop. 

Inelastic Mechanical Stop . An inelastic stop absorbs energy and can 
be treated by assuming that the constraining force is proportional to 
llie rate of penetration of the barrier. Thus, for Fig. 5-34, 


I 0 x < Xi 

\ —k(x — ii) x > Xi 


( 5 - 50 ) 


A diode circuit like those shown in Fig. 5-35 can be used to obtain an 
Indication when the stop is impinged upon, but its output k(x — Xi) 
could be used directly only if it is differentiated. The use of a differ¬ 
entiator can bo avoided in the general ease by the use of a relay switching 
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For analog-computer studies, the pertinent constraints of a physical 
system can usually be handled best by consideration of constraining 
forces. It is true that often the computer representation of a variable 
that is limited to certain values in the system under study can be forced 
to remain within prescribed limits by a simple diode limiting circuit and 
still retain the required accuracy of representation. Use of simple 
one-amplifier limiter circuits is always a temptation, but one should 

examine the requirements carefully before for- 

•— -saking the general method of representation of 

‘- 1 y/A constraints by forces. 

Elastic Mechanical Stop . 10-12 Consider the 
moving particle constrained at x = X\ by a 

Fig. 5-34. Particle con- barrier in Fi S' 5 ' 34 - If the im P act between 
strained by a barrier. particle and barrier is elastic, energy is not 

lost, and the force exerted upon the particle 

by the barrier will be proportional to the amount of penetration of 

the barrier. Thus, the constraining force due to an elastic stop can be 

expressed in the form 


® 


Fig. 5-34. Particle con¬ 
strained by a barrier. 


k(x — Xi) 


if x < Xi 
if x > Xi 


(5-55) 


where k is dependent upon the materials involved. If the particle is 



(a) 


-x, 


^ — 

R 


f 0 if x<x 
~\-k(x-Xi 


=*1 

if 


(b) 


Fig. 5-35. Diode circuits for generating restraining force associated with elastic stop 
(k — R 0 /R). (a) Single-diode circuit, (b) Two-diode circuit. Lower diode pre¬ 

vents amplifier overload. 


under the influence of n forces for x < x\, the acceleration could be 
expressed as 

% = ~ (fc + /i + fl + * * * +/n) (5-56) 

Jft 

for all values of x. 

Two diode circuits that can be used to generate the constraining force 
of an elastic stop are shown in Fig. 5-35. The circuit of Fig. 5-35a may 
allow f c to be slightly positive when it should be zero. The circuit of 
Fig. 5-35 b allows the amplifier output to go positive to a value determined 
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by the potentiometer setting. This cuts off the second diode at the 


amplifier output terminal and prevents f c from ever being positive. 

As an example of the use of the constraining force f c , consider the 
system shown in Fig. 5-36, consisting of a mass-spring-damper system 


with a mechanical stop at a; = x\. The 
equation of motion is 

Mx + Bx + Kx = f(t) + f c (5-57) 

where, if the stop is elastic, 



0 

— k(x — Xi) 


if x < Xi 
if x > Xi 


(5-58) 



Fig. 5-36. Mass-spring-damper sys¬ 
tem with a mechanical stop. 


The unsealed diagram for solution of the problem is shown in Fig. 5-37. 
The diode circuit of Fig. 5-356 is used to generate f c . Note that the 
position of the elastic stop, Xi, is represented on the computer as a voltage 
and, therefore, can be a problem variable; hence, the position of the stop 
need not be fixed. If the mass were limited between two stops, the 
second stop could be taken into account by adding to Fig. 5-37 a second 
diode circuit like the first but with reversed diodes. 



Fig. 5-37. Computer diagram for system of Fig. 5-36, showing method of handling the 
constraining force generated by an elastic stop. 

inelastic Mechanical Stop. An inelastic stop absorbs energy and can 
bo treated by assuming that the constraining force is proportional to 
the rate of penetration of the barrier. Thus, for Fig. 5-34, 



x < Xi 

X > Xi 


(5-59) 


A diode circuit like those shown in Fig. 5-35 can be used to obtain an 
indication when the stop is impinged upon, but its output k(x — Xi) 
could bo used directly only if it is differentiated. The use of a differ¬ 
entiator can bo a voided in the general caso by the use of a relay switching 
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circuit, as shown in Fig. 5-38, for the system of Fig. 5-36 with an inelastic 
stop. Use of a plate-type relay is indicated, and the driving circuit used 
is that shown in Fig. 5-316. Diode D 1 prevents the relay from being 
energized as long as x < X\. When x becomes larger than x h the output 
of the amplifier tries to go negative and is held by diode D2 at the voltage 
set at the potentiometer slider when the amplifier output is zero. Thus 



Fig. 5-38. Computer diagram for system of Fig. 5-36, showing method of handling the 
constraining force generated by an inelastic stop using a relay. 



Fig. 5-39. Alternative method of treating an inelastic stop if x is not needed. Con¬ 
nections shown in dashed lines provide for semi-elastic stop. 


the relay is energized whenever the barrier is penetrated. The con¬ 
straining force is generated by applying the quantity k{x — x i) to a 
normally open contact of the relay. In many cases, the stop is immovable 
and the ±i term will not appear. If the stop is semi-elastic, the two cir¬ 
cuits of Figs. 5-37 and 5-38 can be combined into a single computer setup. 

In the special case where the variable x need not appear on the com¬ 
puter, the use of relay switching or differentiation in representation of an 
inelastic stop can be avoided. Assume that the equation of motion is 

(5-60) 


M* + B± + Kx-m+f< 
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where f c is given by Eq. (5-59). Taking the Laplace transform of 
Eq. (5-60) and solving for s X(s) results in 


sX(s) 


Ms 


BsX - KX + F(s) + Jo(«)] 


M 


(X-Xx) (5-61) 


where / 0 ($) denotes the initial-condition terms and where F(s) = <£[/(/)]. 
This results in the computer diagram of Fig. 5-39. The constraining 
force f e does not actually appear; the quantity k{x — xi) is used instead 
and enters the forward loop after the other acceleration terms have been 
integrated once. The quantity x appearing at the output of the first 
summer is the true acceleration only if x < x lt The diode circuit shown 


summer is the true acceleration only if x < x\. 
is that of Fig. 5-35a, in simplified 


symbolism. 

For the special case where x is 
not needed on the computer (for 
example, when no damping exists), 
and where the stop is fixed, an 
elastic stop may be treated by a 
simple diode limiter circuit, as 


m 


-x if x<-iXi 


V ^ 'X 


limiter circuit, as 


i -r,. K Fig. 5-40. Simple representation of a fixed 

shown in Fig. 5-40. The voltage inelastic stop for case when x not needed. 

corresponding to the stop position 

is set as a bias voltage at the potentiometer slider when the amplifier 
output is zero. 

(ieneral Constraints. In the general case, the constraints are neither 
imposed solely in one coordinate nor linear. In the case of an oblique 
impact on a constraining medium, the components of the impact force 
m the various coordinate directions must be obtained and utilized. Con¬ 
sider the general constraint 

<l>(Xl,X2y . . . ,x n ) = 0 

imposed on the generalized coordinates Xi, X 2 } . . . , x n of a dynamic 
system. The resulting constraint-force components can be expressed as 


X(# 


d<j> 

dxi 


m 


d(j> 

dXo 


x(0 


d<f> 

dx n 


The constraint-force component A (t) d<fi/dxi of each constraint must be 
Included as a force term in the equation of motion involving x it For a 
more detailed treatment of this, see Sec. 10-3 under the discussion of 
mathematical programming problems. 

Problems associated with the collision and deformation of bodies 
I rented us discussed above can lead to some very interesting computer 
studios. Most such problems are highly nonlinear and can be studied 
with a realistic model only on a computer. 
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Limiting. This is a phenomenon closely related to that produced by 
mechanical stops except that in general constraining forces need not be 
taken into account. The output of an amplifier, for example, is limited 
to values determined by the supply voltages. There are a number of 
ways in which diodes and relays can be used to enforce a condition such 

as x < X\. 

A diode shunt limiter is shown in Fig. 5-4la. One of the diodes is 
biased with a negative voltage F 1 , and the other is biased with a positive 


0.75M 




4Vj>- J 


(a) 


(b) 


Fig. 5-41. Diode limiter circuit (shunt) 




Fig. 5-42. Diode limiter circuit (feedback), (a) Using external computing elements. 

( b ) Using standard inputs. 

voltage F 2 . The voltage e must fall below the reference level V x before 
diode Di will conduct. If the diode is ideal, there will be no current 
flow through the diode until this point is reached. Therefore, the 
voltage e at the diode junction will not be affected by the diode D i until 
it drops to a value more negative than V x . Analogously, the diode D* 
is biased with the positive voltage F 2 and will not conduct until the 
voltage e rises above that potential. The resulting input-output rela¬ 
tionship is shown in Fig. 5-415. The result is a saturation curve of 
limited output where x is limited in the positive direction at 1V 1 and in 
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the negative direction at 4F 2 . These bias voltages can be either con¬ 
stants or other problem variables derived from operational amplifiers. 
The dotted lines in Fig. 5-416 indicate the function actually obtained 
because available diodes do not possess the ideal characteristics assumed. 
In this circuit, as well as in most diode circuits, the resistance of the bias 
potentiometers and the forward resistance of the diodes must be small 
compared with the other resistors used. 



Fig. 5-43. Idealized diode circuit. 



Fig. 5-44. Idealized diode limiter circuit. 


Limiting can also be obtained by the use of diodes as feedback elements 
with an operational amplifier. One such circuit is shown in Fig. 5-42. 
In this circuit it can be seen that the grid voltage e of the amplifier is 
not affected by diode D i until the output x of the amplifier becomes 
more negative than — Fi/(1 — Fi) (Fi is the per unit voltage at the 
potentiometer slider). When x = — Fi/(1 — Fi), the cathode of diode 
I ), is just at zero potential. If x is more negative than — Fi/(1 — V x ) the 
diode D\ will conduct and prevent the output from becoming more nega¬ 
tive. The action of diode Z) 2 may be analyzed in the same manner. 
This circuit in general gives better results than the series limiter of 
Fig. 5-41. Serious errors, however, can be made in the use of limiter 
circuits if insufficient thought is given to exactly what is being limited. 
An integrator as well as a summer may be limited by diodes in the feed- 
buck path. However, caution should be exercised in using this circuit 
to limit the output of an integrator. If, for example, the output of the 
Integrator represents the distance traveled by a mechanical member, 
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the input must represent the velocity. If the member strikes a limit stop, 
it will be restrained from taking on larger values of displacement, but— 
equally important—its velocity must go to zero. If there is doubt, the 
concept of a constraint should be used. In general diodes in amplifier 
feedback paths produce sharper results than input shunt limiting. 

It is possible to combine three operational amplifiers and four diodes 
in such a way as to obtain the same result that would be obtained if 



(a) (b) 

Fig. 5-45. Differential-relay limiter circuit. 


perfect or idealized diodes were used in the limiter. The so-called 
idealized diode circuit uses two diodes per operational amplifier, as shown 
in Fig. 5-43a. With the bias voltage V equal to zero, a negative voltage 
on the input line y results in a positive output of the amplifier itself, in 
which case the diode D i will conduct and force the output of the amplifier 
back to zero. Even if the output of the amplifier is slightly positive, 


f(x) 



Fig. 5-46. Dead space. 

value of the bias voltage V. 


the diode D 2 will not conduct, and the 
voltage at x will be equal to zero. If y 
is a positive voltage, the output of the 
amplifier will be negative, diode D x will 
not conduct, but diode D 2 will conduct, 
resulting in x = —y. If, in addition to 
the input y, a bias voltage V is introduced, 
a family of curves results, as shown in Fig. 
5-436. There it is seen that the break 
point of the curves is determined by the 
In any case, x is limited to negative values. 


The bias voltage may again be one of the problem variables. 


Two such idealized diode circuits can be combined to form a limiting 
circuit, as shown in Fig. 5-44. This circuit requires the use of three 
amplifiers. It does have the advantages of very sharp limiting and of 
eliminating the effect of the diode contact potential. It should be 
pointed out that the use of idealized circuitry does not always require 
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more equipment than simpler diode circuits. This is illustrated later 
with an absolute-value circuit. 

Relays may be utilized to perform the same type of limiting performed 
by the diode circuits described. A circuit so using differential relays is 
shown in Fig. 5-45. The input variable —a; is compared in each of the 
two differential relays with a bias voltage, in one case the plus limit V\ 


+ 



Fig. 5-47. Simple diode dead-space circuit*. 



I hi. 5-48. Idealized diode circuit for dead Fig. 5-49. Relay circuit for dead space. 
H|MOO. 


niid in the other case the minus limit V 2 , as required in the diode cir¬ 
cuitry. The contacts of the two relays are connected in such a way that 
i ho output voltage f(x) is equal to x only when the two limits V\ and V 2 
urn not violated. Such relays are quite fast, having switching times of 
I ho order of I msec. The actual limiting is almost ideal. 

I had Space. Another commonly encountered nonlinearity in physical 
*y stems is that of dead space. This may be described mathematically as 

( 0 —a < x < b 

x — b x > b 

x + a x < — a 
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The resulting function f(x) is shown in Fig. 5-46. Two simple diode 
circuits for the instrumentation of dead space are shown in Fig. 5-47. 
The action of the circuits can be analyzed in the same manner as the 
previous diode circuits. Idealized diode circuitry, such as shown in 

Fig. 5-48, can again be used to give more exact results. 

A relay circuit for the instrumentation of dead space is shown in 
Fig. 5-49. Again the input variable y is compared against the two bias 



Fig. 5-50. Pseudo backlash. Fig. 5-51. Diode pseudo-backlash circuit. 



Fig. 5-52. Relay pseudo-backlash circuit. 


voltages a and b, and the contacts are interconnected so as to obtain 

the required results. . . 

Backlash. Backlash is a common nonlinearity found in mechanical 

systems. The presence of gear trains or mechanical linkages almost 
always results in some backlash. In many applications the effect of 
backlash is not important, but in other instances its presence can com¬ 
pletely change the dynamic response of the system. In the special case 
in which the following member has a very large ratio of B to M or high 
coulomb friction, the general functional relationship can be shown as in 
Fig. 5-50. This type of pseudo backlash is similar to the hysteresis-type 
relationship exhibited by nonlinear inductors. A simple diode circuit 
for the generation of such a function is shown in Fig. 5-5F Two diodes 
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and three amplifiers are required. The time constant of the integrator 
is usually chosen very small so that the integrator output will rise almost 
instantaneously when the diodes conduct. The output of the integrator 
will tend to drift slightly when x is in the backlash region. Therefore, 
this circuit works best for situations in which the variable remains in the 



Kiel. 5-54. Unsealed computer diagram for system of Fig. 5-53 exhibiting backlash. 


backlash region only for short periods of time. A similar backlash circuit 
lining differential relays is shown in Fig. 5-52. Since the relays require 
a Unite time to switch, the variable x is restricted to rates of change that 
arc hIow compared with the relay switching time. 

In the more general case of backlash, depicted in Fig. 5-53, the motion 
of the following member when it is between the stops and the constraint 
forces imposed by the stops must be taken into account. The equations 
of motion for the system of Fig. 5-53 are 

MiJti + B\±\ + K\X\ = f(t) — f c 
Madia + - /, 


(5-62a) 

(5-626) 










210 


ANALOG COMPUTATION 


where/ c is the constraint force. Let the stops be elastic. If f c is expressed 
as 


then 



fc = fl + f 1 


0 


if X2 > Xi 

— k^Xi - 

- Xi) 

if x 2 < Xi 

0 


if x 2 < Xi + h 

— k 2 (x 2 - 

- Xi — h) 

if X2 > Xi + h 


(5-63a) 

(5-636) 


where f\ is due to the left-hand stop and /2 to the right-hand stop. The 
above system of equations can be instrumented as in Fig. 5-54. The 
same method can be used to take into account inelastic or semi-elastic 
stops, as well as spring-loaded coupling between the stops. 



(a) (b) (c) 


Fig. 5-55. Absolute-value circuits. 



Fig. 5-56. Servo-multiplier absolute-value circuit. 

Absolute Value . It is sometimes necessary to obtain the absolute 
value of a variable. This can be accomplished quite simply with either 
diode or relay circuitry. An idealized diode circuit that will obtain the 
absolute value is shown in Fig. 5-55a; a relay absolute-value circuit is 
shown in Fig. 5-556; and the resulting relationship is shown in Fig. 5-55c. 
Servo multipliers may also be used to obtain the absolute value of a 
variable, as shown in Fig. 5-56. The input x to the servo multiplier is 
nulled out by the voltage from the feedback potentiometer driven by the 
output shaft. The slider of the second potentiometer driven by the 
output shaft then has a displacement proportional to x. If positive 
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reference voltage is applied to both ends of the potentiometer, the output 
will always be positive and equal to \x\. Using minus rather than plus 
reference would result in — |x|. 

Coulomb Friction. The phenomenon of coulomb friction can be 
represented as a force given by 

- = J — a if £ > 0 

^ I +a if x < 0 


This can be depicted as shown in Fig. 5-57 a. A diode circuit for genera¬ 
tion of the coulomb-friction force is shown in Fig. 5-576, and a very simple 
circuit using a neon tube is shown in Fig. 5-57c. 



Fig. 5-57. (a) Representation of coulomb-friction force. (6) Diode circuit for 


coulomb-friction force. 


(c) Simple neon-tube circuit for coulomb-friction represen¬ 


tation. 


6-6. Discussion. The analog computer is a valuable tool in the study 
of nonlinear phenomena. The computer has been used to a great extent 
in the study and design of specific systems. Use of the computer to 
provide experimental verification of the validity of new analytical 
methods should not be overlooked. 

Because of the inadequacies of the present mathematical theory of 
nonlinear equations it is only natural that the engineer should strive to 
obtain an adequate linear model that can be used for prediction of 
system performance. This approach inevitably leads the engineer to 
distrust nonlinear systems in general. This is unfortunate, since the 
proper use of nonlinear phenomena can be very rewarding in design work. 
\ll hough the analytical treatment of a particular nonlinear system may 
l»o difficult or only approximately obtained, the analog computer can 
readily provide an “exact” solution, hence can often be used to marked 
advantage to investigate the possible advantages gained by deliberately 
Introducing nonlinear phenomena into systems. The realm of useful 
it PI dictation of nonlinear phenomena will thus be enriched. 

()ne of the valuable features of study of nonlinear systems by means 
of I ho analog computer is that it does not require of the operator an 
amove knowledge of various methods of nonlinear analysis. However, 
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it is advantageous for the operator to have enough grasp of the subject 
to be able to predict the nature of the stability of his problem and to be 
able to estimate whether the computer solution is reasonable. 
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CHAPTER 6 


SIMULATION 


Among the most important and widespread applications of the analog 
computer is its use as a simulator —that is, as a device for setting up a 
readily tested model of a system under study. Simulation implies the 
assembling of physical components in such a way that the behavior of 
the assembled system can be directly related to that of the original 
system that one is investigating. Physical-model testing such as the 
evaluation of a scaled-down airplane in a wind tunnel may be regarded 
as simulation. The method of simulation of interest here makes use of 
the analog computer to establish the model; the scaling from the original 
is to electrical quantities rather than merely a change in size. For the 
computer simulation of an airplane, for example, electrical gains repre¬ 
sent the important parameters of the original system; outputs are 
observed as voltages directly related to such quantities as velocity, 
acceleration, and rotation. Although a mathematical description of 
the problem is often used as a step in simulation, the term applies espe¬ 
cially to cases that involve phenomena so complicated or so nonlinear 
as to defy any reasonable mathematical model. The distinction between 
using an analog computer for simulation, i.e., using it to build a model, 
and using it to solve a mathematical model is often a fine one. Some- 
limes it is primarily mental rather than physical: one person may first 
formulate a complete mathematical model of the system he is studying 
and then solve this model with the analog computer; another person 
studying the same system may attack the problem in a different way, 
si riving to instrument the basic relationships known about the physical 
system directly upon the computer without the intermediate steps of 
formulating and condensing a mathematical model. The actual processes 
in the two instances may be quite different. The person thinking in 
ImuH of simulation will consider a phenomenon such as limiting in the 
physical system simply in terms of a limiting circuit on the computer, 
\\ herons the mathematically minded person would first strive to represent 
i ho constraints imposed by limiting as a set of equations and then use 
switching devices on the computer to determine which equation is to be 
used at any given time. It will be found that the study of complicated 
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nonlinear systems on the analog computer can usually be carried out 
more efficiently through the concepts of simulation than through use of 

mathematical models. 

The two principal purposes of a model are: 

1. To reveal the inner workings of the system under study—to enable 

one to learn more about the system 

2. To predict the effect of internal changes and external stimuli 

The importance of item 1 should not be slighted. In constructing 
and testing the validity of a mathematical model or of an analog simula¬ 
tion (physical) model, one must continually examine the basic structure 
of the system and the validity of the assumptions being made. Models 
obtained by simulation on electronic analog computers are particularly 
easy to change and test. They are, therefore, well adapted to the 

fitting of a model to a system. 

Analog computers have been used extensively in the simulation of 
electromechanical feedback-control systems. Such systems run the 
gamut from relatively simple instrument servomechanisms, to more 
complicated automatic-machine-control systems, to very complicated 
aircraft- and missile-guidance systems. These systems are often char¬ 
acterized by nonlinear relationships, by the presence of noise or other 
randomness, by sampled (discrete) data, by many inner feedback loops, 
by the presence of time delays (sometimes called transportation lags), 
and by the presence of one or more human operators within the control 
loop. Many such models require more than 100 amplifiers, and some 
have been constructed with 400 to 500 amplifiers. This chapter covers 
the simulation of linear transfer functions, a general discussion of the 
use of the computer as a simulator, and a more detailed account of the 
simulation of feedback-control systems, including a brief review of per¬ 
tinent feedback-control-system theory. 

6-1. Simulation of Linear Transfer Functions. The concept of transfer 

Junctions plays an important role in computer simulation as well as in 
the theory of feedback-control systems. As explained in Chap. 1, the 
relations among input and output variables of a system can be expressed 

in the form of transfer functions. 

Consider the second-order differential equation 

a x(t) + 6 x(t) + c x(t) = k y(t) (6-1) 

Assume that all initial conditions are zero, and take the Laplace trans¬ 
formation of both sides of the equation. The result is 

[as 2 + bs + c] X(s) = k Y(s) (6-2) 

Now, since this is an algebraic equation in the Laplace-transform variable 
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s , the relation may be written 

X(s) 

Y(s) 


as 2 + bs + c 


(6-2 a) 


X(s) 


The quantity on the right-hand side is known as a transfer function; 

it relates the function X(s) to the function Y(s ). This may be shown 

as in Fig. 6-1. The transfer function is represented by a box, the input 

being the Laplace transform of y(t) and the output the Laplace transform 

of x(t). Note that the transfer - 

function does not include infor- Y(s) -► - *-X(s) 

mation about initial conditions _ . , . 

. , i , i \ Fig. 6-1. Transfer function. 

(they were assumed to be zero); 

it does enable one to write the characteristic (homogeneous) equation 
of the system and to solve for the solution of the homogeneous equa¬ 
tion subject to zero initial conditions. The transfer function is often 
abbreviated as a function G(s ); thus, 


G(s) 


X 

Y 


GO 


as 2 + bs + c 


(6-2 b) 


The use of transfer functions is merely a method of representing by 
algebraic expressions relationships between two variables. 

There are two general methods of simulating or synthesizing linear 
transfer functions on a computer: 

1. Various input and feedback networks composed of resistors and 
capacitors may be used in conjunction with operational amplifiers, as 
explained in Chap. 2, to obtain the desired transfer functions. Transfer 
functions too complicated to be manipulated easily in this manner can 
usually be broken down into cascaded or parallel transfer functions, 
and the simpler components can be simulated directly by use of RC 
networks. 

2. The transfer function may be expressed as a differential equation, 
and the relation for the output variable can be solved directly using 
standard integrators and summers. Thus the simulation of each indi¬ 
vidual transfer function is reduced to the solution of a differential 
equation. 

The specific way in which a transfer function is handled will depend, 
of course, upon the machine that is being used and the form of the 
I ransfer function. 

Use of RC Networks . This method generally requires fewer amplifiers 
l linn t he second approach and can be applied very easily to the synthesis 
of transfer functions that are given in factored form, such as 

n(m v (TV + 1 )(7V ±J) 

G{8) " 8(T X 8 + 1 )(7V + 1) 
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Recall that the approximate equation relating input and output for an 


amplifier 


Eo 

E ( 


00 


Z,(«) 

ZM 


(6-3) 


In this relationship the impedances are short-circuit transfer imped- 

_ ances; as shown in Fig. 6-2, they 


( l 


2 sc 




relate the respective current con¬ 
tributions at the summing junction 
of the amplifier by 


E: 


r \ 

1 sc I 
/ 


E, 


z 1 


Fig. 6-2. Use of general three-terminal 
networks with the operational amplifier. 


z 


Ei 

(h) 

E 0 

(h) 


(6-4) 


The reason for the use of short-circuit transfer impedances is contained 
in the assumptions that led to the approximate relationship E a (s) / E »(s); 
the summing-junction voltage was assumed to be always very nearly zero. 

Figure 6-3a shows a simple RC network; the end terminals are shown 
short-circuited to aid in the computation of the short-circuit current i 8C . 
Note that the impedance of a resistor is just R and that of a capacitor 


R 



c) 


KCs+1 

Cs 


(a) 


Cz 


h) 


R 2. ,) 
3 )) 


R l R 2 (C 2 +C 3 )s + R x +R 2 


/^C 2 s+1 


(c) 



(b) 


(d) 




RCs+1 


Cz 


Ci 


R 2 


Ri 


Ei 


(*)— 


z , 


R 2 (R 1 C l s+l) 

R x (R 2 C 2 8+\) 


Fig. 6-3. Transfer-function synthesis. 


just 1 /Cs. Series and parallel combinations of impedance elements are 
given respectively by 


Series: 
Parallel: 


Z 


combn 


G) 


oombn 


Z\ + Zz + 

1 + 1 + 

Zi Zz ^ 


+ Zn 


• • 


+ 
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The circuit of Fig. 6-3a is an example of a series combination; the 


impedance is 


Z = R + 


Cs 


RCs + 1 
Cs 


In this simple case of a single loop, the above expression for Z is also 
the short-circuit transfer impedance. Figure 6-36 shows a parallel 
combination resulting in 


Z 


R 

RCs + 1 


The circuit of Fig. 6-3c is not quite so straightforward. The loop 
equations written in matrix form are 


R\ + 


Solving for I 


sc, 


C 3 s 


C 3 s 


R 


C 3 s R 2 C 2 S -f" 1 


+ 


C 3 s 


h 


R 1 + 


C 3 s 


Ei 


E 1 


(6-5) 


Therefore, 


C 3 s 


Ri + 


C 3 s 


R 


C 3 s 


(ri 


C 3 s R 2 C 2 S -}- 1 

Ei 

C 3 s 


+ 


C 3 s 


+ 


)( 


R 


CzS/ \R2C2S "h 1 

(RzC lS + 1 )Ei 


+ 




\R\Rz{C 2 + C 3 )]« + ( R\ + R2) 


C*V' 


z, 


[RiRzjCz + ^3)]^ -f- ( R\ R2 ) 

R 2 C 2 S ~ 1 “ 1 


(6-6a) 


( 6 - 66 ) 


(6-7) 


Ah an example, consider the transfer function 


G(s) = K 


T lS + l 

T 2 S + 1 


In order to synthesize this, one could use a resistor as one of the 
Impedance elements and a network such as that in Fig. 6-3c for the other. 
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One could also find an RC combination that will give 


fcx 

Tit + 1 

fc 2 

T*s + 1 
= K 



Clearly, both networks can be of the form of Fig. 6-36, resulting in the 
circuit of Fig. 6-3 d. 

A number of commonly used RC networks with the appropriate Z„ 
are shown in Table 6-1. 

The more common transfer functions derived in this manner are given 
in Table 6-2. These will be adequate for most applications. The last 
two shown in Table 6-2 are more obviously approximations than the 
others; the unwanted poles of the amplifier have more effect when the 
number of zeros is greater than the number of poles in the desired 
transfer function. These last two must be used with some caution, 
for the same troubles encountered with differentiation will be met, 
namely, amplification of noise. A more complete table of RC networks 
is given in Appendix IV. For a more general treatment of synthesis 
of linear lumped-parameter networks, see References 1 to 5 and 7. 

Solution of the Differential Equations. This method is very useful for 
transfer functions given in unfactored form if the effect of the coeffi¬ 
cients of the function are to be studied or if the poles or zeros occur as 
complex conjugates. In these cases it is usually more straightforward 
to reduce the transfer function to differential equations and solve the 
equations than to synthesize the transfer function by RC networks. 
This method is generally not so efficient in utilization of computer com¬ 
ponents as the direct-synthesis method, but in some cases it is faster 
and easier to set up, especially for transfer functions given in unfactored 
form. Furthermore, some general-purpose computers are not amenable 
to the use of external RC networks with arbitrary values. 

The general method will be illustrated by an example. Consider 


X(s) _ \ _ s 2 + as + b 

Y(s) ~ W ~ s 3 + cs 2 + ds + e 



Including initial conditions, the Laplace transform of the corresponding 

* mS • 

differential equation is 

[s 3 + cs 2 + ds + e] X(s) = [s 2 + as + 6] F(s) + [$ 2 + cs + d]x o 
* - • + [s + c]x o + #0 — [s + g]i/o “ 2/o (6-8o) 
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Table 6-1. Commonly Used RC Networks 


Short-circuit 
transfer 
impedance Z a 


Network 


Relations 
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Table 6-1. Commonly Used RC Networks ( Continued ) 



12 


13 


Short-circuit 
transfer 
impedance Z 8 


k(aTs + 1) 

A 


s(Ts + 1) 
0 < a < 1 



k(Ts + 1) 


Network 


i 


Relations 



R 


Ci = 


R = 


kTa * 

4(1 - a) 
2(1 - a) 

ka 


kTa* 


Ci 


4(1 - a) 

2 _ 4(1 - q) 

ka 2 ka* 


R 


2 

4 T 


Table 6-2. Examples of Transfer-function Simulation 
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To simplify for the moment, let the initial conditions be zero; i.e., 
xo — xo = Xo = 2/0 = 0. The equation is then - 

[ S s + + ds + e] X(s) = [s 2 + as+ b] Y(s ) (6-86) 

If the corresponding differential equation were solved directly, the 
input variable y(t) would have to be differentiated twice. In order to 
avoid the difficulties encountered in differentiating with the computer, 
divide (6-86) by the highest power of 5 on the right-hand side. The 
result will be 

- b F)j (6-8c) 

The computer diagram required for the solution of this equation is 





Fig. 6-4. Simulation of G(s) 


s* -f as -f b 
, ■ .. ■—■■■■ - ■ ■■ ■■ • 

s 3 4- cs 2 -b ds -f e 


shown in Fig. 6-4. Note that each coefficient of the transfer function 
appears as a separate coefficient potentiometer. Laplace transform 
notation is used on the diagram for simplification. 

If the initial conditions are not all zero, Eq. (6-8a) must be used. 
Again, the equation may be divided through by the highest power of s 
on the right-hand side, resulting in 


sX 


(cX 


Y) + j (dX 


aY) + -AeX - bY ) 


+ 


[*o + ^ (ex o + Xo) + + CX o + ,0)] 


[i 


y o + -j (ay o + y o 
s 


/o) j 


( 6 - 8 d) 


The computer diagram of Fig. 6-4 requires only the modification that 
the initial-condition terms be summed with the corresponding terms in 
s°, s’" 1 , and s’* 2 in the first bracket of Eq. (6-8 d). 

The method described above, which results in the diagram of Fig. 6-4, 
generally gives the greatest economy of equipment for the differential- 
equation approach. There is an alternative method, however, that is 


SIMULATION 


• * 


223 


especially useful if several outputs with the same denominator (char¬ 
acteristic function) are involved. Consider the two following transfer 
functions, occurring in the same system: 

Ei _ s 2 4“ as 4~ 6 

Ei s 3 + cs 2 + ds + e 

E % _ _ Ts + 1 _ 

Ei s 3 + cs 2 4- ds 4- e 

Define a fourth relationship 


(6-9) 

( 6 - 10 ) 


Then 

and 


Ea = _ 1 _ 

Ei s 3 4- cs 2 + ds + e 

Ei = [s 2 4- as 4- b]E A 
E% = [Ts +l]Ei 


( 6 - 11 ) 


The variable e\ can be solved for by rewriting Eq. (6-11) as 



(cs 2 4- ds 4- e)E\] 


(6-1 la) 


The resulting computer diagram is shown in Fig. 6-5. The first integrator 



Fio. 6-5. Simulation of two transfer functions with the same denominator. 


in used to solve Eq. (6-1 la) for —d 2 ei/dt 2 . This quantity is then inte¬ 
grated twice to produce — c 4 . The appropriate quantities are summed 
to produce the desired variables ei and ez as functions of ci specified by 
I'lqH. (6-9) and (6-10). 

The general approach of simulating transfer functions by solution of 
t lie differential equation usually requires more amplifiers than the use of 
I iV networks, but it is very straightforward on most commercial com¬ 
puters since they are well suited to handling differential equations 
directly. This approach also makes the intermediate derivates available; 
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this is often desirable for purposes of monitoring results and/or perform¬ 
ing nonlinear operations such as limiting upon the derivatives. 

As another example of the use of summers and integrators to simulate 
transfer functions, consider the general three-amplifier system of Fig. 6 - 6 . 
The signal paths through coefficient potentiometers f>, e, /, q, and r are 
termed feedback loops. The paths through coefficient potentiometers c, 
g, and h are termed feedforward loops. Figure 6-6 accounts for all possible 
signal-path combinations for the two-integrator, single-summer system. 



This system can be used to simulate a wide range of transfer functions 
of the form 



K(s 2 + C is + Ci) 
s 2 + C 3 S + C 4 


The transfer function for the general system is 

E a (s) _ - f ;: ' 

Ei(s) 

gs 2 -f- (bg + eg — ah — ck)s + (beg + dgq -f- chq -f- adk — aeh — bck) 
s 2 + (b + e — hr — fk)s + (be + dq + fhq + dkr — ehr — bfk) 

( 6 - 12 ) 


The quantities a, 6 , etc., need not be less than unity, for a gain at the 
amplifier input may be associated with each coefficient potentiometer. 
To make the system even more general, one or more of the gain factors 
could be made negative by addition of one or more sign changers. The 
gain factors in Eq. (6-12) can be manipulated to result in a large number 
of transfer functions. Many of these are listed in Appendix V. As a 
specific example, let 

a — b = A c = d = e = B g = h = k = C <7 = r =* / “ 0 
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The resulting transfer function is 

E 0 (s) _ Cs 2 

E^s) s 2 + (A + B)s + AB 


(6-13) 


and the computer diagram is shown in Fig. 6-7. 

The transfer functions for general four-, five-, or six-amplifier systems 
could be derived and used for transfer-function simulation, but the 
expressions become much harder to use. Note from Eq. ( 6 - 12 ) that, 
by proper choice of gain factors, the two poles and two zeros of the 
transfer function can be made to occur anywhere in the s plane, including 
the right half plane. 



Fig. 6-7. Use of three-amplifier system for 



-Cs 2 

s 2 + (A + B)s + AB 


It has been demonstrated that the simulation of linear transfer func¬ 
tions can be performed by the solution of linear differential equations. 
The converse of this is true; that is, the solution of linear differential 
equations can be accomplished by the technique of simulation of linear 
transfer functions. In fact this latter method requires less amplifiers 
m general than the direct solution of a linear differential equation, or 
net of differential equations, and for this reason is sometimes used because 
of lack of equipment even though the method is not so straightforward 
an the direct solution of the equations. 

6-2. Use of a Computer as a Simulator. In the introductory remarks 
to this chapter it was pointed out that the use of a computer as a simulator 
involves different thought processes than the use of a computer to solve 
specific mathematical models. Simulation is, perhaps, a way of thinking; 
11 lends itself to thought about a system in terms of transfer-function 
blocks and basic relationships among variables. The simulation of some 
common nonlinear phenomena has been discussed in Chap. 5. In the 
preceding section the simulation of linear transfer functions either by 
l\<' networks or by the solution of the corresponding differential equations 
\mim covered. This material, together with that covered in previous 
elm pi ers, will enable one to simulate and study very complex systems 
on ( be computer. It must be emphasized, however, that to simulate a 
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system and to study it are two different things. If the simulation study 
of a physical system is to be worth while, considerable care must be given 
to devising the “experiment.” That is to say, one must plan very 
carefully the procedure to be carried out once the computer is properly 
set up. If it is not carefully planned in advance, the computer study of a 
complicated system may result in reams and reams of recorded data 
which, after hours of tedious examination, will be found to be almost 
completely useless except as wall covering. The experiment must be 
planned in such a way that the relative importance of the many param¬ 
eters and nonlinear effects may be determined; furthermore, the results 
of changes in any one parameter must be capable of being separated from 
the mass of accumulated data and interpreted correctly. 

If the computer is used correctly, it can be a valuable aid in studying 
and designing complicated systems. However, the machine cannot take 
the place of reasoned judgment based upon analysis. Because the 
analog computer is extremely fast, the operator may change a parameter 
or some part of the design and almost immediately have available the 
time response of the altered system. Thus the engineer may test 50 varia¬ 
tions of his design in as many minutes if he so desires. The study may 
well be a failure, however, if he does not take great care both in preparing 
the experiment beforehand and in keeping a good record of what was done 
on the machine. 

Another facet of simulation that has not been mentioned is that often 
components of the system to be simulated are included in the computer 
setup. That is, actual hardware of the physical system is interconnected 
with the computer for testing purposes. This type of computer applica¬ 
tion is referred to as real-time simulation . An example would be the 
real-time simulation of an interceptor fire-control system. The target 
motion, the interceptors equations of motion, and the radar data- 
sampling device could all be instrumented on the computer. The output 
of the simulated radar from the computer could be the input to the fire- 
control computing system that would actually be part of the airborne 
hardware. The output of the fire-control computer could then be fed 
to an autopilot, to the analog computer that would simulate the auto¬ 
pilot, or to a scope presentation in case a human operator is used to fly 
the aircraft during the attack phase. In this last instance, the human 
operator becomes part of the simulator loop, and his motions at the con¬ 
trols would be fed into the computer and translated into resulting 
motions of the aircraft. The simulated radar samples the new data 
concerning the resulting range and angular displacement of the target 
with respect to the interceptor's heading, and the loop is thereby closed. 

The simulation of a complex system can become quite complicated and 
often requires a large number of computing components, with some of 
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them perhaps connected to external equipment through rather com¬ 
plicated transfer equipment. It goes without saying that extreme care 
must be taken to ensure that the simulator is connected together cor¬ 
rectly and that all components are working properly. In such cases, 
it is always wise to test each transfer function, each nonlinear element, 
and each minor loop individually before attempting the interconnection 
of the entire system. 

The thought processes involved in simulation may best be described 
by a simple example. Consider an automobile suspen¬ 
sion system; this is a fairly complicated system, involv- i _ 

ing four degrees of freedom and such nonlinear devices I- m 2 

as double-acting shock absorbers, nonlinear springs, the “T r 

nonlinear suspension of the tire itself, mechanical stops, y * 2 § bsl b 2 

and the added complication that the wheels may bounce LiVi 

completely off the road s surface. To simplify the I _ 1 

example, consider the vertical motion of a single wheel x ^ 

and assume that it can be represented by the simple t ** r* 


m 2 


mi 


system of Fig. 6-8. 


Mass mi represents the unsprung 
re. and susoension svstem. Mass 


mass of the wheel, tire, and suspension system. Mass m ™ del of 
nii represents the mass of the rest of the automobile, mobile-suspen- 
The suspension system having spring constant fci and sion system, 
damping coefficient b i pertains to the suspension of the 
wheel above the road surface by the tire. The suspension system consist¬ 
ing of spring constant k 2 and damping constant b 2 is that of the spring- 
and-shock-absorber system of the automobile. This problem would 
normally be attacked by writing the differential equations of motion and 
solving the equations directly with the computer. The simulation 
approach will be used here, however, in order to exemplify the nature 
of the simulation thought process. In studying the system of Fig. 6-8 
one would be interested not only in the displacement and velocity of the 
two masses but also in the tensions in the two springs and the forces exerted 
by the shock absorbers. These quantities can be expressed as follows: 


Ti 

T 2 

Fx 


<t>i(x - y) 


My 




tension in tire sidewall 
tension in supporting spring 


(6-14a) 

(6-145) 


<t>z(x — y) = force due to damping of tire sidewall (6-14c) 


F% «= <t>i(y — z) 


force due to shock absorber 


(6-14d) 


where the </>'s are known or assumed single-valued functions. The force 
w luations are 


miV = F\ + T\ — F 
*= F 2 + T 2 


T 


(6-15) 

(6-16) 


II the quantities x t //, *, and their derivatives are available on the com- 
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puter, four function generators can be used to generate the quantities 
T\, T i, F\, and Fi) whereupon simple summation yields y and z. The 
two acceleration terms can be integrated twice to yield the necessary 
quantities y, y, z, and z. The resulting computer diagram is shown in 
Fig. 6-9. The forces imposed by mechanical stops, if elastic, could be 
included in the functions </>i and <fo. The derivative of x, the input 
variable, is needed for the generation of F i; this state of affairs is undesir¬ 
able and can often be altered by a little thinking on the part of the person 

preparing the problem. 



Fig. 6-9. Diagram for simulation of system of Fig. 6-8. 


Note that in Fig. 6-9 a number of connecting lines have been omitted 
for the sake of clarity. The technique used is to interrupt a line with an 
arrowhead showing the direction of signal flow and properly labeled. 
To show the termination of the unseen line, the same label in conjunction 

with an arrowhead is used. ^ 

The functions <j> i, fa, fa, and fa in Fig. 6-9 could be functions that 

would be very hard to treat analytically. To reduce the problem to a 

system of equations would often be wasteful of time and effort, whereas 

the direct simulation of the system could be much more efficient. 

The simulation of the flight of an aircraft or missile is perhaps a better 

example of the simulation thought process. The study of the flight 
of an aircraft or missile in three dimensions can become quite com¬ 
plicated. An airborne vehicle has six degrees of freedom in motion, 
and parameters of the system are usually nonlinear functions of such 
variables as Mach number, altitude, temperature, wind, etc. If the 
flight of a jet aircraft were to be studied by simulation, the first task 
would be to represent the system as a number of subsystems, as indicated 
in Fig. 6-10. The box in the upper left-hand corner pertains to the 
computer components necessary to simulate the engine. This is a 
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complex system in itself and has been the object of many simulation 
studies alone. This one box may require as many as 50 operational 
amplifiers and associated nonlinear equipment to produce adequate 
results. In fact, that box could, and should in many cases, be broken 
down into a number of simpler subgroups. The control system that 
produces control-surface deflections from the control stick and rudder- 
pedal movements is also a complex system. The outputs of these two 
boxes are connected to a third box labeled “ instrumentation of flight 


Pitch 



Fig. 6-10. Simplified simulator for a jet aircraft. 


equations,” which again involves a rather extensive computer arrange¬ 
ment of amplifiers, multipliers, function generators, and resolvers. 
The coordinate-transformation box involves a complex array of amplifiers 
imd resolvers. In practice, each of the systems represented by the boxes 
would be thoroughly studied, and separate computer diagrams would be 
constructed for each. In general, each box would be implemented 
separately on the computer and checked out before the entire system 
was connected together. 

The simulation technique is a method of simplifying a complicated 
problem by carefully separating the system into subsystems, which can 
I lint be treated semi-independently. In this process the basic relation¬ 
ships of the variables are preserved, and quantities representing most of 

I ho important variables and parameters will appear on the computer. 

0-3. Review of Feedback-control Theory. Most problems that 
i iMpiiro the use of the computer as a simulator are associated with systems 

I I hi ( could be classified as feedback-control systems. Feedback-control 
nyntuuiH are a much broader category than one would at first suppose. 
< hie may think first only of electromechanical servomechanisms used to 
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drive radar antennas, gun turrets, automatic machine tools, etc. Most 
servomechanisms of this nature, however, are merely subsystems within 
more complicated over-all feedback-control systems such as missile- 
guidance systems, satellite-launching systems, automatic factories, etc. 

A feedback-control system could be defined as a system in which a 
measure of the system output is used to modify automatically the con¬ 
trolling stimuli. This covers a broad area. In a simple shaft-positioning 
servo a measure of the output-shaft position is compared directly to the 
input which is the desired shaft position, and the difference between the 
two quantities is used as an error signal that drives the servo in such a 
way as to minimize the error. It is easily seen that this type of system 
is certainly a feedback-control system. An electronic amplifier with 
voltage or current feedback from the output to the input certainly belongs 
to the same class; it is not quite so obvious that an electronic ampli er 
almost always has numerous feedback loops due to stray capacitance, 
stray pick-up, etc., and is, therefore, still a feedback-control system even 
though not designed as such. The feedback of information in this case 
is unwanted but nevertheless present, and must be taken into account 
in a study of the system. An automobile being driven down the road is 
another example of a feedback-control system; in this case it is a man- 
machine system in which the driver monitors the output and initiates 
the correction signals for the system. Many economic systems such as 
our monetary system or a factory-production system are again feedback- 
control systems, although they are, unfortunately, not usually treated 

jis such. 

It is intended in the above remarks to emphasize the fact that many 
more physical systems than one would at first realize are feedback- 
control systems; since it is these rather complicated systems that are 
usually studied with computers, the majority of studies made with 
analog computers are concerned with feedback-control systems. For 
this reason it is felt necessary to review the basic concepts of feedback- 
control-system theory. It is not the purpose here to give a complete 
treatment of feedback-control theory but merely to review the back¬ 
ground necessary for the reader to understand the use of a computer for 
simulation of feedback-control systems. As in the solution of ordinary 
linear and ordinary nonlinear differential equations, the user of the com¬ 
puter must have a good understanding of the model with which he is 
working and the form of the solution for which he is striving. This 
review of feedback-control theory brings out some of the advantages of 
using transfer functions; an important advantage is that functional 

relationships can be manipulated algebraically. 

Figure 6-11 shows a pictorial model of a feedback-control system. 

This is a single-loop control system; i.e., there is only one oomplete loop 
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around which the information can flow. In Fig. 6-11 the Laplace tons- 
f f +Vip inDut or forcing function is designated R(s), for reference. 

Thetransform of the output of the system is designated C(s), for controlle 
variable. The difference between the input R(s) and B(s), the output 

nf the feedback element, is designated E(s). j i 

The function G(s) is termed the forward transfer function and rela 

the variable C(s) to E(s) / ^ s E(s) | ^ _. __ q(s] 


G(s ) 


C(s ) 
E{s) 


R(s) 


G(s) 


C(s) 


The quantity H(s) is termed the 
feedback transfer function. The circle 
denotes an additive or subtractive 

. • t* _ 


B(s) 


H(s) 


I—- * 

Fig. 6-11. Feedback-control model. 


£2T to actualoperation performed being denoted by the plus and 

1 


The closed-loop transfer function may be obtained by noting 


J5(s) == R{s) - B(s ) 


(6-17) 


The other relations 


C(s) = G(s) E(s) 
B(s ) = H(s) C(s) 


can be combined to obtain the functional relationship of B(s) 

B(s) = H(s) [G(s) E(s)} 


nr 


W> - «•> hw 


(6-18) 

(6-19) 

to E(s): 

( 6 - 20 ) 

(6-20o) 


This is termed the open-loop transfer function. 

Equation (6-17) can be substituted into Eq. (6-18) to obtain 

C(s) = G(s) [R(s) - H(s) C(s)] 
or [1 + G(s) H(s )] C(s) = G(s) R(s) 

The functional relationship of the output variable C(s) to the input 


U(») then is 


cw 

R(s) 


G(s) 

1 + G (syHjs) 


( 6 - 21 ) 


„„d |. termed the chMop tram/er tuition. Thi. is the baeic relation- 

hliln of foedback-control-syslem theory. . . • . 

reedbaclt-coatrol-ey.tem model » of course not restricted to 

. 

imoouiitered° ( However, the algebraic property of the transfer function 
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makes the resulting task of finding the over-all closed-loop transform 

relatively straightforward. 

Consider the slightly more complicated control system shown in Fig. 
6-12. This system has two feedback loops, one feedback element being 


R(*) ^Wl 


-|V(s. 

<hM -*< 


As) I 


G 2 (s) 


simply unity (referred to as unity 
°( s ) feedback). The resultant func- 
T tional relationships are given below: 


Hfs 


C 


Fig. 6-12. A typical two-loop system. 


(r 

(i 


G 2 

1 + g 2 h 
g 2 

1 + g 2 h 


-) 

0 


V 


GiE 


The open-loop transfer function for the outer loop then is 


C 


GiG 


E 1 + G%H i 


The closed-loop transfer function is 


C 

R 


GiGj/(\ + GjHf) 

1 + GiGV(l + GiHi) 

GiG , 

1 + GiGi 4 - G 2 H 1 


To continue the example, assume the transfer functions are 


( 6 - 22 ) 


(6-23) 


Gi(s) 


G,(s) 


Hi(s) 


T lS + 1 
K 

s(T iS + 1) 
T 3 s + 1 

T 4» + 1 


Substituting these functions into Eq. (6-23) results in the closed-loop 
transfer function 


coo 


R(s) 


_ K _ 

s(Tis + l )(TjS + 1) _ 


; -- K , K(T* + 1) 

1 + s(Tis + 1 )(T 2 s + lj + s(T,s + 1 )(T 4 s + 1) 

K(T iS + 1)__ 

s(Tis + 1 )(7V + 1 )(T 4 s + 1) + K(T# + 1) 


+ ^ L)K± T ^ ^ + K{T* + D(T lS + 1) 

( 6 - 24 ) 

It is seen that the transfer functions can be manipulated quite easily. 
Now, for any specified Laplace-transformable input function r(0> the 
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Laplace transform R(s) can be obtained and substituted into Eq. (6-24), 
resulting in the Laplace transform of c(t). 

One might ask at this point: Why is feedback used? Why is the loop 
carrying information from the output back to the input necessary? The 
answer is that man has found very few machines, physical systems, or 
processes in nature (including other men) that will obey his exact wishes 
without supervision of some kind. The presence of feedback loops 
ensures that the system monitors its own output (its reaction to com¬ 
mands) and thereby supervises itself. Man can, therefore, give such a 
system a command, a task to perform, and the system will proceed to 
carry out that task, always checking to see that its end result is what 
was ordered; if discrepancies arise, the error information is used to effect 
correction. 

In many control systems it is desired to control the output within very 
close tolerances to a certain prescribed functional relationship with the 
input variable. In order to achieve this it is often very advantageous to 
compare the output of the system with the input continuously, or, as 
m some cases, discontinuously at discrete periods of time, and if there is 
any error to operate upon the error in such a way as to minimize that 
error by bringing the output back into conformance with the input. 
A simple example would be a positional feedback-control system where 
I ho output is to be positioned in exact conformance with the input. 
The additional specifications of the problem would ordinarily include 
tho power requirements of altering the output, etc. The output might 
he the shaft position of a device with large inertia requiring a consider- 
iihie amount of power to accelerate it; the input might be a very small 
shaft that could be turned by hand. However, even though the output 
nhaft is heavily loaded because of the inertia of the load member and, 
perhaps, wind loading, as in a radar antenna, one wishes the output 
always to conform as closely as possible to the shaft position of the input. 
This is a case where unity feedback could be used; that is, H(s) = 1. 
Thus, the error of the system is zero only when the output is exactly equal 
In I he input. If a high-gain power-amplifying device is used, even a very 
himill error will be enough to turn the output load until conformance is 
lunched again. In terms of the closed-loop transfer function 


C(s) G(s) 
R(s) 1 + 0(s) 


(6-25) 


II cun bo seen that, if G(s) is very large, then the ratio C(s)/R(s) and, 
Ihnofore, c(t)/r(t) would be very nearly equal to 1 at all times—the 

i !<h» 1 rod relationship. 

Although the feedback loop of a control system allows the designer 
much better control of the output than if tho feedback were not used, it is 
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also true that the use of feedback can cause considerable difficulty with 
respect to stability of the system. That is, a system composed of linear 
stable elements in both the forward and feedback portion of the loop can 
almost always be made unstable if the loop gain is large enough. (There 
are some systems, on the other hand, that are unstable for small values 
of loop gain and stable for very large values of gain. These are termed 

conditionally stable systems.) 

From the discussion in Chap. 4 concerning the solution of linear differ¬ 
ential equations it is evident that there are certain restrictions upon the 
roots of the characteristic equation involving c(t) if the solution c(t) is to 
be stable. The roots of the characteristic equation are the factors in the 
denominator of Eq. (6-24), or the poles of the closed-loop transfer func¬ 
tion. That is, the characteristic equation of a system described by Eq. 

(6-21) is 

1 +G(s) H(s) =0 (6-26) 

As pointed out in Chap. 4, if one knows the roots of this algebraic equa¬ 
tion, the general form of the transient portion of the response c{t) is 
known. If the numerator terms, the zeros of C(s)/R(s), are given, then 
the complete time response c(<) to any input r(t) can be obtained. 

In practice, it is seldom necessary actually to calculate the time response 
for an arbitrary input. It is usually sufficient to examine either (or both) 

of . I 

1. The form of the transient response produced by a step input 

2. The steady-state response to a sinusoidal input. The magnitude 
and phase shift of c(t) with respect to r{t) are usually plotted for a large 
range of frequencies, resulting in the frequency response of the system. 

From the results of Chap. 4 it can be seen that, for a linear system to be 
stable, all roots of the characteristic equation (the poles of the closed-loop 
transfer function) must have nonnegative real parts. Further, if the case 
of stable continued oscillations is rejected for control purposes, all the 
poles of the closed-loop transfer function must lie in the left half of the 

s plane (or at the origin). 

There are a number of ways of determining where the poles of the 
closed-loop system lie or whether any of those poles lie in the right half 
plane. In the classical frequency-analysis approach, the imaginary axis 
in the s plane is mapped conformally onto the complex frequency plane, 
resulting in polar plots wherein distances from the origin represent magni¬ 
tudes and the angular displacement of the radial lines represents phase 
shift to a steady-state sinusoidal input. This type of plot is known as a 
Nyquist diagram and is widely used in the field of feedback-control-systems 
analysis; it is a graphic method for the determination of stability. 
Another way of using frequency-response information that iH perhaps 


SIMULATION 


235 


more useful is to plot both the phase angle and the logarithm of output 
amplitude versus the logarithm of frequency. Such a diagram is often 
termed a Bode plot. This procedure provides roughly the same infor¬ 
mation about system performance as the construction of Nyquist plots. 

Root-locus Method. Another method that is more basic and yet more 
comprehensive is known as the root-locus method. This is a semigraphic 
method of obtaining the roots of the characteristic equation in the s plane 
from knowledge of the poles and zeros of the open-loop transfer function. 
The method consists of solving the characteristic equation 

1 + (?(s) H(s) =0 (6-27) 

directly by a graphic method in the s plane. This is accomplished by 
rewriting Eq. (6-27) as 

G(s) H(s ) = -1 (6-27 a) 

This is an equation in the complex variable s and can, therefore, be 
reduced to two equations, one for the magnitude and the other for the 
argument of the equation. The two resulting equations are 

|G(s) H(s) | = 1 (6-28a) 

arg (7(s) H(s) = +nir n — 1, 3, 5, . . . (6-28 b) 

Any value of s that satisfies both equations is a root of the character- 
Im| io equation. The plots of values of s satisfying the angle equation on 
llm complex s plane are called the root loci, because every root of the 
■ liuracteristic equation lies on one of the resulting curves. The gain of 
I lie loop is employed as a parameter of the root locus, and is determined 
»t each point on the locus curves by Eq. (6-28a). Thus the root loci give 
ii complete picture of all possible roots of the characteristic equation. To 
unsure a stable system one must restrict the loop gain so that no roots 
appear in the right half plane or as conjugate roots on the imaginary axis. 
I'lio degree of relative stability of each pair of complex roots can be deter¬ 
mined by finding the per-unit critical damping. 

The root-locus method regards the loop gain as a variable parameter of 
lli.' system, and loci obtained will be the loci in the complex plane of all 

.Is as this gain is varied. Variation of other system parameters 

initially requires construction of a new set of loci. Thus this method can 
lie semi to constitute an approach considerably different from the Nyquist 
mclhnd. The Nyquist method indicates whether the system is stable, 
Iml tumidly obtains only approximate information about relative stability 
and I In n only of the least-damped roots; whereas the root-locus method, 
in principle, locates all the roots of the characteristic equation. 

l lm act ual application of the method consists in solving Eq. (6-286) by 
Inspection or trial and error, so that points aro found in the s plane that 
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satisfy the equation. Visual inspection can generally show the approxi¬ 
mate direction of the locus through the initial points, or, if necessary, the 
direction can be calculated. It will be found that a complete set of loci 
can be traced out very quickly by this method. The second part of the 
solution for the roots of the characteristic equation consists in determining 
the value of the gain parameter at points along the loci by using Eq. 
(6-28a). This can be done with a few carefully chosen points and the 
values at intermediate points obtained by interpolation. The various 
quantities entering as factors in the equation can be measured on the 



Fig. 6-13 


s plane, for they are actual distances and can be scaled with a ruler, a pair 
of dividers, or by special devices such as the logarithmic Spirule . 21 
Consider the system of the form of Fig. 6-11 with 



K 

s(s + a) 


H(s ) = 1 


The open-loop transfer function then is 



K 

s(s + a) 


(6-29) 


(6-30) 


The loci of roots of the characteristic equation of the closed-loop system 
can be found by application of Eq. (6-286); the procedure is to find all 
points in the s plane that satisfy Eq. (6-286). Consider the point Si in 
Fig. 6-13. One pole of the open-loop transfer function is at the origin and 
the other at s = —a, as shown in Fig. 6-13. The two vectors drawn from 
the two poles to the point s h as shown, have angles 9 1 and 6 2 with respect 

I 

to the real axis. That is to say, the complex number GH can be expressed 
as 

GM H(8i) = I * + • | /-(Oj + e,) (6-31) 


Equation (6-286) pertains to the angles 9 1 and 0 2 and states that their sum 
must be an odd multiple of i r if the point Si is on the locus of roots of the 
characteristic equation 1 + GH = 0. From Fig. 6-13 it can be seen that 
the particular location for 8i cannot satisfy the relationship of Eq. (6-286), 
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for the angles do not add up to ± 180°. As a first step in the process of 
finding the loci of roots, all portions of the real axis in the s plane should 
be examined. In this example the points to the right of the pole at the 
origin do not satisfy Eq. (6-286), since the angles add up to zero; the 
points on the real axis to the left of the pole at s = —a also do not satisfy 
the equation, since the angles add up to 360°. However, all points on the 
real axis between the two poles do satisfy the equation, since the angles 
are 9\ = —180°, 9 2 = 0. This portion of the s plane constitutes one part 
of the root locus of the particular system. As indicated in Fig. 6-14a, all 



Fig. 6-14. Root loci for GH = K/s(s + a). 

points on the perpendicular bisector between the two poles also lie on the 
root locus, since everywhere on the perpendicular bisector the two angles 
mid up to ±180°. The complete root locus for the system is shown in 
I'ig. 6-14a in heavy lines. This completes the task of using Eq. (6-286) to 
IiimI the loci of the roots of the characteristic equation. 

The next step is to find where the roots actually are on this locus for 
particular values of K. In some cases the values will be specified, and 
I lie position of the two roots must be determined by trial and error. More 
commonly, it is desired to find the value of K at which the system becomes 
(mutable (the critical value of gain); this is the value of gain at the point 
(»n the locus at which the locus crosses the imaginary axis on its way into 
Ilia right half plane. In the particular system under discussion there is 
mo Much point; for the system is always stable, as indicated from Fig. 6-14a, 
'■mco the roots always remain in the left half plane. After establishing 
whether the system can become unstable and determining the value or 
N mIiioh of gain that result in an unstable condition, it is usually desired to 
ihnl I he value of gain necessary to place the characteristic roots in a 

• l( limd region of the 5 plane. Equation (6-28a) is used to find the value 

• •I gain at any point on the root locus. As indicated in Fig. 6-146, the 
value of gain at a point s 2 can be determined from the distances at that 
l mmi it to the poles and zeros of the open-loop transfer function. For the 
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particular system under study Eq. (6-28a) becomes 

|G(s 2 ) 

Therefore, the value of gain at the point s 2 is 

K = R1R2 

• ^ 

For the condition K = 0, either the distance Ri or the distance Rt must 
be gero. As K approaches infinity the distances Ri and R 2 must approach 
infinity. Therefore, the roots of the characteristic equations start out at 
the poles of the open-loop transfer function for K = 0, as indicated in 



(a) W 

Fig. 6-15. Root loci for GH = K(s + b)/s(s + a). 


Fig. 6-14c, and, as K is increased, the roots move toward each other on 
the locus on the real axis. At the point midway between the two poles 
the gain is K = o 2 /4. As K is increased further the roots move away 
from the real axis on the locus, one going up and one going down and 
approaching infinity as K approaches infinity. For example, at the 
point on the locus where the angle 0i is —135°, the gain is o 2 /2. 

Now consider the slightly more complicated system 

«<*> - *« - 1 (6 - 32 > 

This open-loop transfer function has one zero and two poles. If the zero 
were at infinity the root locus would be that of Fig. 6-14. If the zero is 
located as shown in Fig. 6-15a it can be seen that the portion of the real 
axis between the two poles again satisfies Eq. (6-286), but, of course, tho 
perpendicular bisector between the two poles no longer satisfies the equa¬ 
tion. The portion of the real axis to the left of the zero also satisfies tho 
equation. To see this, consider the point Si shown in Fig. 6-15a. Tho 
angles made with the real axis by the three complex numbers to the point 
Si are 0i, 02, and 4>\. Equation (6-286) states that 

"*■ (0i “b 0a) = iww’ 7i 1, 3, 6, « . . I 
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The angle contributed by the zero is opposite in sign to the angles con¬ 
tributed by the poles. At all points on the real axis between the poles 
and to the left of the zero the angles add up to —180°. These two por¬ 
tions of the real axis then constitute part of the locus. Since there are 
two roots of the characteristic equation and since the location of the roots 
must change continuously with K , these two portions of the locus must 
be connected. The points in the $ plane that connect these two portions 
of the locus on the real axis are a little more difficult to find than in the 
example of Fig. 6-14, but will be found to be that of Fig. 6-156. Now 
I hat the root locus has been established from Eq. (6-286), Eq. (6-28a) 
must be used to find the value of gain K at points on the locus. In terms 
of the system under discussion and of the distances shown in Fig. (6-15a), 
Kq. (6-28a) states that, at a point $i on the root locus, 

KR 3 J 
RiR 2 

Thus, K = ^ 

Kz 

Hence, the gain at a particular point on the locus is found as the ratio of 
l he product of the distances to the poles to the product of the distances to 
I ho zeros. The roots must start at the poles of the open-loop transfer 
function for K = 0, as before; and, as K approaches infinity, the roots 
must either approach infinity or approach the zero, i.e., Rz approach zero. 
This is indicated in Fig. 6-15. 

The transfer functions of a control system are often given in the form 



K 

(Tis + 1)(T 2 s + 1) 


(6-33) 


'n Imre 7\ and T 2 are measured in seconds and are termed time constants. 
Tho poles of the above transfer function occur at s = — 1/Ti and 
I — — 1/7 t 2 . Since the quantities used in the s plane to obtain the root 
loci are of the form si + a, a transfer function of the form (6-33) should be 

written 



K/T1T2 

(s + 1/T x )(s + I/T 2 ) 


(6-33a) 


hi»fni o using the root-locus method to find the roots of the characteristic 
in|uation. Consider the system described by 
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The open-loop transfer function is 


GH 


K[(l/c)s + 1] 

«[(1 /<*)« + 1][(1 /b)a + 1] 

K(ab/c)(s + c) 
s(s + a) (s + b ) 


(6-35) 


The corresponding characteristic equation has three roots, the loci of 
which are shown in Fig. 6-16. The system is stable for any value of gain. 


JU 


K-Ki 


s-plane 


P3 


Pa 


Pz 


P\ 




K~K, 


-c 


§2 


-a 


0(8) H(s) = 

K(ab/c)(si 4- c) __ 
5 i(si + a)(si 4- b) 

<t >l ““ (01 4- 02 4- 03 ) =* 

K x - 


K(ab/c)(s 4- c) 
s(s 4 - a)(s 4- b) 

Kiabpi . . 


Cpjp2p3 

±180° 

CP1P2P3 

abp4 


/<t> 


(0i 4" 02 4~ 03 


Fto. 6-16. Determination of root loci. 


At the point Si, the gain is designated as a value K i. Two of the roots 
of the characteristic equation for that value of K occur as complex con¬ 
jugates at si and at the corresponding point on the other side of the real 
axis; the third root occurs on the real axis almost midway between the 
pole at — b and the zero at — c. 

Figure 6-17 shows three other root-locus plots. The systems of big. 
6-17a and 6-176 both are unstable for large values of K. The system of 
Fig. 6-17c is unstable for small values of gain, but becomes stable if tho 
gain is increased above a critical value. 1 

The Closed-loop Poles and Zeros. The factors of the closed-loop transfer 
function are more easily understood by expressing the functions G and II 
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as ratios of polynomials in s. Let 


G(s) 


gi(«) 

<? 2 « 


H(s) 


Hi(s) 

H 2 (s) 


The closed-loop transfer function can then be expressed as 


C(s) 

R(s) 


G(8) 

1 4- <?(«) H(s) 

Oi(s) H 2 (s) 

Gi(s) Hx(s) + G 2 (s) H 2 (s) 


(6-36) 


The characteristic equation is 

1 4- G(s) H(s) 


1 + 


Gxis) Hi(s) 
Gt(s) H 2 (s) 


or 


G\(s) H\(s) + G 2 (s) H 2 (s) 


(6-37) 


Thus, the roots of the characteristic equation are the factors of the 
denominator of Eq. (6-36) and, hence, the poles of the closed-loop transfer 


JU) 


JU) 


JU) 



Inaction. It is the poles of C(s)/R(s) that are found by the root-locus 
met hod. From Eq. (6-36) it is evident that the zeros of the closed-loop 
transfer function are the zeros of G(s) and the poles of H(s). Since all 
l ho zeros and poles of both G and H must appear on the s plane before the 
l oot loci can be constructed, it is clear that all the numerator and denomi¬ 
nator factors (zeros and poles) of the closed-loop transfer function are 
available on the s plane once the root loci have been obtained. 
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A considerable amount of space has been devoted to the root-locus 
method, in the hope that it will not only provide a review for those previ¬ 
ously exposed to it but will stimulate the interest of other less fortunate 
readers in this very basic and useful method. The importance of the 
method to the readers of this text is not the mechanics of how root loci are 
plotted but rather the basic concept of movement or changing positions 
of the closed-loop poles in the s plane as a function of loop gain. The 
basic ideas of the method can be of great help to anyone making a com¬ 
puter study of a feedback-control system, for much can be learned about 
a system merely by making freehand sketches of the root loci. As a mat¬ 
ter of fact, a person well acquainted with this method rarely resorts to 
actual measurement of angles and distances in the s plane to obtain the 
information he is seeking. The root-locus method, of course, applies only 
to linear systems or to linearized models of nonlinear systems. This fact 
does not negate its usefulness to the person making a computer study, 
since checks on the operation of the computer and upon the validity of 
the model used must usually, of necessity, be related to a linearized version 
of the system. 

It is of interest to note here that the analog computer can be used to 
obtain the root loci of the characteristic equation. A more detailed 
explanation of the root-locus method is given in Refs. 21, 22, and 23. 
Note that this is a method for obtaining the roots of a polynomial in s and 
is not restricted to feedback-control-system problems. 

It is essential that the engineer who solves feedback-control problems 
on an analog computer have a good understanding of at least the linear 
systems being studied. For this reason, the preceding discussion has 
been rather detailed. Further study of the subject of feedback control 
will be aided by reference to any of the books available on the subject. 16-28 

6-4. Simulation of Feedback-control Systems. The solution of 
feedback-control-system problems is a very important area of computer 
application. The analog computer’s speed and ability to simulate non¬ 
linear phenomena directly make it an almost ideal tool for both design 
and research in this area. 

Two approaches to the solution of linear-feedback-control-system prob¬ 
lems could be taken: 

1 . The functional model of the feedback-control system may be reduced 
to a linear differential equation relating output to input. This mathe¬ 
matical model may then be solved directly on the computer. 

2 . The functional model may be simulated directly on the computer; 
thus the variables of interest in the problem are all present on the com¬ 
puter and may be monitored at will. This method is by far the more use¬ 
ful for linear problems and is almost necessary for many nonlinear 

problems. 1 
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The concepts involved in the computer study of feedback-control sys¬ 
tems may best be illustrated by a simple example. Consider the simula¬ 
tion of the linear feedback-control system shown in Fig. 6-18. All the 
required information concerning the feedback-control system is given on 
the block diagram (or pictorial model) except the initial conditions of the 
variables. Actually, for most pur¬ 
poses the initial conditions can be 
assumed zero. The simulation of 
a feedback-control system is similar 
to the solution of a mathematical 
model in that proper amplitude 
and time scale factors must some¬ 
how be chosen and incorporated into the computer diagram. If the 
block diagram of the control system is to be simulated directly on the 
computer, the resulting computer diagram will, of course, look very much 
like the original block diagram. Ignoring the problem of scaling for 
the moment, the resulting computer diagram can be derived directly from 
the block diagram of Fig. 6-18. The difference device at the input can 
ho obtained by using an operational amplifier as an adder. The transfer 
function - „ . . 

- fJrU 

can be simulated very simply by the use of a single amplifier and an RC 
network, as shown in Table 6-2. The second transfer function is best 
broken into two tandem boxes, one containing the same form of transfer 
function as the first box and the other a simple integration 1/s. The rea¬ 
son for this is twofold: (1) simulation of the transfer function of the second 
box directly is not easy; (2) the feedback transfer function contains a 
derivative of the output c and, therefore, c should appear as a variable on 
I ho computer. Since it is best not to take the derivative of a variable 
with the computer, it is preferable to separate the second transfer func¬ 
tion into two parts with one containing only an integrator; thus the variable 
^ enn be brought out directly on the computer. It can then be multi¬ 
plied by a factor K t and added in at the input with the quantities c and 
r The results are shown in Fig. 6-19. Two versions of the same dia¬ 
gram are shown. 

The lime constant T\ of the first block of Fig. 6-18 is equal to R\C\ in 
I ig (I 19. Analogously, the time constant Ti equals -R 2 C 2 of the second 
amplifier in 6-19. The variable e(t) is seen to be as required: 

— e =* — (r — c — K t t) 

Now consider the scaling of the problem. With regard to choice of a 



Fig. 6-18 


244 


ANALOG COMPUTATION 


time scale, it is usually sufficient to choose n such that the smallest RC 
time constant used with the computer is somewhat larger than 1 /co c , where 
co c is the usable frequency limit for the computer and associated output 
equipment. The reason for this can be ascertained by inspection of 
typical root-locus plots. The essential thing is that all numerator and 
denominator factors (zeros and poles) of the closed-loop transfer function 
remain within the circle from the origin of radius co c for all values of loop 


c i C z 



(b) 


Fig. 6-19. Two approaches to simulation, (a) Use of external networks. (6) Use of 
standard inputs. 

gain to be tried during the study. That is not to say that the probable 
error will remain constant as long as all poles and zeros remain within the 
specified circle; the error of operation upon the variables x , x, etc., is a 
function of the entire pole-zero configuration of the problem transfer func¬ 
tion as well as of the actual transfer functions of the computer components. 
This is a complicated study and cannot be covered here. It will be found 
that the error for any particular computer operation, including recording 
of results, can be expressed as a function of the distance from the origin 
of the centroid of the complete pole-zero configuration. This fact allows 
one to take into account the larger error experienced in recording higher 
derivatives, for example, and simplifies the task of determining the time 
scale. 

The analysis of errors caused by the limited frequency range of the 
computer components is a fascinating study and would be a good topic for 
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an advanced study by those well versed in feedback-control theory. 
Chapter 12 covers a limited study of summers and integrators. For 
practical purposes, however, it is usually sufficient simply to consider the 
factor in the system having the smallest time constant. Let this be 



K 

T\s + 1 


(6-38) 


Let the time constant used on the computer to simulate Eq. (6-38) be 1 \. 
Then the value of T 2 should be somewhat larger than l/« c , where co c is 
the maximum frequency in radians per second indicated by experience (or 
by the numbers given in Sec. 3-6) for the particular computer components 
being used. The time scale factor n to be used then is 




(6-39) 


mid the transfer function implemented on the computer is 


G,(p) 


K 


K 


T 2 p + 1 nTip + 1 


(6-40) 


All other time constants are also multiplied by the factor n. The relation 
bet ween the transfer function G c (p) implemented on the computer to the 


between the transfer function G c 
original transfer function G(s ) is 


Gc(p) = G(np) 


rims, if 


G(s) 


K{T x s + 1) 

as 2 + bs + 1 


(6-41) 

(6-42a) 


I be corresponding function implemented on the computer is 




K(nT ip + 1) 

, - - - - — -' 

an 2 p 2 + bnp + 1 


(6-426) 


The magnitude scale factors for some variables can be chosen directly 
I mm a knowledge of the physical system. Others will require a knowl¬ 
edge of the range of interest of the variable parameters. Consider the 
MVNtoin of Fig. 6-18 and the partial computer diagrams of Fig. 6-19; if the 
NVMtum is stable and the initial conditions zero, a step-function input will 
i (i rely produce an error e larger than the step itself nor an output c larger 
l bun twice the step. Furthermore, the steady-state value of c(t) will be 
Jlint the magnitude of the step. A step input is used as an example 
burn use it, is the type of input function most often used to evaluate system 
i h i Inriiiance, either analytically or with the aid of a computer. Let this 
Input lie 


r(t) — A w_i(<) 
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Then the maximum amplitudes of e and c can be chosen as 



In order to determine suitable maximum amplitudes for the other vari¬ 
ables, more must be known about the system. In particular, the range 
of the gain constants must be known. Normally, one of the two forward 
loop gains Ki and K 2 will be specified, and the value of the other is to be 
determined for optimum system performance. The root-locus method 



(a) (b) (c) 



(d) (e) 

Fig. 6-20. Root-locus plots for the system of Fig. 6-18. (a) Kt = 0. (6) Kt < T 2 . 

(c) K t = T 2 . (d) Ti <K t < TV (c) K t > Ti. 


can be put to good use here. The characteristic-equation root loci are 
sketched in Fig. 6-20 for various possible values of K t . The feedback 
transfer function can be expressed as 

H(s) = 1 + K t s 

which contributes a zero to the open-loop transfer function GH at s = 
— 1 /K t . It can be seen immediately that the system is stable for all 
values of open-loop gain only if K t is equal to or larger than the smaller of 
the two time constants. However, if K t is large enough to give the zero- 
pole configuration of Fig. 6-20e, one of the roots will always lie between 
the origin and the zero on the real axis. This real root will be dominant 
since it is always much closer to the origin than the other two; this will 
result in a time response dominated by a slow-rising exponential term. 
Therefore, values of K t much larger than the larger of the two time con¬ 
stants would not be practical. Accordingly, the possible values of K t 
have been bracketed. 

The maximum possible value of K\K% if the system is to remain stable 
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can be found quite easily when K t is zero. This is often a good value from 
which to start; it usually should be calculated anyway to serve as a check 
point for the computer solution. 

As indicated above, one purpose of the computer study of a system such 
as the one of Fig. 6-18 is to determine the value of one or more parameters, 
such as gain, for optimum system performance. There are a number of 
useful performance criteria such as minimum mean-square error, mini¬ 
mum mean absolute value of error, maximum signal-to-noise ratio, mini¬ 
mum phase shift at a specified frequency, general form of the step 
response, etc. All of these criteria can easily be implemented on the 
computer and appropriate curves recorded or values obtained during 
simulation of the system. Very often, noise is an important factor. In 
such cases, random noise generators are used to introduce noise (a ran¬ 
domly fluctuating voltage) at various places in the system. 

Example 6-1. As a specific example, assume the following values of the parameters 
of the system of Fig. 6-18: 

Ti = 0.01 sec 
Tt = 0.05 sec 
Kt = 1.0 ft /(sec/volt) 

Ix>t the maximum frequency w c of the computer be 

« c = 10 radians/sec 


If the relationship of (6-39) is used, the needed time-scale change is 



The time-constant values to be used with the computer then are 


Assume an input 


Tu = 0.1 sec 
Tie = 0.5 sec 

r(t) =2 u.iit) ft 


Maximum amplitudes for two of the variables may be chosen as 

Cm = 2 ft 
Cm = 4 ft 

The next step is to obtain estimates of the values to be used for K 1 and K t . From 
1 he preceding discussion, the usable range of Kt will be zero to about 0.05 sec. One of 
(lie root loci for Kt - 0 is plotted in Fig. 6-21. It is seen that the critical value of 

gain in 

(Ki) e - 154.5 volt/ft 

Those gain parameters will be normalized in the same manner as the dependent 
vmmmM rs for the computer solution, since they are to be varied over a large range. 

To be conservative, lot 

[Kx) m - 300 
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The amplitude scale factor for c could be obtained either from the other assumed 
maximum amplitudes and gain factors or from a knowledge of the oscillation fre¬ 
quencies that will be present. From Fig. 6-21, it can be estimated that the maximum 


Jti£ 2 -154. 


.* 2 ^ Pole at -100 

—i-1-1-*. 

-80 -60 -40 -20 

Fig. 6-21. Root locus for Example 6-1. 

frequency that will be encountered is on the order of 70 radians/sec. Either way of 
figuring c m results in approximately 

c m — 300 ft/sec 

To summarize the results of the above analysis, the open-loop transfer function is 
given as 

fijr/ \ _ KiK 2 (K t s + 1) 

s(T lS + dct 2 « + i) 

with 

Ti = 0.01 sec 
T 2 = 0.05 sec 
K 2 = 1.0 ft/(sec/volt) 

If the maximum computable frequency w c is 10 radians/sec, the time scaling should 
be on the order of 

n = 10 

with Tic — 0.1 sec 

Tic — 0.5 sec 

If r(t) =2 U-i(t) ft, the normalized variables chosen are 

(!) («) (do) (!) 

with the two gain parameters normalized as 

m - (&) 



The resulting computer diagram is shown in Fig. 6-22. It would be instructive 
for the reader to check the diagram in detail. Each gain parameter appears as a 
single potentiometer setting. Why was the maximum value of Kt chosen as 0.08 
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instead of 0.05 as previously mentioned? Simply because the gain factor of that term 
at the input to the summer would have had to be 7.5 if K tm = 0.05 had been used. 
Therefore, a compromise was reached with Kt m — 0.08, resulting in a gain factor of 12. 
Note how the gain of 12 is implemented. 

Up to this point, the system has been assumed to be linear. Most systems will 
exhibit limiting and other nonlinear phenomena, which may or may not be ignored. 
For example, in the case being studied, a gain figure of Ki = 300 volts/radian could 
result in values of v(t) in the region of 600 volts. This is several times larger than the 


0.1 


tint) 

2 




H(S55 


0.5 


(300) 


r\© 



\i 


n-= 10 

[r] x= [ e ] - [ c ] 

[V] * volts 


Fig. 6-22. Scaled computer diagram for Example 6-1. 


-e 


-c 



XJ 

Fid. 6-23. Partial diagram indicating nonlinearities of interest for Example 6-1 


• •illput obtainable from most amplifiers. In most cases c(t) would be limited by the 
ii» lure of the output-member power source. Other nonlinearities that might be 
Important are: 

I. Mack lash between driving member and output shaft position 

7 Backlash between the output shaft and the error-detecting device 

II. Nonlinear gain characteristics for K 1 , K 2 , and Kt 

4, Nonlinear torque-speed relationship of driving member 

A partial computer diagram indicating some of these nonlinearities is shown in 

Flit- 6-23, 

I' 111 in pie 6-2. Instrument Servo. This example deals with a very common type of 
••• 1 voiuochanism—the two-phase-motor positional control system. This is the type 

• •I *»v hI cm used for the control of many automatic machine tools, for instrument 
mm vmiicolianiMms, and, incidentally, for the servo multipliers used in analog computers. 

11 In desired to study the effects of the nonlinear torque-speed relationships of a 

• \ plral two phase motor. The torque of a two-phase servo motor is a nonlinear func- 
Mihi of applied voltage and output speed. A two-phase servo motor may be depicted 
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„ to Fig. W* wh,« - »th.voH.ge 

opplied to the rolerenco w “ ,, d-i|snaK d ». *■ Typic.1 torque-.peed 

b Fig. 6-24b by the heaipt lines. I» the usual analysis it is assumed 
that the torque can be expressed by the linear equation 


Kiei — ad 


This relation would result in the straight dashed lines of Fig. 6-24b. The effect 
ot the nooitoee, teUttonehip c.» be e.edied qtot, «* » “ ot 


T 


20v 

lOv 


«i-0 


Control 


ei, 


-10 v 


B 




Reference 

(a) 


-20v 


Ideal curves 
Form of actual curves 


(b) 


Fig. 6-24. Two-phase servo motor. 
Torque-speed curves. 


(a) Two-phase-motor representation, (b) 


particular eaee, a simple function generator cannot be 

ht 

ts s; t»n.h A „5^ -. —■—- 

case. Let the motor torque be expressed as 


T = K m e x - ad, 


bdJ - cdj 


A n 


(6-43) 


This electrical torque acceierates a ^ and 

these values refer to the motor-shaft side of the gear Do 

expression then is „ (6-44) 

1 — J Um i 

In terms of Laplace transforms, 

. / \ _ T(s) 

0m(s) “*(/* + B) 


which, from Fig. 6-25, results in 


G 2 (s) - T(# ) 8 (j 8 + B) 


(6-46) 


If K, is the gear ratio, the output-shaft displacement is 9 - K.*~ The Lapleoe 
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transform of Eq. (6-43) can be expressed as 


T(s) - KmEiis) - P(s) 

- KmEiis) - N(s,0) 0m(s) 


(6-46) 


where 0 is the output of the nonlinear element N(s,0). The amplifier that drives the 




E r, / \ Ei \ v 
— G\( 8 ) K m 




N(s, 6 ) 


Fig. 6-25. Block diagram for Example 6-2. 


two-phase servo motor can be described by 


Then 


Gi(s) = 

0(s) = 
Ei(s) 


Ki 

TiS + 1 
K m Kg 

Js 2 +Bs + N 


mid the open-loop transfer function is 


0(s) 

E(s) 


KlKmKg _ 

(Js 2 + Bs + N)(TiS + 1) 

KiKmKg/JTi _ 

[S 2 + (B/J)s + N/J](s + 1/Ti) 


I f the speed-torque relationship were linear 


0(8) 

E(s) 


KlK m Kg 

s[Js -f (a -j- b)](Tis + 1) 

KiK m Kg/JTi _ 

*[8 + (o + B)/J](S + 1/tT) 


liot the numerical values of the system parameters be 


J 

B 

Ti 

Kg 


0.001 in.-oz sec 2 
0.01 in.-oz sec 
0.01 sec 
0.01 


referred to motor shaft 
referred to motor shaft 


(6-47) 


(6-48) 


(6-48o) 


(experimental torque-speed curves for the motor to be used are given in Fig. 6-26. 
The curves can be fitted quite well with the equation 


T w K m e i — ad — cd* 

- 0.0395c, - 0.00690 


4.75 X 1O“ § 0* 


(6-49) 


(The computer was used to obtain tho constants of this model by trial-and-error curve 
fining.) The electrical torque is limited in tho practical case by the synchronous 
speed of the motor, which is 377 radians/seo. Note that tho units hero pertain to 
annular rotation; one revolution of tho shaft is equal to 2 w radians. I he use of the 
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units radians/sec for both shaft angular speed and frequency can be confusing, but 

the radian is a common unit of measurement of shaft position. 

If the frequency range of the computer is of the order of 10 radians/sec, the time 

scale factor should be 

_ 

n Ti 



The maximum values of several of the variables are determined by physical con¬ 
siderations. The maximum voltage applied to the control winding of the motor is to 



Fig. 6-26. Experimental torque-speed curves. 


be 100 volts, and the maximum motor torque is slightly less than 4 in.-oz. The limita¬ 
tions due to the synchronous speed of the motor can be taken into account approxi¬ 
mately by simply limiting the motor-shaft speed to a maximum of 377 radians/soo; 
let the value of 6 m be 400 radians/sec. Since this is a general study of the system, the 
input 0i is completely arbitrary. As a starting point, let frim =0.1 radians. (During 
the computer study limit cycles of small amplitude were found, making it necessary to 
reduce the magnitude scale factors of several variables in order to increase accuracy.) 

The value of K m is determined from the torque produced at stall, and is given above 
in Eq. (6-49). The values of a and c are also given in Eq. (6-49), although they were 
actually obtained by using the computer; the normalized factors used wore a/0.01 and 
c/10" 7 . The amplifier gain K\ is the only constant that is to be varied in the first 
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part of the study. The root loci can be used to find the approximate range of K i and 
also to find the critical value of K i for the linear system (c = 0) that will serve as a 
check on the computer results. The root locus for the complex pair of roots is shown 
in Fig. 6-27 for the linear case. The system will be unstable for Ki > 5,000 radians. 
K i should then be normalized to a larger value, say, 10,000. The root loci provide a 
check on the choice of time scale, for the natural frequency of the complex roots is 
always less than 41.1 radians/sec for the stable linear system, and the root on the real 
axis will be found to occur at about s = —120 for K\ = 5,000. From the root-locus 


JO) 



Fig. 6-27. Root-locus plot for Example 6-2. 

plot it is seen that good step and frequency response will be obtained for the linear 
system with 700 < K\ < 1,600. 

The scaled computer diagram is shown in Fig. 6-28. Diode limiting circuits are 
tiNod to limit e\ and 0. The gear ratio can be taken into account simply by changing a 
normalizing factor. Three of the input resistors shown are not usually available as 
standard inputs; if the computer being used did not have provision for adjustable 
decade or arbitrary value resistors, the normalizing factors for K m and c could be 
changed. 

After the computer was set up, the accuracy of the system was checked with c = 0 by 
increasing K i until stable oscillations were obtained for a step input. The resulting 
ci if ical value of K\ was off by several per cent. At this point very careful static and 
dynamic checks of the various gain factors and time constants were carried out, and 
Mcvorul values were found to be in error. The two time constants were checked by 
opening the loop and introducing step inputs. This check procedure should have 

I.. the first step in the computer study, of course, but the operator often becomes 

impatient for results. The bias potentiometers for the limiters should be set during 
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the static check, by the way, by observing the limited output. The accuracy of the 
multipliers was also checked by making several spot checks of (0 m /4OO) 3 and then by 
sweeping 0 m /4OO slowly from -1.0 to +1.0 and recording the output with an xy 
recorder; the sweep voltage was used as the z-axis input to the recorder. 

After the computer had been completely checked out, the linear oscillatory case 
was investigated again, and this time the values obtained were Ku — 5,020 (5,000 
calculated) and oscillation frequency 41.1 radians/sec (41.1 calculated). 

With c set to its correct value, the system was observed to behave somewhat 
differently from the linear case. The system was stable for Ki = 5,020, but, for each 



Fig. 6-28. Computer diagram for Example 6-2. 


value of gain larger than the critical value for the linear system, sustained oscillations 
occurred at a different frequency and at only one amplitude in each case. For exam¬ 
ple, at a gain of Ki = 5,070, the system oscillated at a frequency of 41.7 radians/sec 
with a peak amplitude of 0.18 radian for the motor shaft. At K\ = 6,080, the system 
oscillated at a frequency of 44.7 radians/sec with a peak amplitude of 6.6 radians, or 
slightly over one revolution of the motor shaft in each direction. 

The over-all effect of the nonlinear torque-speed relationship was found to be an 
apparent damping factor, which was a function of signal amplitude. For the non¬ 
linear system to have approximately the same step response as the linear system at a 

specified amplitude, the gain had to be increased. 

This particular type of servomechanism is difficult to build without introducing 
backlash and coulomb friction. For such a study to be complete, such nonlinear 
phenomena should be included and their effects noted. 

Computer simulation of feedback-control systems has proved to be 
effective not only for design but also for applied research. Much of the 
theory of sampled-data systems was developed in conjunction with com¬ 
puter-simulation experimental studies, for example. An integrator can 
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easily be adapted to operate as a sample-and-hold device by providing a 
relay contact for switching. More elaborate sampling devices such as a 
radar track-while-scan unit can also be easily simulated. The avail¬ 
ability of noise generators increases the scope of simulation studies by 
allowing the study of systems having stochastic properties. 

6-5. Time Delays. Many physical systems involve the transportation 
of energy in one form or another over distances so large that the associated 
time delay (also termed transport lag ) is not negligible. Systems in the 
process industry where material is piped from one location to the next are 
so affected. Systems found in the transportation industry and economic 
systems in general fall into this class. Flood-control and soil-conserva¬ 
tion problems are also typified by time delays, and so are systems involv¬ 
ing finite transit times of electrons or other particles. The necessity to 
simulate time delays stems, in general, from a desire to study a distributed- 
parameter system with a lumped-parameter model. If a pipeline carry¬ 
ing oil in a refinery system is regarded as a distributed-parameter device, 
the position of the oil particles everywhere along the pipe will appear as a 
problem variable; however, if it is treated as a lumped-parameter device 
in the over-all system, only the flow into and out of the pipe appear as 
problem variables, and the time delay associated with a particle moving 
from one end of the pipe to the other often must be taken into account. 

Time delays can be simulated with an analog device such as a tape 
recorder in which the playback head is spaced some distance from the 
record head. The spacing between the two heads can be made variable, 
controlled either manually or automatically by a computer variable. 
This type is more realistic than the method discussed below, but tape 
mechanisms of this type capable of recording and playing back the slowly 
varying computer voltages with the desired accuracy are not readily 
available. 

The more common method of simulating time delays is to instrument 
on the computer an approximation of the transfer function of a time-delay 
mechanism. If the input to a time-delay mechanism is x(t), the output 
is x(t — T), where T is the delay in the units of t. From theorem G of 
Chap. 1, if X(s) is the Laplace transform of x(t) and if T is a nonnegative 
real number, then 

£[x(t - T)] = e~ r « X(s) 

If x(t — T) = 0 and 0 < t < T. 

The transfer function of a time-delay unit of T sec delay is then e~ T *. 

The technique used to simulate a time delay on the computer is to 
Instrument a transfer function that is an approximation of e~ T *. A sys¬ 
tem whoso transfer function is er T% has a frequency response that exhibits 
a constant amplitude ratio of unity and a phase shift that varies linearly 
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with frequency (<£ = Tw). There are a number of expansions of e~ T * that 
can be used effectively. 

The Taylor series expansion 



could be used, but it converges quite slowly for large values of Ts . The 
Pad6 approximation can be used, but requires a fair number of amplifiers 
for a good approximation. 26 



Fig. 6-29. Phase error versus desired phase shift for the time-delay approximation 
of Eq. (6-50) for two sets of recommended values. (Courtesy of Berkley Division of 
Beckman Instruments, Inc., from Ref. 29.) 


An approximation used by Stubbs and Single 27 that is relatively easy to 
instrument is 



q,s 2 - 2^q,s + 1 
a,s 2 + 2f,q,s + 1 


(6-50) 


Note that the approximation consists of n sets each consisting of a pair 
of poles in the left half plane balanced by a pair of zeros at the two imago 
points in the right half plane. For each approximation n = 1, 2, . . . , 
the values of a. and for each set can be found for optimum performance. 
An approximation of the form (6-50) does not have an amplitude error but 
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does result in a phase error of 

n 

- 2 X tan- - T. (Ml) 

l-l 

\\y proper selection of values for f t - for successive terms of the approxima¬ 
tion and of proper ratios between the af s, the errors of the successive 
terms will cancel over a considerable range of phase shift. The values of 
the constants recommended by Single and Stubbs 27 * 29 for (6-50) with 



(b) 

I’m. 6-30. Two computer instrumentations of the approximate time-delay transfer 
hind ion of Eq. (6-52). (Courtesy of Berkley Division of Beckman Instruments, Inc., 

from lief. 29.) (a) Not recommended for time-variable delay times. Noise level 

•null for T < 1 sec. (b) Recommended for time-variable delay time. 
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n = 2 and n = 4 are given in Fig. 6-29 along with the resulting phase 
error for a limited range of desired phase shift. The desired value of time 
delay is 

n 

t = 4 y r 

t-1 

and with n = 2 for the values shown 

T = 7.42a* 

with ai = 1.68a 2 

The approximation with n = 2 is seen to have a maximum phase error of 
0.019 radians, or 1.09°, up to a desired phase shift of 7.44 radians, or 427°. 
Since the desired phase shift is To>, this means that the approximation 
with n = 2 can be used with a maximum phase error of 1.09° over a fre- 



Fig. 6-31. Step-function response for circuits of Fig. 6-30 for T 0 “ T/IOO. Tho 
values of the circuit parameters should be adjusted to match the output of (a) hm 
indicated. (Courtesy of Berkley Division of Beckman Instruments, Inc ., from Ref. 29.) 
(a) Theoretical step response. The steps required for adjustment of circuit are (1) 
Adjust Ri for correct value (0.331); (2) Adjust R% for correct value (0.210); (3) Adjust 
Ri for correct value (0.196); (4) Repeat above steps several times. 
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quency range of 0 to 7.44 radians/sec for a time delay of 10 sec. It is 
interesting to note that the simplest constant-amplitude approximation 

e ~T» = 1 ~ (T/2)8 

1 + (T/2)s 

lias a phase error of almost 5 radians at a desired phase shift of 7.44 
radians and an error of 1 radian at a desired phase shift of 3 radians. The 


u 



I mi. 6-31 ( cont .) (b ) Experimental step response for two circuits in cascade. For 
Nluusoidal input, approximation is good to / = 2.36 /T cps. 


i'ii nr curve of Fig. 6-29 for the case with n — 4 stays within the 0.019 
limits out to 13.6 radians, not quite doubling the useful range but giving 
biittor results at intermediate points. 

Single has modified the approximation of (6-50) for instrumentation 
• •it the computer by addition of a low-pass filter to reduce noise and 
Improve the step response. 29 The transfer function he uses is 

... _(ai V - 2fifl 1 g + l)(a 2 V - 2f 2 a 2 s + 1) , . 

(a 0 s + i)(ai 2 s 2 + 2fiai 8 + l)(a 2 2 s 2 + 2 J* 2 a 2 s + 1) ^ * 

% 

rid* in no longer a constant-amplitude approximation. The values of the 
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constants used by Single are those of Fig. 6-29 with a 0 < T/ 100. The 
delay time is T = 7.42a 2 + a 0 . Two possible circuits for implementing 
the transfer function of (6-52) are shown in Fig. 6-30. Both circuits pro¬ 
vide for a variable delay time, although that of Fig. 6-30a is not recom¬ 
mended for applications requiring a time-delay variable with time. The 
circuits of Fig. 6-30 give good results for time delays up to 11 sec; for 


£o 



to / * 3.54 /T cps. 

larger delay times two or more delay circuits can be cascaded. The noise 
level of the circuit of Fig. 6-30a may become objectionable for delay times 
less than 1 sec. The circuit of Fig. 6-306 requires an extra amplifier but 
can be used for delay times that are a function of time or of a problem 
variable, and it has a much lower noise level at small delay times. The 
step response of the circuits of Fig. 6-30 for one, two, and three cascaded 
circuits are shown in Fig. 6-31. Note that the abscissa units are normal¬ 
ized time t/T. The step response is perhaps not so ideal as the phase- 
error figures would lead one to predict; however, a step function is a very 
severe test. Both circuits of Fig. 6-30 are relatively simple and give good 

results if adjusted properly. 29 

The larger computer facilities usually have special-purpose time-delay 
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units that are completely self-contained, requiring no additional oper¬ 
ational amplifiers. The magnetic-tape time delay offers much promise 
for the future. 

Example 6-3. Simulation of a Satellite Launching. This example is an account 
of a computer course project of two Cornell students.* Although not meant as a 
serious study of any particular system, this account serves as an interesting example of 
what novices in the field can do with a little thought. 



Fig. 6-32. Satellite launching. 


Tim rocket is assumed to have two stages, the first stage carrying it off the earth 
mimI Uio second launching the satellite. The rocket is fired from the equator of the 
• -••ill, with the motion of the earth giving it an initial velocity. The flight of the 
n.iLH consists of three parts, as depicted in Fig. 6-32. First the rocket is fired from 
I In* enrlh, with first stage burnout occurring after 100 sec. Second, the rocket is pre- 
|imgininmed to rotate approximately 90° while the rocket is coasting upward. Third, 
I In second Htage fires when the flight reaches its apex. The satellite, which is con¬ 
fined in the second stage, is released after the second stage burns out and is in orbit, 
MMMinitig nil goes well. However, the angle at second-stage ignition might not be 

• A, N. McAllister and H, J. Boudder. 
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correct, or the second stage might not attain a high enough velocity. In this case the 
rocket would crash back into the earth. With the programming illustrated in this 

example, these eventualities may be in¬ 
vestigated. 

Figure 6-33 shows the coordinate 
system chosen for describing the motion 
of the satellite. Polar coordinates are 
used and are transformed into cartesian 
coordinates so that the motion can be 
viewed on an oscilloscope and so that an 
xy recorder can be used to record the 
motion. 

The equations of motion in polar co¬ 
ordinates are 

Radial acceleration: 

a r — r — rd* (6-53 a) 

Tangential acceleration: 

ae = rB + 2 rB (6-53 6) 

The radial force is composed of two 

Fig. 6-33. Coordinate system used. P arts: the gravitational attraction mg 

and the radial component T sin <f> of 

the thrust. The tangential force is the angular component of the thrust, T cos <t>. 

Equating these to mass times acceleration, 

Er = T sin <i> — m g(r) - m(r + rB 2 ) 

Ee = T cos <f> = m(rB + 2 rB) 


(6-55 a) 
(6-556) 

Also, solving the polar coordinate-cartesian coordinate transformation simultaneously, 

x = - - ty (6-56a) 

r 

y = ^ + 6x (6-566) 

These last four equations are programmed on the computer. 

The apex was assumed to be a height of 500 miles, and the time of firing the first 
stage was assumed to last 100 sec. The rocket then coasted to its apex, where the 
second stage, assumed to fire for 30 sec, was launched, and the satellite put in orbit. 

The programming of the computer is done so that different effects can bo explored. 
The thrust-to-mass ratio can be varied to any desired arrangement by use of a function 


Dividing by the mass, 

sin <t> ~ g(r) - f - rd 1 
m 

— cos <t> = rG -f- 2 rd 
m 

or rearranging, 

f = - ^ ^ sin <£ -f g(r) - 

rB = — (—- cos <f> -f 2 r6 
- \ m " 



(6-54a) 

(6-546) 
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generator. The thrust function assumed initially is shown in Fig. 6-34, but the thrust 
could be made constant while the mass was varied in proportion to the time of firing. 
The curve shown in Fig. 6-34 would then have a slanted top. Crude calculations were 
performed assuming constant mass and constant thrust to obtain orders of magnitude 



Fig. 6-34. Simple thrust function. 



Fig. 6-35. Program used for rocket turnover. 


(—) 

V50/ 



Fig. 6-36. Gravitational variation. g{r) = gr(r 0 /r) 8 = 32.2[(2.4 X 10 7 )/r] 2 . 

• • , /• ‘ • • 

fin the variables. The time of coasting is assumed to be approximately 385 sec in 
i mil time, and the period of rotation about the earth assumed to be 80 min, at the 
li n il. These values are used in computing the maximum values used for magnitude 

Haling. 

Tho acceleration function T/m , the gravity function g(r), and the velocity of rota- 
II. in Hre created by diode function generators. The original computations are done 
%v II It a constant thrust-to-mass ratio, but this can easily bo varied by a flick of the dial. 
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The function used to program the rocket turnover is shown in Fig. 6-35. To save 
amplifiers, the angular rate of rotation of the rocket is programmed rather than the 
angular acceleration. This is a good approximation to reality, since the input accel¬ 
erations are short and can be regarded as impulses of angular momentum. The time 
base for the thrust- and rotation-function generators is created by integrating a 
step function. 

The gravitational acceleration is a function of the radius only (a central force field). 
An interesting feature is that it can be varied to correspond to the motion in a different 
universe. The variation of the gravitational attraction is shown in Fig. 6-36. 

This particular simulation problem is one in which any one value of time scale 
factor is unsatisfactory. It is desired to have a time scale factor such that, when the 


4xio 



1 a 


R\ 


2a 



R2 


Ri 


Integrator 2 b 
Input 


Switch 


Fig. 6-37. Time-scale-change circuitry 


satellite is in orbit, a complete trip around the earth will occur in about 6 sec. This 
calls for a time scale factor of n = 10~ 3 , for the satellite period is about 100 min. This 
small time scale factor would, however, condense the entire launching cycle into only 
0.5 sec. Allowing 10 sec on the computer to simulate the approximately 500-sec 
launch cycle, the time scale factor should be n = 0.02. The answer is to change time 
scale while the computer is simulating the system, right after burnout of the second 
stage. The time-scale change is carried out automatically. A diode is used as the 
feedback element in an operational amplifier, and the coil of a plate relay is connected 
to the output. The input is a voltage corresponding to x. The input is also con¬ 
nected to a negative voltage, which sets the operating point. When the input voltage 
of the amplifier is positive, the output becomes negative, and the diode stops con¬ 
ducting. As long as the diode conducts, the output voltage is zero, but as soon as it 
stops the output voltage rises to saturation, and the relay is energized. The circuit is 
shown in Fig. 6-37. The plate relay operates another relay which changes the 
integrating resistances. The relay is self-locking and is controlled by a switch in 
series with it. The relay clamps the outputs of the two time-function generators to 
ground, ensuring no input to the rockets while the satellite is in orbit. 

Computation of Maximum Values. The height to which the rocket rises while tho 
first stage is firing is 

' ati 1 

h * " T 
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The speed attained is 
It then coasts for a time 




The distance traveled during this time is 



The combined height H = h p -f h c = 500 miles ^ 3 X 10 6 ft, and the 
100 sec = h; so 



or 



- 3 X 10* 



firing time is 


then 


a = 3.85 g = 124 ft/sec 2 
h p = 6.2 X 10 5 ft 
v p = 1.24 X 10 4 ft/sec 
T e — 385 sec 

T/m = a -f- g = 156.2 ft/sec 2 

'Fhe minimum period is assumed to be 80 min; so appropriate maxima are 

0 — %o X 80 = 1.31 X 10 -3 radian/sec 
0 = 0/t = 1.31/30 X 10 3 = 4.35 X 10" 6 radian/sec 2 
r = 4,500 X 6,000 = 2.7 X 10 7 ft 

(T/m) cos e = (r0) m = 2.7 X 4.35 X 10 2 « 1,170 ft/sec 2 
4> = 4.09 X 10 -3 radian/sec 

'I’ho maximum values used are 

0 = 5 X 10“ 5 
0 - 0.002 

r *= x = y = 4X10 7 
t ~ x = y = 5X10 4 
rO « 2,000 

T/M = 1,200 
ff(r) = 50 
rtf* - 160 
tO - 100 

tx/r « fy/r = Ox = Oy = 8 X 10 4 
<!> - 5 X 10~ 3 
0 - 0.157 

FI u* Mealed computer diagram, including the provision for automatic time-scale 
• l>Mnge, is given in Fig. 6-38. This satellite-system study was later expanded to 
Include the possibility of earth-moon orbits. Although this is a simplified approach 
!m ii complex problem, it demonstrates a little of what can be done in this area. Note 
dial only 16 amplifiers are required. If a computer facility of 100 or 200 amplifiers 
were available, a much more realistic study could be made. 
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6 -6. Discussion. The computer study of many physical systems and 
natural phenomena can be carried out along two different lines, a mathe¬ 
matical description of certain relationships involving the problem vari¬ 
ables can be instrumented on the computer, or the computer can be used 
as a simulator to build a physical model of the system under study. The 
technique of simulation is not restricted to analog computers, for digital 
computers can often be used effectively in this manner, particularly for 
numerical problems involving stochastic variables. The analog com¬ 
puter is more effective and economical in most cases, however, and is 

usually much simpler to use. 

The use of the analog computer as a simulator has proven to be a very 
valuable tool for the design engineer, particularly for feedback-control 
systems. The possibilities of simulation should not be overlooked by 
scientists in basic and applied research, for simulation can be very valua¬ 
ble as an aid in synthesizing a reliable model and in formulating and check¬ 
ing new theories. Used in this manner, simulation serves as an adjunct 
to experimental investigation of our physical world. Simulation involve* 
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experimental research with a model that can be modified easily and in 
which the conditions of the experiment can be closely controlled. 
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CHAPTER 7 


PROBLEM SETUP AND CHECKING OF SOLUTIONS 


Careful thought and planning must go into the procedure of setting up 
problems on the computer and checking solutions if useful results are to 
be achieved. This is a facet of the computer art that is too often ignored. 
Perhaps because of the simplicity of the basic analog computer, the old 
adage “A little knowledge is a dangerous thing” could often be applied 
to people in the analog-computer field. Most scientifically trained people 
(win learn the fundamentals of the analog computer and how it is pro¬ 
grammed in a rather short time. At this point the novice often feels 
quite satisfied with himself, and proceeds to use the computer for months 
or even years in such a way that many if not most of his computer solu¬ 
tions are practically worthless. Being able to understand the basic con¬ 
cepts and programming procedures is one thing; devising good experi¬ 
ments and using the computer properly is another. It must always be 
kept in mind that the computer cannot think; it is merely a tool that can 
very easily be used improperly, with the result that conclusions drawn 
from a computer study can be invalid or completely misleading. The 
proper use of a computer requires a systematic, careful, and imaginative 
approach to the whole problem of design of experiments. Experimental 
physicists are well aware of the problems entailed in designing an experi¬ 
ment from which meaningful results can be obtained, but other people 
who use computers very often ignore these problems or are unaware of 
! hem to begin with. It can only be emphasized that the computer, if 
properly programmed, will perform the task the operator has specified; 

it will not think through the problem or determine what is required for 
meaningful results. 

7-1. Programming the Computer. The general-purpose electronic 
analog computer is designed to provide the operator with rather elaborate 
programming and control circuitry. The operator should know thor- 
«Highly this part of any machine he is using in order to utilize the machine 
with maximum efficiency. Most computers are provided with a control 
console that provides for convenient connection of inputs and outputs of 
llin various computing components through a central patch bay, usually 
vmiIi a removable “ patch panel ” or “ problem board.” The console also 
contains the control circuitry required for monitoring the computer vari- 
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bles, including the output of most of the computer components being used, 
for setting the initial condition of the variables, and for initiating the 
various operating states of the computer. 

Programming of an analog computer consists of several steps: 

1. The computer components are interconnected according to the 
scaled computer diagram. On the general-purpose machine this is 
usually done by means of a patch panel and patch-bay system into which 
all the input and output terminations of the computing components are 
terminated. Interconnections among the terminations are made by 
means of patch cords of various lengths. Patch cords are inserted into 
appropriately identified holes in the patch panel; the tips of the cords 
project through so that they make electrical connection with contacts of 
the patch bay when the board is inserted. 

2. The coefficient potentiometers and any other potentiometers are set 
to the desired values. This is done after the problem interconnections 
have been made and the patch panel inserted into the machine, so as to 
take into account the loading of potentiometers. If the potentiometers 
are set by hand, a dial on the shaft is usually provided for rough indication 
of the setting. In order to provide for accurate settings for the poten¬ 
tiometers and to take loading effects automatically into account, a bridge 
circuit is provided in the console, which allows the setting of any poten¬ 
tiometer to be compared with the setting of a standard potentiometer 
accurate, usually, to 0.05 per cent full scale or better. The control cir¬ 
cuitry is such that one need only set the monitoring switch to POT SET, 
set the standard potentiometer to the correct reading, throw a spring- 
loaded switch directly adjacent to the dial of the potentiometer in ques¬ 
tion, and, by observing the null-meter deflection, set the potentiometer to 
the desired value. In many computers a digital voltmeter is provided 
that takes the place of the standard potentiometer and null meter, giving 
the actual setting of the potentiometer in question directly as a digital 
reading. The more elaborate computers provide a digital potentiometer¬ 
setting system which sets the value of all potentiometers automatically 
from information contained in punched cards or punched tape. In such 
cases the punched tape or deck of cards is prepared ahead of time by 
standard procedures. 

3. The initial conditions of the problem variables are then set by similar 
procedures. The monitor switch is changed back to the READ AMPLI¬ 
FIER position, and the output of each integrator in turn is compared 
with the output of the standard potentiometer, using the same bridge 
circuit described above. Systems with automatic digital potentiometer¬ 
setting capabilities usually provide for setting of initial conditions auto¬ 
matically also. 

4. Any function generators being used are set up. 
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5. Any auxiliary switches that may be required are set, for instance, on 
resolver front panels, etc.- 

6. The outputs of the components to be monitored are connected on 
the patch board to the inputs of appropriate recorders. The patch panel 
usually provides for inputs to several channels of continuous-type 
recorders as well as to xy recorders and oscilloscope displays. 

7. Lastly, the control switch is placed in the COMPUTE position to 
start the problem solution. This is usually done manually, but can also 
be done by an automatic programming system using punched tape or 
stepping-switch-type control circuitry. 

Use of a removable patch panel provides several advantages in con¬ 
venience and efficiency of computer operation. The panel can be wired 
according to the computer diagram while it is disconnected from the com¬ 
puter. Thus, one problem can be operating on the computer while con¬ 
nections are being made for the next problem. After the problem run the 


panel can be stored, so that the computer solution can be resumed easily 
at a later date without the delay of repatching and checking the connec¬ 
tions. The use of digital automatic setting systems for coefficient poten¬ 
tiometers and initial conditions is another step in the direction of increased 
convenience and efficient utilization of machine time. The automatic 
potentiometer-set systems also provide a means of storing potentiometer 
settings at the end of the problem run, so that, even though the operator 
may have changed parameters during the problem run, the problem can 
be set up days or weeks later with exactly the same parameter and initial- 
condition values in use when the problem was taken off. In addition, the 
automatic systems reduoe set-up time, since they are much faster in actual 
set-up procedure than a human operator. Also, many operator errors 
arc eliminated; for, although the tape may contain errors, it can be 
checked in advance without taking time on the computer itself. 

Similar servo-set systems have been used for adjusting function gener- 
M tors. Such automatic devices are necessarily complicated and expen- 
aivo; if new functions are to be inserted frequently, however, the saving 
nl machine and personnel time may be considerable. Diode function 
generators are also available that are set up by inserting a large punched 
curd. The punched holes determine—in discrete steps—the incremental 
dope at each of the fixed break points. 

Considerable work has been done in devising systems for completely 
automatic setup of analog computers. This includes the making of 
proper connections as well as the setting of the desired potentiometers and 
I unction generators. The use of switches and relays has been tried, but 
Inis not been found feasible for general-purpose machines. The method 
Iimm merit, however, for a relay-switched machine could be completely 
programmed from punched tape or other similar semi-automatic means. 
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In an effort to combat the inefficiencies and errors of the human oper¬ 
ator, considerable effort has been directed toward methods that would 
allow automatic programming of an analog computer by a large-sized 
digital computer. The mathematical model would be fed into the digital 
computer along with the values of the problem parameters and initial 
conditions of the variables. The digital machine would then refer to 
stored information concerning the properties and restrictions of the 
analog computer as it scaled the problem and formulated an efficient 
computer setup. This information could then be punched out on a tape 
and used to connect the analog-computer components automatically. A 
recent advance in this direction is the development of the Macon,* a 
matrix connection device using holes punched in a plastic film sandwiched 
between printed circuit connectors. This device can make all necessary 
connections between computer components and even set the value of 
coefficient potentiometers without manual manipulation. 

7-2. Control Circuitry. Some means must be provided to control the 
state of the computer. This is usually done with sets of relays controlled 
through a control switch. Six or more computer states may be provided 
in a particular computer. These states could be divided into three cate¬ 
gories ; those having to do with problem set-up procedure, those having to 
do with checking of the computer setup that has been made, and those 
having to do with the actual running of the problem. 

The fundamental computer controls are those associated with the 
integrating amplifiers. At least two relays are usually associated with 
each integrator: 

1. The HOLD relay, which is capable of connecting or disconnecting 
the inputs to the integrator 

2. The INITIAL CONDITION or RESET relay, which connects 
auxiliary inputs and feedback circuits to the amplifiers used for integrators 
in order to establish the proper initial voltages across the integrating 

capacitors 

Figure 7-1 shows a simple circuit for an amplifier used as an integrator 
including the contacts of the HOLD and INITIAL CONDITION relays, 
labeled HOLD and IC, respectively. The heavy circles in the diagram 
represent the connection holes or jacks on the patch panel. Four inputs 
are shown, each going to the HOLD relay contact through appropriate 
input resistors. The HOLD relay contacts are shown normally closed; 
the relay is not energized during problem solution. Three output connec¬ 
tions are shown all being tied together; a jack labeled G is connected 
directly to the grid of the amplifier; the remaining connection provided 
on the patch panel is the point at which the initial-condition voltage iH 
inserted, the IC jack. - m 

* Analog Computer Laboratory, Convair, San Diego. 
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The jack labeled IC is connected through a resistor to a set of normally 
open contacts on the IC relay. The other side of the contacts are con¬ 
nected to the grid of the amplifier. Thus, if a voltage is impressed 
between the IC jack and the output of the amplifier, for instance, by 
insertion of a battery as indicated in Fig. 7-1, the output of the amplifier 
will be forced to that voltage when the IC relay is energized (the contacts 
lire closed). The resistance R limits the current drawn by the voltage 
Hource. When the amplifier output reaches a voltage equal to the voltage 
Nource inserted between the IC jack and the output jack, the integrating 
capacitor will be charged to that voltage. Then, when the IC relay is 


Inputs 


Fig. 7-1. Simple control circuit. 

deenergized and the contacts open, the capacitor will be left with an 
initial charge, thereby giving the initial value of the output voltage. The 
HOLD relay would normally be energized at the same time as the IC 
relay, thereby eliminating signals from the inputs appearing at the grid 
nf the amplifier during the IC state. This is not necessary for the circuit 
of Mg. 7-1, however, if R is much smaller than the input resistors. Most 
computers employing this very simple control circuitry do not include a 
11 ()LD relay. 

The purpose of the HOLD relay is to disconnect the input to the inte- 
i-ialing amplifier during the HOLD state. If the HOLD relay is ener¬ 
gized, the normally closed contacts shown in Fig. 7-1 are opened and no 
input appears at the grid of the amplifier. If the integrator is behaving 
properly, the output will remain almost indefinitely at the voltage level 
present at the moment the HOLD relay was energized. This enables 
l lie operator to stop a problem during solution in order to monitor the 
variables one at a time. The values thus obtained are values of the 
variables all at the same instant of time. The HOLD relay can then be 
deenergized, and the computer will continue to compute as if it has not 
been interrupted. Any computer has a limitation upon the time for 
u bleb the HOLD condition can be applied without changes in the compo¬ 
nent outputs due to drift, etc. This time is usually on the order of min- 
uI ei, and can easily be tested for any particular computer and for any 
particular problem setup. 

It is important to note that the initial-condition voltages required for 
llm circuit of Fig. 7-1 must bo “floating” voltage sources; that is, neither 
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end of the voltage source can be connected to ground, since one end must 
be connected to the IC jack and the other to the output jack of the ampli¬ 
fier. An initial condition of zero would be obtained, of course, if the IC 
jack were simply connected to one of the output jacks with a jumper. 

Although the circuit of Fig. 7-1 is very simple, it is not widely used, 
principally because it requires “floating” initial-condition sources. The 
type of initial-condition circuitry found in most computers is shown in 
Fig. 7-2. Here the HOLD relay is the same as in Fig. 7-1; but the IC jack 
is now connected through a resistance R to one side of the IC relay con¬ 
tact, and the same side of the contact is connected through an identical 
resistor R to the output of the amplifier. The other side of the IC relay 



Fig. 7-2. Basic integrator circuit. 


contact goes to the grid of the amplifier, as before. When both HOLD 
and IC relays are energized in the circuit of Fig. 7-2 the amplifier has a 
single input through a resistance R and feedback elements of resistance R 
in parallel with the integrating capacitor. Thus the circuit acts as a sim¬ 
ple inverter with a time lag due to the capacitor; a short time after closing 
of the IC relay contacts, the voltage appearing at the IC terminal will 
appear with reversed sign at the output of the amplifier. In order for 
voltages appearing at the input terminals not to interfere or alter the 
initial-condition voltage at the output of the amplifier, the HOLD relay 
is energized at the same time that the IC relay is energized. When the 
output of the amplifier reaches the negative of the voltage impressed at 
the IC jack, the integrating capacitor will be charged up to that voltage 
through the resistance R. The COMPUTE state is then obtained simply 
by deenergizing both the HOLD and IC relays, thereby restoring the 
amplifier connections to that of a normal integrator. At the moment that 
the amplifier is restored to the operation of an integrator, the capacitor 
has an initial charge, which provides the initial-condition voltage at the 
output. In fact, if all the input voltages remained zero after the computer 
was thrown into the COMPUTE state, the output of the integrator, if 
working properly, would remain at the initial voltage indefinitely. 

Most computers provide a STANDBY state in which the computer is 
in a state of rest with all output voltage levels normally being equal to 
zero. A computer employing the simple circuitry of Fig. 7-1 might pro¬ 
vide for the STANDBY state with manual switches at the front of each 
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amplifier chassis; however, most computers employ relay networks to 
obtain this state as well as IC and HOLD. The STANDBY state is also 
often called BALANCE-CHECK, for it is in this state that the amplifiers 
and other computer components can be checked for balance or zero out¬ 
put. In the BALANCE-CHECK state the inputs should not only be dis¬ 
connected from the grid of the amplifier but should be grounded in order 
to facilitate the setting of coefficient potentiometers. If the input sum¬ 
ming junction is not grounded the coefficient potentiometers will not 
have the correct loading, since, in the COMPUTE state, the summing 
junction is always very nearly at ground potential. Figure 7-3 shows the 



Fig. 7-3. Common integrator circuit. 


modification of the circuit of Fig. 7-2 to include a STANDBY relay. In 
the unenergized position the relay contacts connect the input through the 
11 ()LD relay contacts to the grid of the amplifier as before. When the 
STANDBY relay is energized, the input summing junction is grounded 
and the grid of the amplifier is connected through a resistance R a to ground 
and Rb to the output. The amplifier is then connected as an inverter 
with capacitor feedback added and with an input of zero. After the 
capacitor has discharged, the output of the amplifier should be zero and 
ran be checked for balance. The input summing junction is also 
grounded, so that coefficient potentiometers may be set with the correct 
loading. The circuit of Fig. 7-3 uses three relays to obtain the four basic 
operating conditions of the integrator. Four independent double-pole 
i days can be used to obtain not only the four basic conditions but also 
I wo other states for check procedures, which are explained in Sec. 7-5. 

An amplifier that will not be used for integration requires only the 
state of STANDBY. The schematic of the relay circuit for accomplish¬ 
ing this is shown in Fig. 7-4. The STANDBY relay performs the same 
operation as it does with the amplifiers used for integration. 

The relays that control the states of the amplifier are energized through 
a main control switch, the positions of which might be labeled STANDBY, 
IUBSETj OPERATE, and HOLD. The control switch is normally 

turned by hand, but auxiliary relay circuitry can also be used to energize 
I he basic relays from push buttons, from remote-control boxes at locations 
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other than at the console, or by automatic punched-tape systems. Also 
the STANDBY relay is normally operated when the patch panel is dis¬ 
connected from the patch bay. Many machines provide for operation of 
the HOLD relays when overload of any computer component occurs dur¬ 
ing problem solution. Momentary overloads are often difficult to detect 
and identify during problem solution and can be a source of serious solu¬ 
tion error. Therefore, the automatic sensing device may be very valuable 
to the operator in locating and correcting overload conditions. This 
removes the danger of electrical shock and shorting of power supplies 



when the operator is working with the patch panel while it is attached to 
the machine. 

7-3. Common Sources of Error. Normally a not insignificant portion 
of the computing time that a problem occupies is devoted to verifying that 
results are correct and meaningful. Rarely, except for trivial problems, 
will the first run on the computer for a new problem be without error. A 
considerable amount of effort should be devoted to checking the computer 
setup and the operation of the machine itself. A good computer operator 
will recognize errors, isolate the sources, and apply remedies without hesi¬ 
tation or appreciable loss of time. To do so, he must be intimately 
familiar with the computer he is using. In addition he will usually have 
planned check runs and assembled necessary data so that diagnostic tests 
can be made rapidly. 

The common sources of error in machine computation fall into two 
categories : 

1. Human error 

2. Machine error 

Some of the more common sources of error are listed below: 

1. Human errors 

a . Errors in describing the physical system under study. Basie 
errors can be made in describing a system by a mathematics I 
model, or errors can be made in manipulation of that model into 
more suitable form for consideration. Making the wrong 
assumptions falls into this category. Often a great deal of work 
must go into the process of checking the accuracy of the model an 
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a description of the physical situation. This, of course, is one 
of the purposes of using the analog computer. 

b . Errors in magnitude and time scaling. 

c. Errors in formulating the completed scaled computer diagram. 

d. Errors in wiring the patch panel. 

e. Errors in setting coefficient potentiometers, initial conditions, and 
any required switches. 

/. Incorrect labeling of recordings or failure to record the necessary 
variables. This is a common source of error. Failure to check 
and label the scale on both axes of a recording is inexcusable, per¬ 
haps, but not uncommon. 

g. Incomplete recording of changes made in the conditions of the 
problem, such as coefficient potentiometer settings and scale fac¬ 
tors. This is also a very common source of error. 

2. Machine errors 

a. Errors due to actual machine malfunctions—shorts, open circuits, 
improper adjustments of components, tube failure, bad relay 
contacts. 

b. Errors due to drift in operational amplifiers, multipliers, reference 
supplies, etc. 

c. Errors due to problem conditions that attempt to exceed the 
operating specifications of the equipment or occurring where the 
attainable accuracy and performance of the computer compo¬ 
nents are not adequate for the required operation. 

Most of the human error can be avoided by proper knowledge of the 
equipment being used, of the physical system being studied, of the mathe¬ 
matical model being used, and by proper care and planning for the com- 
Initer solution. One must use a methodical and very careful approach to 
I lie solution of problems on a machine in order to minimize costly human 

errors. 

M ost general-purpose computers are designed so that machine malfunc¬ 
tion can be recognized quite easily. It is illuminating about human 
nature to observe that a novice computer operator has a strong tendency 
In Niispect machine failure when difficulties are encountered in problem 
solution; as he gains experience, he may tend to the other extreme of 
placing more confidence in the machine than in his own preparation. 

7-4. Problem Preparation. As listed above, there are numerous ways 
in which errors can creep into a computer solution owing to negligence on 
the part of the person preparing the problem and the operator of the 
imichinc. In addition, improper problem preparation may lead to 
ic lulls that are correct, but meaningless. The ranges of the parameters 
chosen, for example, may be such that the important aspects of the prob- 
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lem are not investigated. It is recommended that a systematic approach 
to problem solutions be evolved and carefully followed. This standard 
procedure should ensure that all information important to a problem is 
available through all phases of the problem solution and that the ques¬ 
tions to be answered by the computer run be very carefully thought out in 
advance. The following is a recommended set of steps for general prob¬ 
lem solution on the computer.* 

1. Statement of the problem and objective of the study. The first step is 
to assemble in one place all information that describes the problem in its 
original form. All assumptions and approximations made should be 
listed and clearly explained. This list should be so organized that a com¬ 
plete understanding of the problem could easily be attained from reading 
this material alone. It should contain all the basic data available about 
the physical system. Specific objectives should be spelled out, such as 
data required, forms of the recorded variables, areas to be investigated, 
and criteria used in the investigation. 

2. Preliminary problem investigation. This should include a prelimi¬ 
nary investigation of the model used to describe the physical system. 
Questions regarding stability, limit cycles, and the sensitivity of the 
model to various parameters should be answered if at all possible. 
Specific numerical answers, such as natural undamped frequency of a sys¬ 
tem and critical values of gain, should be obtained for check purposes to 
be used later. The possibility of numerical checks for the model to be 
used (or a simplified version) should be investigated and, if possible, 
numerical calculations performed to provide checks for the analog-com¬ 
puter solution. 

Answers should be provided for all questions that could be raised about 
the specific methods to be used for solving the problems and the amount 
of equipment required. Any approximations and simplifications neces¬ 
sary to stay within the equipment limitations should be noted and their 
effects analyzed. Any special computer techniques should also be spelled 
out in detail. 

A good criterion for this step is that it should provide all information 
required to allow the solution to proceed smoothly from this point on 
whether it is carried out by the originator of the problem or by some other 
person familiar with the computer. 

Specifically this information includes: 

a. The mathematical equations or block diagram of the model to be 
studied 

b. The approximations and simplifications used in order to arrive at 

* The procedure outlined here is patterned after one suggested by Electronics 
Associates, Inc., in their Operator's Course. -1 
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the model, and predictions about their effect on the correlation of com¬ 
puter results with actual system experimental data 

c. Experimental data, numerical check points, and critical values of 
parameters to be used for check solutions 

d. Special circuits and techniques required 

e . Specific recordings that are required 

/. A brief statement of the objectives of the study including the param¬ 
eters to be optimized, etc. 

g. Preliminary computer diagram 

3. Scaled computer diagram. The assumed maximum values of the 
variables should be listed, the time scale chosen, and the reason spelled 
out; finally the completed scaled computer diagram should be made. 
This step should be as complete as possible so that the computer setup can 
be checked by another person. 

4. Computer set-up sheets. Set-up sheets are not necessary for small 
problems but should be used for problems requiring a large number of 
amplifiers. The computer diagram for a setup that involves 50 or more 
amplifiers is necessarily quite complicated, and, if one tries to wire the 
patch panel correctly just from a computer diagram, mistakes in wiring 
arc almost inevitable. It is, therefore, recommended that, for large prob¬ 
lems, standard set-up sheets be used on which the input of every com¬ 
puting component used is listed in order. The initial condition of all 
integrators should be listed as well as specific connections for servo-multi¬ 
plier potentiometers. The desired output of function generators should 
also be given in the form of curves of straight-line segments. This pro¬ 
cedure saves time and eliminates errors in the actual wiring of the patch 
panel and the setting of coefficient potentiometers and function gener¬ 
ators. Instructions should be included for the connection of any external 
equipment and the wiring of nonstandard external circuitry. It is also 
worth while to make out an equipment check-out sheet, so that a tech¬ 
nician can check for correct operation of critical equipment such as elec- 
! ionic multipliers before the problem is put on the computer. 

5. Check Procedure and First Run. This procedure should tie in directly 
with the information in step 2 concerning numerical checks of the com^ 
puter solution. It is necessary to specify just how the computer is to be 
net up after the patch panel is inserted and just how to check out the 
actual computer set up in order to catch both human errors and machine 
errors at this point. This should include: 

a. Detailed conditions of check runs 

h, Complete procedures for check runs 

r, Numerical data relevant to checks 

( l . (/heck solution overlays if available 
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6. Operational Procedure . There should be a complete plan and organ¬ 
ization of the work to be done once the computer has been checked out 
and check solutions have been compared with the data in step 5. All 
available or necessary information and instructions should be compiled 
so that the data-gathering period can be as efficient as possible. This 
material should include: 

a. The tentative run schedule, including potentiometer changes, func¬ 
tion-generator changes, patching changes, etc. This schedule should be 
as detailed as possible in order to ensure that all facets of the problem will 
be investigated. 

b. Recordings required 

c. Listing of any critical computer components or nonstandard circuitry 
that must be carefully monitored and any special instructions, such as 
those having to do with periodic accuracy checks 

7. Running Log . The log of the problem represents an extremely 
important, though tedious and time-consuming, part of the work. Date 
and time are extremely important, to determine when possible slips or 
errors could have occurred. The keeping of a log is not only desirable, 
it is mandatory if the results of computer solutions are to be relied upon. 
During operation the following types of information should be tabulated: 

a. Dates. 

b. Important times, such as starting and ending of computation and 
transition points in the program. 

c. All changes and corrections in diagrams or patching, including sub¬ 
stitution of identical computer components for each other. The times 
that these changes occur should be noted and that same time and data 
marked on all strips of continuous recording paper. Notes should also be 
made of the numbers or other identification of all the separate recordings, 
such as xy plots made just prior to the change. 

d. Time and date of all recordings. Recordings should be faithfully 
marked both at the beginning of a roll and at the end; any separate record¬ 
ings, such as those made with an xy recorder, should be numbered con¬ 
secutively and carefully labeled at the time of recording. The log itself 
should always contain, for each step in the solution, a list of recorders 
being used and the numbers pertaining thereto. 

e. Any malfunctions of computer equipment. Note should be made of 
time and date and of identifications of all recordings just made. 

/. Changes in the problem not covered in detail by the run schedule. 
This includes expansion or deletion of any parts of the schedule itself. 

g. Periodic check of critical circuit components and variables. For 
example, the limited value of variables at the output of limiter circuits 
should be made and dutifully recorded in the log for future use. 
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h. Any other information or thoughts which might contribute to better 
understanding of the computer results at a later time. 

Although these recordings are not part of the log itself, it is essential 
that recordings be made periodically of the outputs of all function gener¬ 
ators and circuits used to generate functions implicitly. It cannot be 
overemphasized that the compilation of a detailed log during problem 
solution is mandatory. 

8 . Problem Status at End of Operating Period . It is important to organ¬ 
ize and describe the status of a problem when it is removed from the com- 
I >uter. This is particularly important for re-runs at a later date. Ideally, 
when a problem is put back in the computer, it could continue from the 
last run. Records should include: 

a. Last solution recordings for the record 

b. List of all potentiometer settings at read-out at the end of last prob¬ 
lem run 

c. List of switch positions, recordings of all function generator outputs, 
and any special conditions observed at the end of problem 

d. Revised copies of computer diagrams, set-up sheets, and other paper 
work of the problem 

\). Review. A short r6sum6 of the happenings during the problem 
Holution should be written at the end of the problem run and included 
with the other data in the problem file. This r6sum6 should include: 

n. Identification of the problem 

b. Names of personnel associated with the problem 

c . The particular machine and components used 

d. A brief history of the operation on the computer and the degree of 
Nliocess of the study 

c. Suggestions for any future computer solution of the same problem 

/. Suggestions relating to improvement or addition of new equipment 

7-6. Computer-setup Check Procedures. After the patch panel has 
brim inserted into the machine, the coefficient and initial-condition poten- 
11o meters correctly set, the function generators set up, and the miscellane¬ 
ous work of throwing miscellaneous switches and connecting any external 
him I ware to the computer accomplished, the computer setup is ready to 
hr r I looked out. The first phase of the checking procedure is to make 
»m i) 1-hat the computer is actually instrumented in accordance with the 
problem specifications. This includes the checking of actual connections 
•in well as the checking of values of resistors and capacitors and potentiom- 
H rr nettings. The simplest check procedure involves putting the machine 
Inin the 1C state, setting appropriate initial conditions on the various 
Ihlrgml ors, and checking the output of all the sign changers and summers. 
I’liin is known as static check and can be used to check the connections of 
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the amplifiers and the operation of the multiplication and division circuits 
and function generators. The output of the integrators obtained from 
the initial-condition sources furnishes the check voltages for this pro¬ 
cedure. If provision is not made for reading the voltage at the summing 
junction of the integrators, that point must be brought out to the grid of 
a separate summer so that the sum of the inputs to the integrator can be 
read. Note that this means that the summing junction of the integrator 
cannot be grounded in the IC state. The static check procedure is so use¬ 
ful and simple that it should be used before starting any problem solution. 
An operator may be tempted to bypass this procedure and simply throw 
the computer to the COMPUTE state as soon as the set-up procedure is 
finished. The danger inherent in this is that the solution then obtained 
may be so close to the one expected by the operator that a mistake in 
actual setup may go unnoticed; yet such a mistake may cause errors of 
considerable magnitude later in the same problem. The initial conditions 
called for in a particular computer run are not necessarily the ones to be 
used in static check. The IC voltages to be used for the static-check pro¬ 
cedures, along with the voltages that should appear at the output of vari¬ 
ous computer components, should be listed in step 3 of the recommended 

problem set-up procedure. 

To facilitate problem checking most modern computers include built-in 
checks as part of the control circuitry of the computer. The following is 
an account of how the Reeves Instrument Corporation has approached 
this problem with their 400 series RE AC. 6 As computers have increased 
in size and scope, and problems in complexity, the introduction of errors 
has become correspondingly serious. Prepatch, although invaluable from 
many points of view, furnishes added opportunity for making mistakes, 
for example, during the removal and subsequent reinsertion of patch 
panels. It may truly be said that the greatest source of error in analog 
computation is the human operator. This makes it mandatory to devise 
an adequate checking procedure to verify 

1. Problem coding 

2. Patching 

3. Coefficient and IC potentiometer settings 

Criteria for a good check system are: 

1. Ease of use with a minimum of computation 

2. Indication of malfunctioning of computer components 

3. Localization of sources of trouble from observed discrepancies at 

check points 

All this should be accomplished without disturbing the problem setup; 
i.e., no additional patching, unpatching, or changes in scale factor or 
initial-condition potentiometer settings should be required. _ fl 

Problem Check, a console-instrumented method for verifying analog- 
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computer circuits developed at the Reeves Instrument Corporation, ful¬ 
fills these requirements. 

Operational Modes. Problem Check provides two computer states, 
PROBLEM CHECK STATIC and PROBLEM CHECK DYNAMIC, in 
addition to the basic states discussed in Sec. 7-3. Figure 7-5 shows the 
schematic of the control circuitry for an integrator with Problem Check 
facilities. The X relay performs like the STANDBY relay of Fig. 7-3, 
the Y relay like the HOLD relay, and the Z relay like the IC relay. Two 
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I- in 7-5. Oirp.uitrv reouired for Problem Check. (Courtesy of Reeves Instrument Corp.) 


Kot« of contacts on a fourth relay, PC, provide for the two PROBLEM 
(-HECK states. 

PROBLEM CHECK STATIC. To achieve this state, relays X and 
I *( • are energized as indicated in Fig. 7-5. This places the resistor R in 
parallel with the integrating capacitor and connects the output jacks on 
I ho patch panel to the slider of a PROBLEM CHECK potentiometer 
i mIIht than to the output of the amplifier as usual. Thus the steady- 
- Inin output of the integrator is the negative of the sum of its inputs and 
nm bo checked against a precalculated value. The fixed values of the 
dependent variables are determined by the PC potentiometers associated 
w It 1 1 each integrating amplifier, rather than by using initial conditions on 
i ho integrators' the normal procedure if the RESET state is used for 
I mI in checking. This makes it possible to monitor the sum of the inputs 
In mi integrator without having to connect the summing junction to the 
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grid of a separate summer. Since the PC potentiometers are separate 
from the IC voltage sources, initial conditions do not have to be changed 
in order to make a problem check. The PC potentiometers can be left 
with the desired settings during the problem runs; therefore, it is a simple 
matter to perform a problem check periodically between computer runs. 

PROBLEM CHECK DYNAMIC. This state is provided in order 
to facilitate checking the operation of the integrators. The STATIC 
PROBLEM CHECK will check the correctness of the computer connec¬ 
tions, except for values of the integrating capacitors if there is a choice, 
and provides a check for all computer components except the integrators. 
As indicated in Fig. 7-5, there are two phases to PROBLEM CHECK 
DYNAMIC. When control is switched to PROBLEM CHECK 
DYNAMIC, all integrators integrate for a fixed interval of time deter¬ 
mined by a precision timer; then they are put automatically into HOLD. 
The output of each integrator will then be equal to a constant times the 
sum of the inputs (which remains constant since the PC relay is energized). 
[The required relay states are indicated in Fig. 7-5. The two PROBLEM 
CHECK states together give a check on the operation of the critical X 
and Y relays. •] 

As an example of the use of these built-in check features, consider the 
set of differential equations 


Xi + ±i + 2xi + x 2 

x 2 + 1.5X2 + 4x 2 — xi — 2.5±i 


(7-1) 


If Xi, 


10 ft and x 2i 


5 ft, the scaled equations become 


(i) 


Xi 

20 
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+ 0 


75 (fo) 
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(») + (a) 

(f) - (i) 


+ o 


5 (fo) 

■ 4 ) 


(7-la) 


The resulting scaled computer diagram is shown in Fig. 7-6. The prob¬ 
lem-check feature allows the values of x lf x h x 2 , and x 2 to be set arbitrarily. 
Convenient values would be m 
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The problem-check potentiometers are then set to give outputs of 
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Fig. 7-6. Problem-check example. 


When the computer is switched to the PROBLEM CHECK STATIC 
st ate, the proper outputs after transients have died out are 


Amplifier 

Variable 

Check Value 

1 

•• 

+ £. 

^ 20 

-0.10 

2 

Xl 

20 

+0.10 

3 

+ *i 
^ 10 

+0.20 

4 

+ El 

^ 20 

+0.10 

5 

Xi 

20 

+0.125 

6 

+ *. 

^ 10 

-0.25 

7 

x 2 

5 

+0.20 

8 


+0.075 


The dynamic problem check is accomplished by setting the time of 
integration at 5.0 sec and switching the computer to PROBLEM CHECK 
I >Y NAMIC. When the HOLD state is achieved, the integrator outputs 
should be 

Amplifier Chech Value 

2 + 0.1 + 0 . 1 * 

3 +0.2 +0.1* 

6 -0.25 - 0.125* 

7 +0.2 +0.1* 


= +0.60 
= +0.70 
« -0.875 
- +0.70 


Nolo that (Mich integrator has an initial condition. All other outputs 
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should remain the same as before, since the outputs of the integrators are 
still disconnected from the rest of the problem. 

It is clear that the constant voltages introduced by the PROBLEM 
CHECK potentiometers do not have to be the same as the problem initial 
conditions. Often it may be desirable to insert several problem-check 
values to verify the operation of certain nonlinear elements, such as 
limiters or function generators, and to establish reasonable levels for all 
the variables in the system of equations. 

Digital Recording System. In order to facilitate computer operation in 
PROBLEM CHECK STATIC or DYNAMIC, a digital recording system 
can be added. For each PROBLEM CHECK mode, operation of the 
recording system is fully automatic. The output of each computing ele¬ 
ment is scanned in turn by a stepping switch. At each switch position 
the voltage is converted into digital form and simultaneously printed out 
and displayed. Completion of the printing operation causes the stepping 
switch to move to its next position; then the cycle is repeated. 

Summary. The PROBLEM CHECK modes that have been described 
provide an operation analogous to code checking for digital computers. 
The problem is set up on the prepatch boards, away from the machine. 
In a relatively short time at the machine , the setup is “problem-checked.” 
With all outputs available, the operator can then restudy the entire setup 
away from the computer , which can be used in the meantime on other 
problems. 

After the code is verified by means of PROBLEM CHECK, runs may 
be taken on the computer with considerable assurance that the setup is 
correct and the machine is functioning properly. The same checking 
procedure can be made periodically, say, at the beginning of each set of 
new runs, and at other times if machine malfunction is suspected. 

PROBLEM CHECK offers the following advantages: 

1. Voltages measured in the computer are compared with calculations 
from the original equations. Thus the coding, patching, and scale-factor 
potentiometer settings must be correct. In addition, the proper function¬ 
ing of all computer elements is partially checked. 

2. The check is easy to carry out and can be repeated as often as desired 
without disturbing the problem setup. 

3. The additional equipment required for PROBLEM CHECK is one 
relay per integrator, one potentiometer per integrator, and one timing 
unit per computer. 

4. If the output of any computing element does not check, the diffi¬ 
culty is immediately localized to that element and its inputs. Thus the 
existence of errors is quickly established, and the necessary changes can 
be made. 

7-6. Comparison Checks. After the computer setup has been verified 
runs will be made to compare results on the computer with results obtained 
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from study of the model itself and/or data obtained from the physical 
system. Comparison checks may be classified as: 

1. Numerical spot checks 

2. Transient-response comparisons 

3. Frequency-response comparisons 

4. Checks by the controlled-solution method 

5. Repeatability tests 

6. Inference checks 

Comparison-check data for linear systems are usually obtained by 
numerical or graphic procedures. 

A common source of comparison-check data for nonlinear systems is an 
experimental sample. Analytic samples are extremely difficult or impossi¬ 
ble to obtain for most nonlinear systems. Aircraft flight testing is one 
common source of such experimental samples. Time histories of vari¬ 
ables determined from oscillographs or other recording devices may be 
used as sample solutions. Other experimental samples may be in the 
form of tabular data observed in laboratory tests of the physical system or 
of its component parts. 

Numerical Spot Checks. For static problems, such as the solution of 
algebraic equations, these consist in comparing the computer solution of a 
model, perhaps simplified, against numerical calculations. For dynamic 
problems, such as the solution of differential equations, this will involve 
checking of such things as the undamped natural frequency of the system 
and the critical value of parameters for which the system becomes 

unstable. 

Transient-response Comparisons . A step function is a particularly 
hu it able forcing function for use in analytic solutions of equations and, 
therefore, is one that is often used to check the response of an entire model 
or, more often, parts of a model on the computer against calculated results 
or experimental data obtained from a physical system under study. This 
method usually consists in studying separate loops or parts of the model 
oil the computer as separate systems and inserting a step function as the 
input. The oscillation and damping of the response obtained from the 
computer are compared against values calculated or estimated from the 
actual system or from the mathematical model. Frequency and damping 
for the minor loops of even a complex system can usually be calculated 
from the system equations and so can easily be compared with computer 
results. Even if preliminary calculations are impractical, the computer 
results can be checked for reasonableness. This type of checking is par- 
licularly valuable in the simulation of complicated feedback-control 

systems. . , 

Rrcquency-respouse Comparisons. If gain-phase information as a func¬ 
tion of frequency iH known for the original system or for parts of it, the 
appropriate part of the system can bo excited by a sinusoidal forcing func- 
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tion at specific frequencies, and the corresponding output information can 

• ^ 

be tabulated and compared with previous calculations. This method is 
also quite valuable in the simulation of complex systems, especially in 
checking out circuits for the simulation of complex transfer functions. 
Open-loop frequency-response measurements offer more difficulty than 
closed-loop measurements for, if integrators are present in the forward 
loop, bias voltages will ordinarily be generated and will drive the variables 
off scale. 



Fig. 7-7. Circuit for obtaining the frequency response of a linear system using only 
computer components. ( Courtesy of the McDonnell Aircraft Corp., from Ref. 4, p. 79.) 


Obtaining the frequency response of a linear system can be facilitated 
by using analog-computer components as test equipment. One such 
technique is shown in Fig. 7-7. Magnitudes of the in-phase and quad¬ 
rature components of the test signal are adjusted by setting coefficient 
potentiometers C and D to obtain a null with the output of the system or 
component being checked. The component under test, perhaps a circuit 
simulating a linear transfer function, has as its input the signal A sin ut, 
as shown in Fig. 7-7. The output of the component under test will be A B 
sin (a )t + 0). This output signal from the test component is added to the 
two components of the input signal, resulting in 

AB sin (c ot + 0) — AC sin o ot — AD cos ut = 0 
Solving for C and D, 

C = B cos 0 D = B sin 0 
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which results in 

B 2 = C 2 + D 2 tan 6 = ^ 

The table in Fig. 7-7 indicates the sign of the phase angle with respect 
to switch position. 

Controiled-solution Method. This is an open-loop method in which the 
highest derivative in the loop is forced or generated as a function of com¬ 
puter time and the recorded values of the lower derivatives are then com¬ 
pared against known results. As an example of this method, consider the 
second-order differential equation 

(I)+ 0 5 (!) + (!) - 0 5 « 

For the check, the computer loop for the solution of the equation is left 
open and x/S is generated as a known function/(r), as indicated in Fig. 7-8. 



Fig. 7-8. Controlled solution check. 


The output F(t) of the summer on the right in Fig. 7-8 can then be com¬ 
pared with the result obtained analytically. 

Repeatability Tests. In this type of check the output of the computer 
is compared against its own output obtained at a different time or with 
different time scale or different computer components. 

The procedure of comparing solutions of a system made with different 
values of time scale is known as time scale check. A means of doing this 
simply by throwing a single toggle switch is provided on many computers. 
The time scale check is obtained by running the computer solution with 
I lie chosen time scale, recording the variables of interest, changing the 
time scale by a factor of 2 or 10, rerunning the same problem solution, and 
comparing results. Thus, if errors are being made because of limitations 
m the speed of response of the computer components, this will generally 
ho detected and can be remedied easily. Repeatability checks are also 
nMNontiul when a problem is reset on a computer after it has been taken 
oil. They enable the operator to verify very quickly that the new setup 
in the same as the one used before. This is essential even though remov- 
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able patch panels are used, for errors in setting potentiometers, etc., can 
easily occur. 

Checking by Inference. This method involves deeper insight, based 
primarily on a rule-of-thumb approach. The general philosophy is that, 
if the trend of behavior indicated by the solutions is in accord with the 
rules of thumb governing the behavior of the physical counterpart of the 
simulation, the solutions are correct. This is not so conclusive as the 
more detailed analytical methods; but it is more direct, and it makes 
possible a more realistic and confident feeling about the behavior of many 
systems. Aircraft-stability problems typically are checked by the infer¬ 
ence approach. This is true for two reasons: (1) simplifications can be 
made without destroying the basic integrity of the resultant force and 
moment equations, and (2) since many aircraft exhibit remarkably similar 
dynamic-response characteristics in the controls-locked condition, rules 
of thumb apply to a wide variety of airframes. Some of the simplifica¬ 
tions commonly made are the following: 

1. The airframe is a rigid body. 

2. Steady-state flight exists with wings level. 

3. Coupling between the roll, yaw, and pitch dynamics is negligible. 

Quite often the inference approach is not accepted as a final check. It 

is used rather as a stepping stone to analytical spot-check methods or 
simply as a trouble-shooting aid. The extent of application is determined 
by the experience of the personnel involved and the insight they have into 
the particular problem. 

7-7. Aids Used to Obtain Check Solutions. Analytic solutions to 
mathematical models can be obtained by hand or by digital-computer 
computation; there are also a number of methods or approaches that can 
help in carrying out this important checking process. 

1. The Nyquist Diagram. The Nyquist diagram is a complex-plane 
plot of the open-loop transfer function as a function of the variable jcc. 
The Nyquist diagram can be used to obtain certain stability criteria that 
can then be used in checking the machine solution. The most common 
information obtained from the diagram for such use would be gain and 
phase-margin characteristics. 

2. The Bode Diagram . The Bode diagram is a plot of attenuation and 
phase angle versus frequency. The Bode plot represents a somewhat 
clearer relationship between gain and stability than the Nyquist plot and 
is simpler to construct. As an aid in checking the computer solution it 
can be used as a spot-check guide to the frequency response, since it dis¬ 
plays the break-point frequencies. As with the Nyquist plot, the phase 
and gain margin can be determined quite simply. 

3. Routes Stability Criterion. Routh's stability criterion can be used 
in two ways as a checking aid: 
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a. To determine the stability of a linear system when the coefficients of 
characteristic equations are known 

b. To determine the region of stability over the range of a particular 
parameter when the coefficients of the characteristic equation are known 

4. The Root-locus Method. The root-locus method, as explained in 
some detail in Chap. 6, is a semigraphic method of finding the roots of a 
closed-loop system, given the poles and zeros of the open-loop transfer 
function. It can be used to determine very quickly the critical value of 
gain in a system, the undamped natural frequency, and the oscillation 

frequency of damped sinusoidal terms in the response. 

5. Selected-root Analysis. This method is an expansion of the transient- 
response approach and is based upon the classical method of solving for 
the roots of the characteristic equation. A set of initial conditions is 
calculated for each root. Each root is then checked individually by 
setting necessary initial conditions to make all others zero. This method 
not only serves as a thorough check, but may be employed to localize any 
trouble quickly. Its primary disadvantage is that lengthy calculations 

are required in the case of complicated systems. 

6. Substitution of Physical Components. Physical components that 
produce nonlinearities in the natural system are often available to sub¬ 
stitute for computer components in the actual computer simulation. 
The solutions, one with the simulated nonlinear component and the other 
with the actual component of the physical system, are then compared for 

reasonable agreement. 

7. The Describing-function Method. The describing function is an 
approximate transfer function obtained analytically by assuming that the 
input to a nonlinear element is always a pure sinusoid, calculating the 
amplitude and phase of the resultant output component at the fundamen¬ 
tal frequency of the input, and using the ratio of these two quantities as 

the approximate transfer function. 

8. The Phase-plane Method. As explained in Chap. 5, this method is 
applicable to nonlinear second-order systems. It is valuable in predicting 
limit cycles of nonlinear-system response and for obtaining sample trajec¬ 
tories in the phase plane for comparison with computer results. 

9. Linearization. The nonlinear system may be completely linearized 
and checked out by any of the previously outlined approaches to linear 
systems. This, of course, is only a partial check, but is often quite 

valuable. 

7-8. Checking for Machine Malfunction. Any of the tests described 
above will bring to light equipment troubles of the outright-failure variety. 
I n making the static chock, for example, blown fuses in tho potentiometer 
circuits will bo detected as a matter of course. Likewise, static inaccuracy 
of multipliers and function generators will be obvious, although it is wise 
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to verify products in all four quadrants in using multipliers and to obtain 
the complete output function of a function generator by sweeping the 
input through the entire plus and minus limits. 

For medium to large computer installations, it has been found to be 
economically sound practice to run routine tests on all computer compo¬ 
nents at regular intervals, and it is usually good practice to perform the 
same tests on the computer immediately before each problem is inserted. 
To facilitate such testing, standard check-out patch panels have been 
devised for most large computer installations, which allow technicians to 
check the correct operation of all computer components in a relatively 
short period of time. In order to catch components that are on the verge 
of failing but have not yet failed, marginal checking procedures are 
usually used. That is to say, certain supply voltages are increased or 
decreased as the case may be, to the limits tolerable by normal computing 
components; components that are on the verge of failing will usually be 
detected in such a test. In large computer installations these tests are 
made at the beginning of each work day. They take up only a fraction 
of the computer time available and have proved to be good insurance 
against malfunction during computer operation. 

Checks for machine malfunction should be made with all components 
in their normal operating positions. It is unwise to remove a component 
from the computer in order to test that component on a bench, for the 
simple act of removing the component and transporting it may be suffi¬ 
cient to cause damage. 

Although systematic marginal checking will catch most machine mal¬ 
functions before they occur, there is always the chance that a component 
will fail or function intermittently during a problem solution. For this 
reason it is recommended that very careful notes be taken in the form of a 
log during computer solution and that periodic solution checks, if not 
complete checks of the components, be made during a computer run. It 
seems obvious that a computer operator should continually monitor the 
solution and check immediately any solution that does not seem reason¬ 
able. However, many expensive computer studies have failed simply 
because the operator did only what he was told to do and ran the problem 
for hours, days, or even weeks with the computer operating incorrectly. 

7-9. Checking for Effects of Limited Performance. All computer 
components have limits on speed of response, and, although a computer 
may satisfy a static check, dynamic errors may be so large during solution 
that results are considerably in error. Electromechanical components 
are particularly slow in response and must be watched quite carefully in 
this regard. In addition to dynamic errors, the saturation of components 
must also be watched quite carefully. A static saturation level of an 
operational amplifier may be ±150 volts, but it is frequently not apprcci- 
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ated that the dynamic range of the amplifier is a function of frequency. 

i 

Thus, the amplifier may saturate at 100 volts at 20 cps and at 50 volts at 
70 cps. Most computers provide overload indicators for amplifiers and 
servo multipliers, to serve notice of such saturation errors. The remedy 
is to change the scale of the affected variable. Watching for such over¬ 
loads is an indispensable part of operating a computer. As mentioned 
earlier, many computers provide a means for the computer to be thrown 
into the HOLD position automatically when an overload occurs. 

The presence of errors due to dynamic errors of computing components 
can be detected by the method of changing time scale and comparing 
results, as mentioned above in Sec. 

7-6. This assumes, of course, that 
the time scale can be changed at 
will. A simulation problem involv¬ 
ing actual hardware connected to 
the computer must, of course, be run 
in real time, and other means must 
be found for detecting dynamic 
errors of this sort. Dynamic errors 
caused by the fact that computer components have a limited speed of 
response (a finite bandwidth) can be studied by simply deriving the equa¬ 
tions that describe the actual computer setup and comparing them with 
the equations desired. If necessary, the instrumentation of the com¬ 
puter could be appropriately modified to take into account the limited 
dynamic performance of the computer components. Change of time 
scale provides a check on such errors but does not provide information 
about their specific origin. 

A study of the computer setup used would be necessary in order to 
minimize dynamic errors by the method of instrumenting a model slightly 
different from the one that it is desired to study. Such a study could, of 
course, be accomplished using the computer. Consider the second-order 
differential equation 



x + ax + bx = f{t) 
x(0) = x(0) = 0 



The Laplace transform of x(t) is 



Fjs) 

s 2 + as + b 



and the resulting computer diagram is given in Fig. 7-9. Now consider 
I ho effect upon the study of Eq. (7-2) with the setup of Fig. 7-9 if the 
summer and the sign changer do not have infinite speed of response as 
assumed in order to arrive at the setup of Fig. 7-9. As a simple example, 
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assume that both the summer and the sign changer have transfer functions 
of the form 


Ts + 1 


In terms of frequency response, this means that these computer compo¬ 


nents have a bandwidth of only 1/2x7* cps instead of a flat frequency 


response out to infinity as normally assumed. The computer setup of 


E 


E, 


-l 

Ts+l 


E 


E* 


/T 


-i 



Ts+l 


Fig. 7-10. Model of computer setup of Fig. 7-9 


Fig. 7-9 could then be depicted in block-diagram form as in Fig. 7-10. 


Derivation of the closed-loop transfer function yields 


E,(s) 


(Ts + 1) E l (s) 


TV + 27V + s 2 + (a + bT)s + b 


(7-4) 


The equation actually being solved on the computer is a fourth-order 
differential equation rather than the second-order equation (7-2). The 


value of T might be quite small, but, for large values of 5, the equation 


being solved could be considerably in error. If a change in time scaling 
cannot be used to rectify the situation, it would be possible to modify the 
computer setup to bring Eq. (7-4) into closer agreement with Eq. (7-3). 
Thus, for small T but large b , it would be appropriate to change the coeffi¬ 
cient a to a new value a\ such that 


CLi -f- bT 


The input could also be modified so that 


(Ts + 1) E 1 (s) = F(s) 


The transfer function of a summer or sign changer is not simply l/(Ts + 1), 
of course, and it depends upon output loading and number of inputs as 
well as upon the choice of input and feedback elements (see Sec. 13-2). 
The transfer function of an integrator is rarely 1/s, but more often of the 
form 


T*s + 1 


(T x s + 1 )(T 2 s + 1) 
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where 7\ or T 2 is a large number. Tests could be made to determine 
reasonable transfer functions for all the computing elements, and an 
elaborate error analysis could be carried out using realistic values. Some 
work along this line is helpful in order to develop an appreciation of the 
problem and to gain insight into dynamic-error analysis. It would not 
be feasible to go into so detailed a study for most problems, however, 
unless a digital or analog computer were used for the error analysis. Use 
of a digital computer offers some possibilities, particularly for optimum 



Fig. 7-11. Setup for study of dynamic errors. 

selection of gain factors and values of the coefficients to be set with poten¬ 
tiometers on the computer. The analog computer can also be used to 
optimize gain factors and coefficients, and provides a handy device for a 
general study of the problem. One way to do this with the analog com¬ 
puter is to instrument two parallel systems, one a simple instrumentation 
Of the original model and the other a simulation model of the assumed 
actual computer operation, both at a greatly reduced time scale. This is 
shown in Fig. 7-11 for the simple problem discussed above. The group 
of computer components at the top of the figure is seen to be a simple 
instrumentation of the original model, whereas the lower group is an 
instrumentation of the assumed computer model as pictured in Fig. 7-10. 
Tim time scale factor must be quite large, on the order of 1,000 at least. 
The outputs of the two systems are subtracted to obtain the error, most 
of which should represent dynamic error if drift can be kept small enough. 
The error is then squared and integrated to obtain the mean-square error; 



















296 


ANALOG COMPUTATION 


this serves as a useful criterion for optimizing the values of a h b h and 
other gain factors. 

It is recommended that the reader go through a dynamic-error analysis 
for a simple problem, in order to obtain a feel for the general problem as 
well as further insight into the problem of time scaling. For most 
purposes, however, it is quite sufficient simply to change time scale for 
a comparison check and to increase the time scale factor even more if 
significant errors are observed. 

Errors can also be caused by assuming maximum values of the vari¬ 
ables that are too large. Thus, if the output of a computing component 
that normally works between ±100 volts never exceeds 3^ volt, say, the 
error in the output can be very large on a percentage basis. Other errors 
of this nature can occur if a servo multiplier does not depart appreciably 
from the zero point. Lack of repeatability is often a symptom in such 
cases. . 

Diodes are far from perfect components, and, when they are used to 
simulate nonlinear phenomena, the resulting circuits should be checked 
carefully both at the beginning of a problem and periodically between 
sets of computer runs. 
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CHAPTER 8 


PARTIAL DIFFERENTIAL EQUATIONS 


Partial differential equations, in contrast to the ordinary type so far 
considered, contain partial derivatives of dependent variables with respect 
to one or more independent variables. Obvious examples arise in physi¬ 
cal problems where a quantity may vary as a function of position in one 
or more dimensions and perhaps also as a function of time. Studies of 
vibrations, electrical transmission lines, heat flow, and fluid flow usually 
involve partial differential equations. Although discussions and exam¬ 
ples will be based upon physical space coordinates and time as independ¬ 
ent variables, the reader should bear in mind that more general coordi¬ 
nates might be used and that a problem space need not be restricted to 
three or four independent variables. The study of field problems is a 
specialty in itself. For a more detailed treatment of analog computation 
of such problems, the reader is referred to Refs. 6 and 7 and to the many 
technical papers in this area. Reference 8 is a very good summary of 
(.he technical literature pertaining to lumped- and distributed-parameter 
analogs of field problems. 

Special techniques and manipulations must be employed in order to 
solve such problems on the analog computer. This is because the com¬ 
puter can operate with only one independent variable—time. After a 
general discussion of the origin and properties of partial differential 
equations, the more promising approaches to solution of such equations 
by analog computation will be discussed. 

8-1. Partial-differential-equation Models. Mathematical models in 
the form of partial differential equations arise in the study of physical 
systems when the number of independent variables is 2 or more. In such 
rases, any dependent variable is likely to be a function of more than one 
variable, so that it possesses not ordinary derivatives with respect to a 
single variable but partial derivatives with respect to several variables. 
I lent transfer in a solid body is an example of a phenomenon in which the 
dependent variable, temperature T , may vary from point to point in the 
solid as well as from time to time. As a consequence, the derivatives 
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will, in general, be nonzero. Higher derivatives of the form 

d 2 T d 2 T d z T 

dx 2 dx dt dx 2 dt 

may also be of physical significance. The resulting mathematical model 
will be of the form 

F (rn dT d 2 T d 2 T \ „ 

*V'*r •••-’*?- wwr-)-° 


This is a partied differential equation. The order of such an equation is 

defined in the same way as for an ordinary differential equation; i.e., it is 

the order of the derivative of highest order occurring in the equation. 
Thus 



is a second-order equation in two independent variables. 

As is the case of ordinary differential equations, the equations may be 
linear, with only first powers of the dependent variables and their deriva¬ 
tives, or they may be nonlinear. The treatment here will be concerned 
primarily with linear equations, but the computer furnishes a practical 
means of attacking the nonlinear cases that arise frequently in engineering. 
Recall the definition of an ordinary derivative. If y is a function of a 

single variable x denoted by y = f(x), the rate of increase of y with respect 
to x is 


dy = lim f(x + Ax) - f(x) 

dx Aa^O AX 



providing the limit exists. 

The same concept is carried over into the realm of functions of two or 
more variables. If u is a function u = u(x,y) of two variables x and ?/, 
the two partial derivatives are defined as 



du 

dx 

du 

dy 


l im u ( x + Ax, y) - u(x,y) 

Ax —> 0 Ax 

lim u( - x ’ y + A v) - u(x,y) 

Ay ->0 Ay 



providing the two limits exist. 

The meaning of the expression for ~ is that the value of the second 

OX ^9 

argument y in the function u(x y y) remains constant throughout the limit 
taking process. 
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These definitions will be used later to develop finite-difference approxi¬ 
mations to the partial derivatives, which can be used for computer 
solutions. 

As with ordinary differential equations, an equation is defined as 
homogeneous if every term in it contains the dependent variable or one 
of its derivatives. The most general solution, i.e., one containing the 
correct number of arbitrary elements, of the corresponding homogeneous 
equation of a given equation is again termed the complementary function. 
A ny solution of the given equation is termed a particular solution or the 
particular integral. 

Theorem: If u c is the complementary function and Ui a particular 
Holution of a linear partial differential equation, then 


u c + Ui 


is a general solution of the equation. 

The superposition theorem applies to linear partial as well as to linear 
ordinary differential equations. 

Theorem: If u h u 2 , . . . , u n are n solutions of the linear homogeneous 
partial differential equation, then 


C\Ui + c 2 u 2 + • • * + c n u n 


1m also a solution, where the c 1 s are arbitrary constants. 

In a problem involving a linear ordinary differential equation of order 
n, accompanied by n boundary or initial conditions, it is often feasible 
lo find the general solution of the equation and then determine proper 
constants to yield a solution satisfying the given conditions. However, 
it is not usually practicable to find the most general solution of a linear 
homogeneous partial differential equation: even when such a solution is 
obtainable, it is often very difficult to determine from it a particular 
Holution satisfying the necessary conditions. If the given equation is 
homogeneous, it is often possible to find particular solutions directly and 
thru to combine these solutions in such a way as to satisfy the auxiliary 
condit ions. A complete review of the analytical methods of solution of 
partial differential equations is beyond the scope of this text. The 
reader is referred to Refs. 1 to 6. 
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The origin of some common partial-differential-equation models will 

now be considered. Most such models of interest are of second degree or 

higher. Physical systems that can be approximated by a system of 

lumped parameters include many mechanical and electrical circuit 

systems as well as most feedback-control systems. Formulation of 

mathematical models for such systems leads to ordinary differential 

equations. On the other hand, many physical systems cannot be so 

represented; their parameters are distributed or continuous in nature. 

Problems arising in the study of such systems are referred to as field 

problems and lead to the formulation of partial-differential-equation 
models. 

Consider the flow of electricity in a long cable or transmission line 
with a series resistance R and inductance L per unit length and a shunt 
capacitance C and shunt conductance G (reciprocal resistance) per unit 
length. If the current and voltage along the cable are assumed to be 
one-dimensional, the current i and the voltage e at any point in the cable 
can be completely specified by one spatial coordinate x and a time 
variable t. The change in voltage along a linear element of length Ax is 


Ae 


and the change in current is 


Ai 


iR Ax — L Ax 


c U 
dt 


Ge Ax — C Ax 


de 

dt 


These two relationships can be expressed as a pair of simultaneous 


equations: 


% +Ge+c f t 


(8-4a) 


(8-46) 


Differentiating Eq. (8-4a) with respect to x and (8-46) with respect to t 

and solving the two resulting equations for e give the second-order 
partial differential equation 


fe 

dx 2 


LC^+ (RC + GL) j t + RGe 


(8-5) 


The equation for i can be obtained in the same manner and will be 

found to have exactly the same form. Therefore, the general equation 
may be written 


dhi 

dx 2 


LC + (RC + GL)^ + RGu 


(8-5 a) 
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where u(x,t) may be replaced by either e(x y t) or i(x y t ). This is known as 
the telegraphist 1 s equation. 

Two special cases are of particular interest. 

1. R = C = 0. Equation (8-5a) reduces to 


d 2 u _ 1 du 
dx 2 ~ k~dt 



This is termed the one-dimensional diffusion equation. 

2. R = G = 0 (high-frequency effects predominate), 
then reduces to 

d 2 u _ 1 d 2 u 
dx 2 a 2 dt 2 


Equation (8-5a) 



This is termed the one-dimensional wave equation. 

A complete specification of the general system for either of these two' 
special cases would include both boundary conditions [the voltages at the 
two ends of the wire 6(0, t) and e(l y t ) at all times] and initial conditions 
| the voltage distribution e(x,0) along the wire at time t = 0 for case 1 
and, in addition, the time rate of change of voltage de(x,0)/dt for the 
general case and for special case 2]. If G = L = 0 had been assumed, 
the diffusion equation would be obtained again, but the initial conditions 
specified could be de(xfi)/dt rather than e(x,0). 

Note that the characteristic distinguishing between the system that 
results in the diffusion equation and the one that results in the wave 
n< |nation is that in the first instance only one energy-storage element is 
present whereas in the second instance there are two. Three distinct 
types of passive, linear elements are recognized in electrical circuit 
theory: resistors, which dissipate energy; inductors, which store electro¬ 
magnetic or kinetic energy; and capacitors, which store electrostatic or 
potential energy. The corresponding elements in a mechanical system 
would be damping elements, mass, and spring-type elements, respectively. 
II potential-energy-storage elements are present, the initial potential 
distribution u(x, 0) must be given; if kinetic-energy-storage elements 
urn present, the initial rate of change of potential du(x y 0)/dt may be 
furnished instead. 

The general form of these second-order partial differential equations 
nm lio given in terms of the Laplacian operator V 2 , which, in rectangular 
cartesian coordinates, is* 




* The general definition in vector notation in 

V 1 - dlv (grad) 
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The general form of the diffusion equation is thus 

kV 2 u = ^ (8-9) 

The diffusion equation applies in all areas in which only two of the 
three types of basic elements are present and only one is of the energy- 
storage type. Heat-transfer problems fall in this category; the two types 
of elements are thermal resistance and thermal capacitance (specific 
heat). As is evident by its name, the diffusion equation describes the 
diffusion of fluid particles into a space occupied by other fluid particles 
or into absorptive-type solids. It describes dynamic mechanical sys¬ 
tems having damping elements and either mass or spring force effects 
with negligible mass. It also describes the diffusion of light by scattering 
material and many other phenomena. 

The general wave equation is written 


a 2 V 2 u = 


d 2 u 

~dt 2 


( 8 - 10 ) 


This equation, as the name implies, describes the general phenomenon 
of wave motion. The systems to which it is applicable have the two 
types of energy-storage elements but do not have significant energy- 
dissipation elements; they include many electrical systems, such as the 
example above, and mechanical systems, such as the vibration of a 
string. The equation applies to nonviscous, compressible fluid flow, to 
wave motion in fluids, and to sound waves. The wave equation is also 
an important model in electromagnetic-propagation problems involving 
negligible resistance. 

A large class of physical systems contain only one of the three types of 
basic elements and lead to the partial-differential-equation model known 
as Laplace’s equation , which in general form is 


V 2 u = 0 (8-11) 

Laplace’s equation also applies to the previous example for steady-stale 
conditions, i.e., when all time rates of change of the dependent variable 
have reached zero. Laplace’s equation would apply to current flow in n 
purely resistive sheet or block of conducting material. It applies to 
regions of free space that do not contain masses, electric charges, or 
magnetic poles. It applies to certain types of fluid-flow problems, to 
static deflection of elastic membranes having no mass, and to steady- 
state distribution of current, voltage, heat, etc. 

The discussion to this point has dealt only with linear systems that 
can be described by second-order equations. Of course, the basic throe 
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elements discussed earlier are rarely found in nature as linear elements. 
Even if the elements could be assumed to be linear, there would be many 
physical systems for which an applicable model was neither linear nor 
of second order. The most obvious example of a set of problems that 
lead to higher-order equations are those involving the theory of elasticity. 
The models used in stress and vibration analysis of elastic beams are 
usually of fourth order and are often nonlinear. 

For example, the stress in a two-dimensional solid can be expressed 
as a stress function <£ such that the three stress components <r x , <r y , r ^ are 


d 2 <f> 

dy 2 


d 2 <t> 

dx 2 


xy 


d 2 <j> 
dx dy 


where a x and cr y are the normal stresses in the x and y directions, respec¬ 
tively, and r xy is the shear stress. 

If the body is elastic, then Hooke’s law holds; and, for the static case, 
the relationship 


1 o | ^<t> _ Q 

dx 4 dx 2 dy 2 dy A 

must hold. The left-hand side is usually abbreviated as V 4 <£; so 

V 4 </> = 0 

If viscous damping can be ignored, the dynamic relationship is 


( 8 - 12 ) 


V 4 <*> 


d 2 <f> 
dt 2 


(8-13) 


If the body is assumed to be ideally plastic instead of elastic, it is found 
in the static case that <t> must satisfy the nonlinear second-order partial 
differential equation 


+ 4 ( d ** V = k 2 
\da; 2 dy 2 ) T \dxdy) 


(8-14) 


8-2. Separation of Variables and Integral Transforms. Certain types 
of partial differential equations yield to product solutions. Such prob¬ 
lems are called eigenvalue problems. Separation of variables , as the name 
implies, is the process of reducing a partial differential equation to a 
net of ordinary differential equations by manipulations that will separate 
dependent-variable factors, each being a function of only one independent 
variable. . 

Consider the one-dimensional diffusion equation 


d 2 u 1 du 

dx' ~ kTl 


(8-15) 
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A solution will be assumed of the form 


u(x y t) 


m x(x) 


(8-16) 


If such a product solution is possible, the original equation will reduce 
to two separate ordinary differential equations, one with time t as the 

independent variable and the other with x as the independent variable.* 
If Eq. (8-16) holds, then 


and 


dfu 
dx 2 


m 


d 2 X 
dx 2 


du 

~dt 


X 


dT 

dt 


The partial differential equation becomes 


T(t) 


d 2 X 

dx 2 


1 Y dT 
fc dt 


The variables can now be separated by dividing both sides by XT: 


1 d*X 
X dx 2 


1 dT 
kT dt 


(8-17) 


Since the right-hand side of the equation is a function of t only and the 
left-hand side is a function of x only, both sides must equal a constant c 


1 d 2 X 
X dx 2 


1 dT 
kT dt 


(8-17 a) 


The result is two ordinary differential equations 


d 2 X 

dx 2 

dT 

dt 


+ XX 


(8-18) 


+ k\T 


(8-19) 


The method of separation of variables leads, in general, to equations 
like Eq. (8-18) that contain a parameter X. The values of this parameter 
that satisfy the equation and associated boundary conditions are termed 
eigenvalues and the resulting functions X(x) are termed eigenfunctions . 

* In general, a form of u(x,t ) is desired that will satisfy the matrix relationship 

Dt u(x,t) =* X(0 u(x) 

where Dt is the given operator in the independent variable t, which can in general 
be expressed as a matrix operator. 

If the above matrix relation holds, the values of \(t) are called eigenvalues of 
Dt (if X jrf 0), and the corresponding functions are called eigenfunctions [if u(x) 0J. 
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From Eqs. (8-18) and (8-19), the function X is seen to be of the form 


X = A cos \ Yi x + B sin X .x 


and T is of the form 


T 


ce 


-Xfc/ 


The solution u(x,t) can then be expressed in series form as 


u(x,t) 


^ C n e~ Xnkt sin (\ n *x + <t>) 


n = 1 


oo 

y T n x n 

n — 1 


( 8 - 20 ) 


Each value of n pertains to a different shape of the function X(x), 
termed a normal mode . The initial conditions are determined by the 
mode of excitation. The solution requires the determination of the 
eigenvalue X n for each eigenfunction, or mode shape. The determination 
of these eigenvalues on the analog computer requires a trial-and-error 
process, since the operator has direct control over the initial conditions 
only. Theoretically, there are an infinite number of normal modes in 
the solution of a problem. However, for most engineering purposes, 
sufficiently accurate results can usually be obtained by combining only a 
few of the lower-order normal modes. That the function (8-20) is the 
Holution of Eq. (8-15) can be shown by substitution. That is, if u(x,t) 
is given by Eq. (8-20), 


d 2 u(x,t) 
dx 2 


oo 

^ \ n C n e~ ukt si 


sin (X„% + 0) 


71 = 1 


00 

X n T nX n 


n = 1 


a nd 


du(x t t) 

dt 


oo 

^ k\ n T„X n 


71 = 1 


Therefore, 


d 2 u(x,t) __ 1 du(Xyt) 

dx 2 k dt 


which is Eq. (8-15). The method of separation of variables can, of 
oourHO, bo applied to equations of more than two independent variables. 
The Laplace transformation (and other integral transforms as well) 
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can be used for solution of problems of the above type. If 



Thus, the partial differential equation in two independent variables has 
been reduced to a second-order ordinary differential equation in a single 
independent variable. In general, n — 1 successive transformations 
with respect to n — 1 of the independent variables in turn can be used to 
reduce a partial equation in n independent variables to an ordinary 
differential equation; or, if desired, the nth transformation can be 
effected, reducing the equation to an algebraic expression. The order 
of transformation does not affect the result. In order to obtain the 
desired solution, the inverse-transform integral equations must then be 
solved. The boundary conditions as well as the initial conditions must 
be satisfied in the process. 

8-3. Computer Solution of Eigenvalue Problems. Computer solution 
of an eigenvalue problem such as Eq. (8-20) can be effected by solving 
Eq. (8-18) for the value of X associated with each function X n such that 
all boundary conditions are satisfied. Changing x to the machine 
variable r, the equation becomes 



The required computer diagram is shown in Fig. 8-1. The boundary 
value at r = 0 appears as the initial condition on the second integrator. 
The second boundary value must be satisfied by a trial-and-error selec¬ 
tion of the proper value of X, say X„, for each mode shape A r n . When a 
correct value of X n has been found, the function X n must bo recorded and 
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later combined with the other functions, as indicated by Eq. (8-20), to 


give the desired result u(x,t ). Note 
sin (\ n H x + 4>) and represents th( 
u(x,t) at t = 0. The correct values 
mined to satisfy the initial condition 
u(x, 0). This can be done by use of 
the computer in at least two ways. 

1. A sufficient number of circuits 
of the form of Fig. 8-1, each for a 
different X n function, can be used 
at the same time; the resulting X n 's 
are multiplied by constants and 
summed. The correct value of each 


that the function X n is the quantity 
5 nth normal-mode component ol 
for the coefficient C n must be deter- 



Fig. 8-1. Diagram for an eigenvalue 
problem. 


c n must then be determined by trial and error so that the resulting curve 
(its as closely as desired to u(x,0). This application of the computer is 
known as curve fitting , and is useful in other problems as well. 

2. The second method of determining the coefficients C n in Eq. (8-20) 
is to solve for the coefficients directly as each set of eigenfunction and 
corresponding eigenvalue is found. This method is applicable to the 
expansion of a function in any series of orthogonal functions. Any 
function that has only a finite number of discontinuities in a given region 
can be expanded as a set of orthogonal functions X n : 



The values of C n can be calculated by 



(8-23) 


In the solution of an eigenvalue problem, as outlined above, the 
function X n (x) is generated by the circuit of Fig. 8-1. The function 
f(x) = ^(£,0) is specified and can be supplied by a function generator. 
The resulting computer diagram is given in Fig. 8-2, with the variable x 



Fid. 8-2. Method for determining C» of Eq. (8-20). 
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again replaced by the computer time variable r. The value of C f . is 
obtained as the output of the division circuit at r = L. Some arrange¬ 
ment should be made to activate the division circuit only after the output 
of the lbwer integrator has departed from zero. This method is by no 
means limited to sine and cosine series; the setup of Fig. 8-2 can be used 

for any orthogonal set of I„’s, such as Bessel functions, Mathieu func¬ 
tions, or the Hermite and Legendre polynomials. 

The example of the one-dimensional diffusion equation is fairly simple • 
only one parameter has to be varied to find the eigenvalues that satisfy 

* j . 1*1 i of computer operation 

is used in which the problem is recycled over and over again at a rate 

one or more times per second, the operator can immediately see the 
result of changing the variable parameters. Even so, problems requiring 
three variable parameters are very difficult, and four or more are prac¬ 
tically impossible with this method. For linear problems involving three 

or more boundary conditions, the superposition method outlined in 
Sec. 4-7 can be used. 

Several important types of eigenvalue problems that have been solved 
by analog computers 9-11 are: 

1. Second- and fourth-order equations with simple homogeneous 
boundary conditions 

2. Complex second-order equations with integral boundary conditions 

3. Eigenvalue problems involving a semi-infinite range of the inde¬ 
pendent variable (in some cases) 

A second-order equation with simple homogeneous boundary conditions 
often has one boundary condition to be satisfied at each end of the inter¬ 
val; one can be satisfied as an initial condition on the computer, and 
only one variable parameter or eigenvalue need be varied to satisfy the 
second boundary condition. A fourth-order equation with simple 
homogeneous boundary conditions has two boundary conditions to be 
satisfied as initial conditions at one end, and two parameters must be 
varied to match the other two. One of the parameters will be an eigen¬ 
value, and the second is often an unspecified initial condition. If the 
dependent variable is complex rather than real, the number of initial 
and boundary conditions is doubled. Thus, a complex second-order 

equation requires the same amount of effort for solution as a fourth- 
order equation with a real dependent variable. 

Solution of the general algebraic matrix form of the eigenvalue problem 
is discussed in the next chapter. 

8-4. Reduction to Finite-difference Differential Equations. The 

reduction of a differential equation to a set of finite difference equations 
is a very powerful method of numerical analysis; variations of the 
method are also very powerful for analog computation of partial-diffor- 
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ential-equation problems, as well as boundary-value problems involving 
ordinary differential equations. Recall that a partial derivative of 

u = u(x,y) can be expressed as 


du 

dx 


lim 

As—>0 


u(x + Ax, y ) 

Ax 


u(x,y) 


(8-24) 


If Ax is not allowed to go to the limit, but a finite value Ax = h is used 
instead, an approximate finite-difference expression will result: 


du ^ u(x + h/ 2, y) - u(x - ft/2, y) 
dx x h 


(8-24 a) 


Physically, this amounts to approximating a field system of distributed 
parameters by a lumped-parameter system. It is obvious that the 




X-l X Q x l X 2 X 3 *4 x 5 X n _! x n X n¥i 


(b) 

Fid. 8-3. Heat flow in a long bar. (a) Distributed-parameter model 
(b) Lumped-parameter model Ui -f- 2 Km — Kui- 1 — Kw+i = 0. 


dhi 
dx 2 


1 du 

k at' 


lumped-parameter model can be made to approach as close to the dis¬ 
tributed-parameter model involving partial differential equations as 
desired; one need only take a small enough value for Az. Finite-differ¬ 
ence equations are especially useful then, because the size and complexity 
of the mathematical model can be controlled to suit the needs of the 

problem solution. 

As an example, consider the flow of heat in a long, thin, uniform bar 
of metal, with boundary conditions imposed as shown in Fig. 8-3a. 
The behavior of the temperature in the bar can be found by application 

of the diffusion equation 

d 2 u __ 1 du 
dx 2 k dt 

Kor the finite-difference approach, the bar may bo thought of as being 
segmented into cells, as shown in Fig. 8-36. The finite-difference model 


310 


ANALOG COMPUTATION 


corresponding to Fig. 8-36 may be obtained by noting 


du 

dx 

du 


dx x 


X=*X 


X H 


u(Xi,t) — u(Xo,t) 

Ax 

U2 — Ui 

Ax 


Ui — Up 

Ax 


(8-25) 


Then, 


d 2 u 

dx 2 


X = Xx 


Or, in general, 


d*u 

dx 2 


x=x% 


du 

__ du 


dX % dx y. 



Ax 


U 2 — 

■ 2ui -j- uo 

(Ax) 2 

(8-26) 

Ui+ 1 

— 2 Ui + Ui-i 

(Ax) 2 

(8-26o) 


The finite-difference differential mathematical model for the diffusion 
equation then is: 

k 

J^xj 2 + Ax ’ ^ + u(xi - Ax , t)] 


du(x iy t) 

dt 


0 , 1 , 


• • 


n (8-27) 


where it is understood that u{x Q - Ax, t) and u(x„ + Ax, t) are fictitious 
points their value depends on the boundary conditions imposed. If 


-Ufa,!)) 


u(x 2 ,o) 


-u(x 3 ,o) 


-u(x n , o) 


-u(o,t) 




C u(x 2 ,t) 


“0*3.0 

>_ I 

n ir 


U(x n -I,t) 


-u(x n ,t) - J 

Fig. 8-4. Diagram for the diffusion equation with quantization along x. 

u(0,t) = u(x 0 ,t) and u(L,t) = u(x n ,t) are the boundary conditions, then 

u(xo - Ax, t) = u(x n + Ax, t) = 0. Equation (8-27) results in the set 
of simultaneous equations 


Uo + 2Kuo — Ku~ i — Kui 


Ui + 2Kui — Kuo 

ii2 + 2Kiii — Kui 


Ku 2 

Ku* 


( 8 - 28 ) 


«n + 2 Ku„ — Ku n _i — Ku 


»+i 


where K = k/Ax 2 . 
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The model then becomes a set of n + 1 simultaneous first-order 
differential equations in time and can be solved directly on the computer. 
Figure 8-4 shows an unsealed, partial computer diagram for solution of 
the problem. A total of n — 1 integrators are required. The boundary 
conditions u(0,f) and u(L,t) are imposed directly. The initial conditions 

are determined by the specified function w(x,0). 

In the above example, a finite-difference expression for du/dt could 
have been used instead of one for d 2 u/dx 2 . The partial derivative with 
respect to time could be approximated by 


du ^ u(x,to) — u(x,t 2 ) 
~di h ~ 2 At 


(8-29) 


and the approximate result would be 

~ WM <“<*'« - <8 - 30 > 


resulting in the set of simultaneous equations 

d 2 u(xj i) _ K o) + K k) = 0 
dx 2 

d2 < x M - K u(x,ti) + K u(x,t 3 ) = 0 (8-31) 


d 2 u(x,t m -i) _ R w(a . )<m _ 2) + K u(x>tm) 


dx 2 



where K = Y^k At. 
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The model is then a simultaneous set of second-order differential 

equations. The computer variable r can be substituted for x and the 

resulting set of equations solved on the computer. It can be seen that 

two integrators and one summer are required per equation Figure 8-5 

shows the required computer setup. The initial conditions on the 
computer are now either 

«(0,*i) tt(0,< 2 ) . . . u(0,t m ) 

du Qu 

o,n dx o,u ’ ’ dx 0 ,t„ 

The initial temperature distribution along the bar at zero time, u(x 0) 
is summed into the first integrator and can be implemented on a func¬ 
tion generator. The temperature distribution as t -> °o also enters the 
computer setup as u(x,t m ). The boundary condition at the end of the 

bar, u(L,t) or du/dx L{ cannot be specified as before; the correct asymp¬ 
totic solution must be known or found by trial and error. 

The interesting differences between the two above approaches may be 
clarified by reference to Fig. 8-6. Figure 8-6a is a diagrammatic way of 
showing quantization along the * axis. The solution curves for each 
nodal point x h x 2 , ... ,x n are shown as continuous curves with the time 
axis as the abscissa; these are the plots that would be obtained from the 
computer setup of Fig. 8-4. The boundary conditions are shown as the 
heavy curves u(0,t) and u(L,t). Note that to take account of boundary 
conditions that specify the rate of change of the variable with respect 
to x at the boundary requires adding an extra node beyond each of the 
end points, namely at *_! and x n+1 . The initial condition u(x, 0) must 
be discretized of course, to u(x h 0), u(x 2 , 0), . . . , u(x n _ h 0), which are 

shown as shaded circular points along the x axis; they are the initial 
conditions entered into the computer setup of Fig. 8-4. 

In order to decide upon the specific quantization to be used, i.e., the 

values of x lf x 2 , etc., the boundary conditions must be examined. If one 

is considering the quantization along the x axis, the last of the segments 

into which the x axis is divided should end at the boundary, provided 

the dependent variable u or an even derivative of u is specified at that 

boundary; if an odd derivative is specified, the last segment should span 

the boundary. If both conditions occur at the same boundary, the 

boundary should be the end of one segment, and another fictitious seg- 
ment must be continued beyond the boundary. 

Figure 8-6& is a diagram of the solution of Eqs. (8-31), where time 
rather than distance has been broken into finite cells. The result will be 
continuous curves plotted with the x axis as the abscissa. In this 
formulation of the problem, the initial condition u(x, 0) enters the 
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computer as a continuous function of x from a function generator and is 
shown as a heavy curve along the x axis at t = 0. The temperature 
distribution at time t m is treated similarly. The computer initial condi¬ 
tions now are the temperatures at the end of the bar x = 0 for finite 


t 



(b) 

Km. 8-6. Two quantization procedures, (a) Quantization in distance (spatial 
coordinate). (6) Quantization in time. 

points in time t h J 2 , . . . , tm-i] again they are shown as shaded circles. 
This method allows the introduction of either u(0,t) or du/dx as a 

\j f t 

boundary condition at the end x = 0. However, direct control over the 
boundary condition at the other end of the bar is not possible. For this 
reason, the conditions at u(L,ti), w(L,< 2 ), . . . , u(L,t m - 1 ) are shown as 
unshaded circles. The condition at that end could be either u(L,t) or 

Ou/dx _ , but the discretized values must be satisfied by a trial-and-error 

r ^ ^ ^ .i * ^ ~ 

method of finding the correct temperature distribution at time t m . For a 
known asymptotic solution in time, the accuracy with which the second 
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boundary conditions are satisfied will depend upon the size of At and the 
number m of,finite points used along the time axis. 

The above discussion would lead one to believe that more exact solu¬ 
tions of such problems would be obtained if both methods were used 
simultaneously in a closed-loop process. That is to say, if the computer 
could be mechanized to solve Eqs. (8-28) and (8-31) simultaneously with 
automatic correction of errors, the result would be continuous functions 

of both x and t. The ambitious reader may want to investigate this 
possibility. 

It should be mentioned that finite-difference approximations to both 
sides of the diffusion equation could be used at the same time. The 

result would be a set of algebraic finite-difference 
Y] Ud equations rather than finite-difference differential 

j equations.* The algebraic form, of course, is the 

^_ _ one that mus t be used for solution by a digital com- 

\*~h —A — A b puter. Stability problems or cases in which the 

j solution converges very slowly will often be encoun- 

tered if this approach is used. In general, reduction 
Fig. 8-7. Square to complete finite-difference equations has strong dis- 
mes h‘ advantages for solution on an analog computer. 

Considerable work has been done, however, in the 
use of that method for solution of problems with electrical networks. 
The use of general electrical-network analogs is a complicated subject 
and will be treated only briefly in the next section. 

Consider now Laplace's equation in two cartesian coordinates: 


\+-h 


J 

L 


Fig. 8-7. Square 
mesh. 


V 2 U 


d 2 U d 2 U 

dx 2 dy 2 


The reduction of this equation to an approximate finite-difference 
form can be made by referring to Fig. 8-7. A rectangular set of grid 
points (mesh) has been assumed. Then 


points (mesh) has been assumed. 


du 

dx h/2 

du 

dy i/2 


u b — U 0 

h 

Md Uq 


du 

dx _ h/2 
du 

dy -i /2 


Uq — U a 

h 


Uq 


U, 


d 2 u 
dx 2 


du 

dx 


h/2 


d 2 u 

W 2 o 


du 

dx 


i/2 


du 

dX _ h/2 _ U a + U b — 2U, 

h 2 

du 

dy I -i /2 u c + Ud — 2tt0 


Refs 
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Finally, 


V 2 u 


d 2 U , d 2 U 

dx 2 dy 2 


Ua “F u b 

h 2 


2 Uq , U c Ud 

j 2 


2uq 


(8-32) 


This equation is usually presented with h = j . The generality is here 
retained to add somewhat to problem flexibility. 



(a) 


Ri 



Rt-h 2 /4 

* 5-1 



Kid, 8-8. Instrumentation of Laplace’s equation for tlireo cell structures, (a) Tri- 
ftiiKulnr. (6) Square, (c) Hexagonal. ». 
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A rectangular mesh is used in the above derivation. The method is 
by no means confined to rectangular meshes. Both triangular and 
hexagonal grid networks are useful for certain problems where boundary 
conditions are not easily satisfied with the square mesh. 

If the grid-point spacings h are uniform, the approximate formulas 
for the two-dimensional Laplacian operator are: 


Triangular: V 2 u 0 


3 h 2 


( U a + U h + U, 


3u 0 ) 


Square: 


V 2 u 


h 2 


(U a + U b + U c + U d — 4lZo) 


Hexagonal: V 2 u 


16 

18/i 2 


(u a + u b + u c + u d + u e + Uf — 6u 0 ) 


16 

288 


(S 2 u a + V 2 u b + V 2 u c + V 2 u d + V 2 u e + V 2 u f ) 


2# _ / The appropriate meshes and the resulting computer 

y/p * setups for one mesh point are shown in Fig. 8-8. The 

4 * I triangular and square mesh configurations require the 

* same amount of equipment per mesh point, but the square 

Fig. 8-9. Three- ^ nes ^ 1 usually much easier to use. The hexagonal mesh 

dimensional * s seen f 0 require many more inputs per amplifier and in 
mesh. general is much harder to use. 

The approximate finite-difference expression for the 
Laplacian operator in three cartesian coordinates can be derived from 
Fig. 8-9 and will be found to be 


V 2 u 


d 2 u d 2 u d 2 u ^ 1 

dx 2 ^ dy 2 + dz 2 = A& (Ul + 


2u °) + ( w s + u A 


Ay 


+ -^2 ( u 6 + ^6 


2u 0 ) 


2u 0 ) (8-32 a) 


If the spacings are uniform, i.e., if Ax = Ay = Az = h. 


V 2 u ^ (ui + u 2 + u z + + u b + w 6 — 6^ 0 ) 


(8-32 b) 


i 

i 

* r 


Az 


3 

h 

AO 


.— 4 — 

I 


Fig. 8-10 Cylindrical. 
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Only cartesian coordinate systems have been discussed in detail, but 
adequate finite-difference approximations can be found for almost any 
coordinate system. Cylindrical and spherical coordinate systems are 

6 


y 2 

Fig. 8-11. Spherical. 




often very useful. Referring to Figs. 8-10 and 8-11, the appropriate 
finite-difference expressions for V 2 u are: 

Cylindrical: 


V 2 u 


d / du 
dr V dr 


W 


d 2 U d 2 U 

dd 2 r dz 2 


1 2ro + Ar 
ro 2 (A r) 2 


(u 


Uo ) + 


2 r 


Ar 


2(Ar) 


+ 


r( A6) 


(u 


{u 


ro 


Uo) + r(A0p (Ms 


Uo) 


Uo) + ^2 “t“ U5 


2uo) 


(8-33) 


where r 0 = radial coordinate of node under consideration. 



where ro and 0o are coordinates of the mesh point under consideration. 

It should be noted that there are many other more elaborate finite- 
difference approximations that could be used for the partial derivatives. 
Only the simplest have been presented here; these are the ones most 
commonly used. The reader is referred to more complete texts on the 
subject for detailed treatment of other formulas and for analysis of the 
resulting error. 1 * 6 * 7 The formulas presented here are quite adequate 
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for most problems to be solved on the analog computer. The error 
introduced by using a finite-difference approximation to a partial deriva¬ 
tive depends upon the mesh spacing (the size of Ax, Ay, etc.) as well as 
upon the nature of the field itself.* A Taylor series expansion for the 
function u(x,t) at a point x 2 in terms of the function and its derivatives 
at a neighboring point X\ is 


u(x 2 ,t) = u(x h t) + C x 2 — Xi) 


or 


du 

dx 


+ 


(x 


\xi 


2 ! 


X \) 2 d 2 U 

dx 2 

(x 2 


+ 


xi 


— Xi )* d*U 

3! dx* 


+ . . . 


Xi 


u(x\,t) + Ax 


du 

dx 


+ 


xi 


Ax 2 d 2 u 
~2\ dx 2 


+ 


Xi 


U 2 


. . du . Ax 2 d 2 U , Ax* d*U 

Ul + Ax di , + -2\d^ ! + 3f^ 


+ 


(8-35a) 


Similarly, if xo is a point a distance Ax on the other side of x\ 


Uo = u i 


du Ax 2 d 2 U 
Ax dx ! + ~2\ dx* 1 


As 3 d*u 

"3 r dx* i 


• • 


(8-356) 


Subtracting Eq. (8-356) from Eq. (8-35a) and solving for du/dx results in 


du 

dx 


U 2 — Uo 

2 Ax 
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2 Ax* d*u 


2 Ax \ 3! dx* 


+ 


2 Ax 5 d b u 
~5T dx b 
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(8-36) 


The error associated with using 


is approximately 


and in using 


it is 


du 

dx 


Xi 


du 

dx 


XI 


u(x 2 ,t) 


u{xo,t) 


2 Ax 


Ax^ d*u 
6 dx* xi 
u(x\,t) — u(xo,t) 

Ax 

Ax 2 d 2 u I 


dx 2 


xi 


(8-37a) 


(8-37 b) 


The error is proportional both to Ax 2 and to the second or third derivative 
of the function at the point in question. Thus, for a specified maximum 
error of approximation, much smaller values of Ax will have to be used in 
some problems than in others. 

The finite-difference-approximation error for the second partial deriva- 


* See Ref. 6, pp. 103-114. 
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tive can be obtained by adding Eqs. (8-35a) and (8-35 b). The result is 


d 2 u _ u 2 — 2ui + up _ Ax 2 d*u 
dx 2 X1 Ax 2 12 dx 4 

The error in using the approximation 


is approximately 


d 2 u ^ u 2 — 2u\ + Uo 
dx 2 Xl Ax 2 

^ Ax 2 d A u 

4 = 12 to* X1 


(8-38) 


(8-39) 


If the derivatives above the third order are zero, the approximate formula 
results in no error. The required values of Ax, Ay, etc., for a specified 
maximum approximation error could be estimated if the characteristics 
of the solution were known in advance. In practice, a mesh spacing is 
chosen that seems reasonable, and the resulting solution is used to esti¬ 
mate the errors due to finite-difference approximations. If necessary, a 
smaller spacing is used for the next solution. 

Higher-order finite-difference approximations can be derived by use 
of an interpolation formula of the form 


u = k 0 + (x — x 0 )ki + (x — Xo)(x — Xi)k 2 

+ (x — x 0 )(x — xi)(x — x 2 )/c 3 + • * * (8-40) 


'The order of the approximation is determined by the highest power of x 
used in Eq. (8-40). Thus, the commonly used approximation for 
d 2 u/dx 2 uses terms to x 2 and is a second-order approximation. In 
general, the resulting approximation error is proportional to (Ax) n for 
an nth-order approximation. It would seem that, in order to reduce 
errors, higher-order approximations should be used. However, if a 
fourth-order approximation is used for a second-order partial differential 
equation, two extraneous roots are added to the characteristic equation. 
These two extra roots can cause considerable trouble during computation, 
and it is usually best simply to reduce the value of Ax, Ay, etc., in order 
to improve accuracy. 

8-6. Lumped-parameter Electric Analogs. Electric analogs utilizing 
lumped parameters, i.e., finite elements such as the common resistor or 
capacitor, can be used to solve many engineering problems. The general 
method is to devise an electrical circuit described by equations of the 
name form as the physical system being studied. Electrical systems 
constructed only with R, L, and C elements have certain restrictions. 
First it is clear that nonpassive or active elements, and unilateral elements 
cannot be represented. These require amplifiers to prevent signals at 
the output of the device from affecting the signals at the input. Further- 
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more, general nonconstrained linear passive systems above the third 
order cannot be represented by the loop-analogy method without using 
transformers for isolation. 

The use of passive electrical circuit elements for simulation cannot be 
treated in detail here, for it is a broad and complicated subject. The 
reader is referred to Refs. 6, 7, and 18 to 24 for more comprehensive 
treatments. Reference 8 is a literature review that furnishes many 
references in this field. The work done by McCann and associates 
at California Institute of Technology (Cal. Tech.) involves the use of 



Fig. 8-12. General circuit for nodal analogy. 


active elements (amplifiers) in conjunction with general passive-element 
simulation techniques. A brief discussion of both passive-circuit nodal 
and loop analogies is given below in order to acquaint the reader with 
the general concepts and techniques involved. 

General Passive-circuit Nodal Analogies. Figure 8-12 shows a portion 
of a general passive-element electrical network without transformers. 

The Y*8 in Fig. 8-12 are complex admittances and relate the Laplace 
transform of the output current to the input voltage as 



Writing the nodal equations for each node, 

h = Y' 11 E 1 + Y 12 (E 1 - Et) + Y 1Z (E 1 - E z ) + • • • + Yi n (Ei - E n ) 
It = Y 2l (E 2 - EJ + Y' 22 E 2 + Y 23 (E 2 - E t ) + • • • + Y 2n (E 2 - E n ) 
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The set of equations can be rearranged in the symmetrical form 


h = (Y'n + Y l2 + Y u + • • • + Yi n )Ei - Y l 2 E 2 - Y U E 3 - • * • 

_ Y 1 

If = -YnE, + (F ; 2 + Y tl + Y n + • • ■ + Y 2 n )E 2 - Y 23 E 3 - • • •" 

Y 2 n E„ 
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Y nlEl 


Y n 2 E 2 


Y n3 E 3 


• • 


+ (Y' nn + Y n i + Y n2 + Y n3 


+ 


Let 


Y 

1 it 


Y 


'a + ^ Yij 


+ Y n _i n )E n 
(8-41 b) 

(8-42) 


Then the equations can be written in the compact form 


I = YE 


(8-43) 


where Y is a matrix operator operating on the column matrix E. The 
I iiiplace transform of the n simultaneous equations relating the variables 
of a general physical system of n independent variables can be written 
In the same form 

F = DV 


where the column matrix V is the velocity vector. The sufficient condi- 
I ions under which the passive linear mechanical system can be represented 
by electrical circuits containing only passive circuit elements without 
transformers are the following: 

1. D is an operator similar to the admittance operator of a combination 
of passive circuit elements. 

2. Each term of each diagonal element of the matrix D has a positive 
*lgn. 

3. Each off-diagonal element has a negative algebraic sign. 

L The matrix is symmetrical. 

A, The sum of the elements in any row is positive. 

Mirny mechanical systems are ordinarily described by equations that 
"iilisfy these conditions, but the method can be applied to a larger class 
n| problems if transformers are used for coupling. Restriction 5 above 
nm then be modified, and the potentialities of the passive-network 
mining become much more important. It should be noted, however, 
i bn I the cost of the type of transformer required for an RLC network 
mining of nominal 0.1 per cent accuracy is several times that of a high- 
quality operational amplifier. 

Uvnvral Passive-circuit Loop Analogies. The general loop electrical 
mmlogy cannot be constructed without transformers or some other four- 
ln initial isolating device. This is because self- and mutual impedances 


where Y {j = F*. 
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cannot be realized for equations with more than three dependent variables 
(coordinates) unless there are certain restrictions on the number of non- 
zero off-diagonal terms. Otherwise the conditions for realizability are 
the same as for the nodal analogy, except that the word admittance is 
replaced by impedance. The loop-analogy method can be extended by 
the use of transformers; it is then possible to construct an analog for 
systems of any number of loops. Transformers can be used to change 
the polarity of a mutual-impedance term, and use of transformer ratios 
other than 1:1 can be used to modify condition 5 above. 

Example 8 - 1 . As an example of the above methods, consider the two-coordinate 
translational system of F,g. 8-13. The mass M 1 is supported by a spring upon mass 
M 2 . The latter is supported elastically upon a frame that moves vertically with a 



Fig. 8-13, System of Example 8 - 1 . Fig. 8-14. Nodal analogy. 

known displacement x,(t) with respect to a fixed reference, downward beinv chosen 
positive. The equations of motion of the system are g 


MiXi 

M 2 X 2 


K X (X 2 - 


Let 


xi) -f- Bi{±z — x\) 

— Xi) -f K 2 (x 3 — x 2 ) 

= — = V- 
4 dt V% 


-f B 2 (±i — ±2) 


(8-44 a) 


The Laplace transforms of the equations, assuming zero initial conditions, then are 


M\s -j- Bi -f- 


“|“ B 2 4* 


f) F ' - f r - - B ‘ v > 


Ki + K 2 


V; 


fv,.(B, + A.) F , 


(8-446) 


or, in matrix notation, 




[*-+*+* -t in r b.f, 

L ~T M 2 s +B 2 + - 1 K * Vi ( B, + ^ v 8 

thcrcf™ Off ^ ad “ ittance operator satisfies the conditions given above: 

therefore, either a nodal or a loop analogy can be used in constructing an analowua 

nodal'methT^T ^^ 1 ^ 6 — V" the general analo S ous circuit constructed by the 
nodal method. The circuit is described by y 

Y'n + Y» + Y» ju - Yl , ipq r/,-1 \ 

Y 12 Y t , + Yu + Yu ' -Yu Ei - /, (8-4 fl) 

13 ^ 2S F a , + F11 + FjjJ Ei /, 

nodi) mlv b 0 e d !Ili P H ntr 0 T dUC + e v. d * 8h ° W 1 how the f ° rcing functions ( currcat *>™<» M 

y be applied. In this example, the forcing functions of (8-44e) are both 
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functions of F 3 . Let the voltage at the third 
I 2 =* 0. Expression (8-45) becomes 


y'n + y 12 + y 


Y 12 


Y 


Y' + Y 12 + Y 


E, 


E 


Y\%E 3 


Y 2 $E 3 


(8-46) 


This is now of the same form as (8-44c). 

The following analogous relationships can be used: 


Ei P 

- Vi 

E 2 ^ 

- V 2 

E 3 n 

-Ft 


Y'n - 

^ Mis 

Fl 2 - 

K\ 

8 

Y 13 - 

s - / B 1 

(8-47) 

Y'n - 

^ M 28 

Y23 ^ 






This results in the simple circuit of Fig. 8-15 
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Fig. 8-15. Nodal circuit for Example 8-1. 


Fig. 8-16. Loop analogy. 


A loop analogy may also be constructed as shown in Fig. 8-16. If 1 3 is specified 
mid if Ei =* E 2 = 0 , the circuit is described by 


Zj\\ 4~ Z 13 + Z 
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(8-48) 


Phis is also of the form of (8-44c). The following analogous relationships can be 


used: 
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This results in the circuit of Fig. 8-17. 
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Fio. 8-17. Ixiop circuit for Example 8-1 
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Note that, in the nodal analogy, current is proportional to force and 
voltage to velocity; whereas, in the loop analogy, voltage is proportional 
to force and current to velocity. Note also that the two electrical cir¬ 
cuits are duals of each other. It remains to find suitable scale factors 

to relate the variables and parameters of the electrical circuit to those of 
the mechanical system. 

The particular coordinate system chosen for description of the mechani¬ 
cal system may not be a very practical one to simulate by an analogous 
electrical circuit in which each voltage (or current) will be proportional 
to one of the coordinate velocities. It is often convenient to introduce 
first a change in coordinates in the mechanical system and then a simple 
diagonal transformation in the electrical system. Transformation of 
the spatial coordinates often makes the boundary conditions easier to 
handle. Conformal transformations are often used for problems that 
involve two spatial coordinates, in order to simplify the field structure. 
Transformation of the time variable also is usually advantageous. 

If a velocity-recording device were connected to mass M x of Fig. 8-13 

and used to obtain a continuous recording with respect to time and if a 

continuous recorder were used to record the voltage e x in the electrical 

circuit of Fig. 8-15 or i x in Fig. 8-17, the recordings would be identical 

except for scale factors. The analogous quantities in the mechanical 
system and the two electrical analogs are: 

Mechanical system Nodal analogy Loop analogy 

Displacement x Jedt Charge q 

Velocity x Voltage e Current i 

Force / Current i Voltage e 

Simple resistance networks consisting only of resistors have been used 
a great deal in solving static problems, i.e., problems that do not involve 
time derivatives of the variables. Such models have been used to solve 
such problems as the steady-state distribution of current in a power 
system, the static deflection of beams, and the steady-state distribution 
of temperature in a heat-dissipating medium. Resistance networks have 
been used extensively in the solution of partial differential equations by 
the finite-difference approach. The basic procedure is to approximate 
the actual differential equations and boundary conditions and then effect 
an analogic solution of the resulting equivalent problem. The first 
extensive use of resistance networks was for power-system analysis, 
particularly for unbalanced systems. Such devices have become known 
as d-c resistance boards. The a-c RLC network analyzer is now in nmin 

general use for the study of such problems; but modern d-c boards si ill 
play an important role in power-system studies. 27 
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Resistance-inductance analogs have been used to some extent, and 
resistance-inductance-capacitance analogs have been used extensively. 
The widely used power-network analyzer is an example of the RLC net¬ 
work analog. The network analyzer also uses active elements to simu¬ 
late loads and power sources. The usefulness of the RLC network 
analogs has been widely extended at the Cal. Tech, computer laboratory. 
McCann, Wilts, and MacNeal have added amplifiers as active elements 
and extended the use of the RLC circuit analog to the study of distributed- 
parameter systems, both static and dynamic. A great deal of work 
has been done on such things as aircraft-wing-flutter problems. 20 

Electrical analogs need not be linear, and a number of devices have 
been designed and built to incorporate nonlinear electrical elements. 
One such device is the Mcllroy pipeline analyzer, which uses resistance 
elements whose resistance is a nonlinear function of current through the 
clement. 24 Such elements can be used to simulate the pressure drop of 
fluid flowing through a pipe. The pipeline analyzer can be used to study 
water-distribution systems, sewage systems, and chemical industry 
problems. 

The lumped-parameter electrical analog is a very useful device and 
can be used to study a wide variety of problems. The usefulness of 
passive networks has been extended by addition of active elements 
(amplifiers); the extreme case of this occurs when RC networks are used 
simply as input and feedback networks for operational amplifiers, as in 
the general-purpose analog computer. 

8-6. Distributed-parameter Electrical Analogs. Distributed-param¬ 
eter analogs include a number of different types of continuous-type con¬ 
ductive materials, such as the electrically conducting tank, plate, sheet, 
or liquid-surface devices. This type of analog is relatively simple in 
nature, readily constructed, inexpensive to maintain, easy to use, accu¬ 
rate, and very flexible in application. 

The two most common distributed-parameter electrical analogs are the 
nlectrolytic-tank and the conducting-sheet analogies. The electrolytic 
tank consists of a container constructed usually of wood or other insulat¬ 
ing material and filled with an electrolite, often plain tap water. Model 
electrodes are inserted in the liquid, and a probe is used either to deter¬ 
mine the potential in order to find lines of equal potential in the liquid 
or to determine the gradient of potential drop through the liquid. The 
probe mechanism is usually driven by a servomechanism such as that 
used for the xy plotter and is linked electrically or mechanically to an 
# // plotter which traces out the curves of equal potential or of constant- 
potential gradient. 

The analogy method consists of identifying any function (j>(x,y,z ) 
governed by the Laplace equation with the distribution of electrical 
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potentials 0(x,y,z) in a homogeneous conduction medium that is suitably 

fed electrically, the contours of the medium being made to reproduce the 

form of the field under study. Thus, with the electrolytic tank, the 

model electrodes may be shaped in accordance with the physical problem, 

which might be the iron structure of a magnet or the shape of an airfoil’ 

Voltages or currents are applied to the model electrodes in accordance 
with the boundary conditions of the problem. 

As an example of the use of the electrolytic tank, consider the two- 

dimensional flow of a perfect incompressible fluid around a section of a 

wing. The airfoil contour itself is then a streamline, and the potential 

function 6(x,y) is analogous to the streamline of the velocity field. Let 
the complex velocity of the air be 


w = 

Vi + iv s 

(8-49) 

The logarithm of velocity is then 



In W = 

_T T i •. i 

: In V — id 

(8-50) 


where V = |velocity) 


0 = argument of the velocity 

The functions In V and 6 are harmonic and can, therefore, be repre- 

sented with a plain tank (or with Teledeltos paper). The potential along 

the airfoil section is then specified; a discontinuity of ir occurs at the 

stagnation point, and a discontinuity at the trailing edge of a value 

determined by the edge angle. A large number of electrodes are attached 

to the airfoil contour and placed in the tank. Each of the electrodes is 

raised to a known potential corresponding to 0(s), the direction of tho 

au-flow at that point. The probe can then be used to plot the equipoten- 

tial lines on the surface of the liquid that correspond to the lines of con- 

stant 6. The direction of airflow around the airfoil can then be obtained 

quite easily. The lines of constant absolute value of the velocity can be 
obtained in a similar manner by noting that 



Thus, integrating d9/dn in the s direction yields a velocity distribution 

along the contour. The field of In V can be represented by observing 

from above that the derivative of In V along the airfoil is equal to tho 

curvature of the airfoil. The voltage sources can then be replaced by 

current sources, and a plot of equal equipotential lines will yield the lines 
of constant velocity. 

Electrolytic tanks can often be used for three-dimensional problems. 
A three-dimensional tank described by Hartill is 6 by 4 ft with a It ft 
effective depth of water. 80 The same tank can bo usod for two-dimon- 
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sional problems by employing a false glass bottom an inch or so below 
the surface of the water. A metal needle is used to obtain equipotential- 
line plots; for measurement of potential gradient a double probe is used, 
which can be rotated. It has been found that the best model electrodes 
are constructed of silver-plated brass. The resistivity of the liquid 
should be of the order of 10 4 ohm-cm. If the resistivity is too high the 
probe impedance is too large; if the resistivity is too low polarization at 

the tank electrodes becomes a problem. 

The electrolytic tank may seem at first to be a simple device, but it 
requires very careful construction and use in order to perform serious 
work. Accuracy of the electrolytic tank is affected by the accuracy of 
the electrode model, by imperfections and granular effects near the sur¬ 
face of the electrodes, by nonlinear conduction caused by polarization in 
the vicinity of the electrodes, by variation in meniscus height on the 
probes, by temperature variation in the liquid, and by the accuracy of 
the reproducing equipment and servo driving system. The repeatable 
accuracy of a good electrolytic tank is of the order of 1 to 3 per cent.^ 

Two-dimensional problems can be solved using conducting sheets of 
material, such as Teledeltos paper, that provide a continuous resistance 
medium similar to the electrolite in an electrolytic tank. The model 
electrodes in this case are obtained by painting the surface with conduct¬ 
ing silver ink in the case of a conducting model or simply by cutting out 
holes in the paper for insulating models. The usefulness of these devices 
is best pointed out by a brief listing of some of the fields of successful 

application. 

1. Electric Fields. One of the first utilizations of electroanalog procedures was in 
the study of flux distribution between charged parallel linear conductors in a uniform 
medium. Many experimental studies have been made of electric field configurations 
produced by point and line electric charges and of fields associated with magnetic 
poles. Fields associated with rotating machines and other electrical apparatus have 
hIho been studied extensively. The determination of electric fields associated with 
high-voltage equipment such as insulators, multiphase cables, transformers, ground 
electrodes, etc., has been an important part of the work in that area. Derived 
quantities, such as the voltage gradient of fields or the capacitance of lines or busses of 
interest in the study of insulation stress or of power-distribution performance, can be 
calculated from the directly determined flux and potential distributions or, if desired, 
can be determined directly. Most of this work has encompassed fields in a homo¬ 
geneous dielectric structure, but some work has been done with variable and graded 

dielectric constants. 

2. Electrolysis. This includes the study of field distribution in an electrolytic cell, 
tho shaping of electrodes to yield uniform current density over their surfaces, the 
optimum shape of probes for use in measurement of polarization, the density of 

ourront in the region of a meniscus. 

3. Magnetic Fields. The accurate mapping of magnetic fields produced by mag- 

n. I ir material and current-carrying conductors has been studied in connection with the 

optimum design of conductors and coils oarrying largo current, large rotating electric 
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There is considerable room for creative effort in this field; better 
methods of applying mathematical or functional models to field systems 
as well as better methods of solution of those models are needed. The 
solution of nonlinear problems has not been discussed, but it can be 
appreciated that use of the analog computer is often the best if not the 
only economically feasible way to obtain solutions to such problems. 

The use of electroanalogical models other than the analog computer 
has been discussed very briefly. 

There are many other types of models or analogies that can be classified 
as analog devices. The stretched membrane is a type of analog device 
that can be used to solve the Laplace and Poisson partial differential 
equations in a two-dimensional domain. If a thin rubber sheet is 
stretched uniformly in all directions and clamped in a flat frame in the 
xy plane, the equilibrium equation 



is satisfied for small displacements in the z direction. The membrane can 
be used, therefore, to simulate any problem to which the Laplace equation 
applies and for which boundary conditions can be set up as elevations. 
Such problems include steady-state heat conduction in a two-dimensional 
medium of constant conductivity and electrostatic field problems. 
Membranes have also been made of soap film, which has the advantage 
over a rubber membrane that uniform tension is easily achieved. Photo- 
elastic techniques have also been used for problems in the field of elasticity 
with photoelastic tests providing the evaluation of stress in the membrane 
lit all points. 

Many other types of analog models have also been devised and used 
Nuccessfully. Mechanical models range all the way from simple scale 
models to elaborate mechanical analogs of the system under study. 
Many fluid analogs have also been used to study problems in hydraulics. 
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CHAPTER 9 


ALGEBRAIC MATRIX MODELS 


Algebraic matrix models are used extensively in the study of static 
situations. The solution of some matrix problems by analog-type 
computation has received considerable attention; in particular, matrix 
inversion applied to the solution of simultaneous linear algebraic equa¬ 
tions. In fact, a special machine designed to solve simultaneous equa¬ 
tions by means of tilting plates was proposed by Thomson 1 as early as 
1878. There have been many machines designed around the potentio- 
metric method of multiplication by a constant and addition by the use 
of resistance networks. This class of machines uses currents or voltages 
as the dependent variables; the coefficients of the variables are obtained 


by feeding the electrical signals through adjustable resistors (potenti¬ 
ometers) before summing with resistance networks. The values of the 
dependent variables are entered by appropriate selection of shaft positions 
of other potentiometers. Thus, solutions are obtained by trial-and-error 
selection of the proper values of the variables. 

The electronic analog computer is also very useful in solving such 
problems. A general-purpose computer can be used, or the basic build 
ing blocks of the electronic computer can be connected to external equip¬ 
ment specially designed for matrix-type problems. The material in this 
chapter covers only the use of the electronic analog computer for the 
automatic solution of such mathematical models. Passive-element 
electrical analogs with the transformers for coupling, as described briefly 
in Chap. 8, can be used quite effectively for many matrix-type problem*, 
but space does not permit a discussion of such methods here. 

Before considering the particulars of computer solution, the definition* 
and basic theorems of matrix operations are reviewed. 

9-1. Matrix Operations. Consider a set of n algebraic equations: 


flllZl + ttl2#2 + * ’ * + CLlnXn ~ &1 

O21%l + O 22 X 2 + ’ * ’ + 0,2n%n ~ ^2 


o n \X\ + a n 2 X 2 + * * * + o nn x n = b n 



This entire system of equations is expressed in matrix notation uh 
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where A is a matrix transformation operating on the matrix X, the ele¬ 
ments of which are in the domain of the transformation, and resulting in 
the matrix B, the elements of which are in the range of the transformation. 
Thus the transformation is 


A = [ajk] 


On O 12 • 

O 21 O 22 


O n i a n 2 


Oln 

a 2n 


nn 


Expression (9-la) can then be written 


an a i2 
a 2i a 2 2 


ain 

a 2n 


Onl O n 2 • • • 


nn 


Xi 

X 2 


b 1 


• • 


l»n 


(9-16) 


A matrix may be square (having the same number of columns as rows) 
or rectangular. 

The determinant of a square matrix A, denoted by det A, is 


det A 


The determinant may be expanded in terms of the cofactors , of the 


matrix: 


Ai 


jk 


1 y +k M jk 


where M jk is the (j,k) minor determinant obtained by ignoring the jth 
row and fcth column. Thus, 


det A 


n 

^ OjkAji 


n > 1 


*=1 

n 


^ OjkAjk 


j- 1 

OnA 11 + ai 2 A 12 + 

a i2 A 12 + a 22 i 4 22 + 


• • 


• • 


+ a in A in 

+ a n2 A n 2 


(9-2) 


Note that det A is defined only for square matrices. 

The transpose of a matrix is obtained by interchanging the rows and 
columns and is denoted by A 7 ’. 

The determinants A m , formed from a square matrix A by omitting all 
but the first m rows and columns, are termed the discriminants of the 
quadratic form. 
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Let I denote the square unit matrix 



"1 

0 

0 

0 • • • 

0 

1 

0 

0 • • • 

0 

A A 

0 

a m 

1 

0 • • • 

• • 

_0 

• • 

0 

• f 

0 

0 • • • 


The basic theorems appropriate to the discussion to follow are: 

1. Two matrices A and B are equal if and only if they are identical. 
If A = B, then a jk = &/* for every j and k. 

2. If AB = BA = I, then B is the inverse of A, commonly denoted 
by A” 1 . 

3. If det A 7 ^ 0, the system of equations AX = B is satisfied if and 

only if X = A - 1 B. fl 

4. If det A = 0, A has no inverse (it is singular). 

5. If det A 0, A has a unique inverse. 

6 . The n columns (rows) of an n-by-n matrix are independent if and 

only if det A = 0. j 

7. Addition and subtraction of matrices are both commutative and 
associative. The addition or subtraction of two matrices of order n 
gives a new matrix of the same order: if A ± B = C, then the elements 
of C are c# = a tJ ± by. 

A + B = B ± A (A±B)±C = A± (±B ± C) 

• • *9 

8 . Multiplication of a matrix by a scalar quantity a results in 

aA = a[aij] — [nan] = Aa 

9. Two matrices A and B may be multiplied together in the order AB 
only when the number of columns in A equals the number of rows in B; 
they are then said to be conformable. If A is of order n X h and if B is 
of order h X m, the product AB = C is of order n X m and is given by 

h 

AB = I j = 1) 2, . . . , n I 

p = i k = 1, 2, . . . , m (9-3) 

= C = [ Cij \ 

In general, AB ^ BA. I 

10. The distributive and associative laws of multiplication apply: 

A(B + C)F = ABF + ACF 
(AB)C = A(BC) = ABC 

11. The value of det A is multiplied by —1 when two adjacent rown 

(columns) are interchanged. I 
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12. det A = 0 when all elements of a row (column) are zero or if all 
elements of one row (column) are identical with, or multiples of, the 
corresponding elements of another row (column). 

13. The value of a determinant is unchanged if a constant multiple 
of one row (column) is added to another row (column). 

14. det AB = (det A) (det B), but det (A + B) ^ det A + det B. 

15. A given matrix may be divided into smaller matrices, the result 
being a partitioned matrix. For example, a square matrix of order 3 may 
be divided into four submatrices as shown: 


where 




If X is a scalar parameter, A is a square matrix of order n, and I is the 
unit matrix of the same order, then the matrix 

K = [XI — A] 

is termed the characteristic matrix of A. The equation 

|K(X)| = det K = |XI - A| = 0 (9-4) 

is the characteristic equation of A. The n roots of det K = 0, Xi, X 2 , 
. . . , X n , not necessarily all different, are the characteristic roots. Note 
that the eigenvalue equations discussed in Chap. 8 were of the form 

AX = XX 

which can be rewritten 

[XI - A]X = KX = 0 

Kxcept for the trivial case where all the components of X are zero, 
det K must vanish. Hence, X can take only the values Xi, X 2 , . . . , X n , 
which are the characteristic roots of det K(X) = 0. These quantities 
lire the eigenvalues of the matrix A. The matrix A is termed positive 
definite if all the characteristic roots have positive real parts. 

16. If A is a square matrix of order n then, 

C = A r A 

in positive definite. 

9-2. Simultaneous Algebraic Equations. Many mathematical models 
UMod in engineering and scientific problems take the form of, or require 
the solution of, simultaneous algebraic equations. Models of this form 
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are static; i.e., the solution is a set of numbers rather than functions of an 
independent variable such as time. A machine that adds and subtracts 
numbers (a digital computer) would seem to be ideally suited for the 
solution of such models. Although this is true for many problems, the 
analog computer can be used very effectively for models of this type if 
the number of equations is not too large and if the required precision 



Fig. 9-1. Partial diagram for simultaneous Fig. 9-2. Use of integrators to solve 
equations. simultaneous equations. 


and accuracy of the numerical answers is not too high. The analog 

computer is especially useful when a number of similar cases are to be 
studied. 

A set of simultaneous algebraic equations has the form 

AX = B 

which can be written 

n 

T a a x j — bj = 0 i = 1, 2, . . . , n 

i= 1 

0F a l 1 X 1 + d\ 2 X 2 + # * * + dlnX n ~ b\ = 0 

d2lXi + a 2 2X2 + * • * + a 2 nX n — bi = 0 

**•••••••••••••••• 

d n iXi + a n2 x 2 + • • • + a nn x n — b n = 0 

Perhaps the most obvious way to attempt to solve a simultaneous set of 
equations with an analog computer is simply to use a set of n summing 
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amplifiers to perform the desired summation of each equation. Thus the 
variables x lf x 2) . . . , x n can be generated implicitly by the use of 
negative feedback around high-gain operational amplifiers. This is 
illustrated in Fig. 9-1. It is seen in Fig. 9-1 that the first amplifier is used 
to form the summation of the first eauation of the above set. If all the 


illustrated in Fig. 9-1. 


to form the summation of the first equation of the above set. If all the 
variables Xi are correctly generated, this and all other equations will be 
identically equal to zero, and the voltage at the summing point of each 
of the amplifiers will be zero as required. Thus, through the use of the 
high-gain amplifiers and negative feedback, the process of automatic 
balancing required in the potentiometric simultaneous-equation solver 
is accomplished automatically. Additional sign changers are required 
for negative coefficients, of course. This method is quite restricted, 
however, because of stability considerations. 

The above method may be formalized somewhat by considering the 
use of integrators rather than summers, as in Fig. 9-1. The use of 
perfect integrators would ensure that all residual errors due to the method 
of computer setup would be zero. With an integrator used for summing, 
as shown in Fig. 9-2, the equations actually being solved are 


Xi = 

— [an^i + di 2 x 2 + • • 

"T d\ n X n 

- 6J 


±2 = 

— [a 2 iXi + a 22 x 2 + • • 

”T d 2n x n ~ 

- b 2 ] 

a m * 

(9-5) 

• • • 

x n 

— [a» \Xi + a n2 x 2 + ■ ■ 

“I" d nn X n ~ 

WWW 

- M 



This reduces to the original set of equations when all derivatives are 
zero. The matrix operation being performed is 


[si + A]X = B 


(9-5a) 


The computer is being used to solve a set of n simultaneous differential 
o<|nations; the steady-state (asymptotic) solution will be the solution of 
the original set of algebraic equations. The computer setup is then a 
dynamic system described by (9-5a), which may or may not be stable. 


The stability of the system may be determined as usual by finding the 
mots of the characteristic equation: 


det [si + A] 


(9-6) 


Expression (9-6) is of the same form as (9-4); the roots si, s 2 , . . . , s„ 
nl e<|nation (9-6) are, then, the negatives of the characteristic roots of 
the matrix A as defined. It follows that the computer system will be 
nt nlile (all roots have negative real parts) only if the matrix A is positive 

dofinite. 

The nso of perfect integrators, as shown in Fig. 9-2, will then prove 
mil ifffuclory in the limited case when A is positive definite. It will be 
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instructive to keep this restriction in mind for the moment and consider 
the validity of the computer setup shown in Fig. 9-1. Let the transfer 
function of the amplifiers as used be denoted —G(s). To simplify the 
discussion, each amplifier of Fig. 9-1 may be thought of as being a series 


*2 


■ ^ 

bi 


Perfect 

summer 


Perfect 
sign changer 


«!: 


Amplifier 


*1 


Fig. 9-3. Model of summer 


combination of a perfect summer, the amplifier itself, and a perfect sign 
changer, as shown in Fig. 9-3 for the variable x\. The output of the 


summer is 


(anXi + a 12 Xi + 


+ a ln x n - bi) 


(9-7) 


The Laplace transform of the variable X\ for zero initial conditions is 
given by 


Xi = G(s) E 


or 


E 


Xx 

G(s) 


(9-8) 


Substituting this expression for E in the Laplace transform of Eq. (9-7), 


an + -^1 + 012 X 2 + 


+ ax„X n — bi 


The equation being solved is then 


[<?(*) 


I + A X = B 


(9-9) 


which reduces to (9-5a) if the transfer function G(s) is that of a perfect 
integrator. In general, the transfer function of an amplifier will be the 
ratio of two polynomials in s and will have at least two more poles than 
zeros. It can be appreciated that the determination of stability will be 
much more difficult for the general case than it is when a perfect integrator 
is assumed. 

The characteristic equation of the computer system used to instrument 
Eq. (9-9) is 


det G(ij + A 


det 


G(s) 


A 


(9-10a) 
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matrix 


det [XI — A] 


(9-106) 


Therefore, the characteristic roots of the matrix A are related to the 
closed-loop computer-system poles by 


0 ( 8 ) 


Xi 


(9-11) 


For stability, all roots s, of the n equations (9-11) must have negative 

.1_XT'__/nn) ^ 


real parts. Equation (9-11) may be rewritten 


Xy G(s) 


(9-1la) 


It is seen that the roots of this equation can be found directly by the 
root-locus method.* The problem of magnitude scale factors has not yet 
been discussed, but it is evident that the computer setup of Fig. 9-1 
requires that the magnitude of all coefficients a i; be equal to or less than 
unity. The first step in solving the set of equations AX = B then had to 
be a normalization of coefficients, performing 


AX = AiX 


B 


where a m is the element of A with the greatest absolute magnitude. The 
matrix A x is the one actually used in the computer solution, and, since the 
absolute magnitude of all of its elements is equal to or less than unity, its 
characteristic roots X, satisfy the relation 


|Xy| < n 


(9-12) 


Equation (9-1 la) can now be used to find the required form of G(s). 
Huppose G(s) is given by 

GM = , , -rr (9-13) 


K 


s q (Tis + 1 ) 


( T m s + 1) 


Then, if the matrix A is positive definite (all Xy have positive real parts), 


the largest permissible gain K can be determined by choosing X 


+n 


and finding the critical value of gain from the root-locus plot. It is 
obvious that, if G(s) is that of a perfect integrator 


0 ? = 1 , T, 


T 


• • 


T 


0) 


the system will be stable for all positive values of K. The same is true 
if <7(«) has only one or two poles, if they have negative real parts. The 

* This method of analysis can bo used to calculate the errors due to the actual 
transfer functions of the computer components used in solving differential equations. 
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largest value of permissible gain K can, of course, quickly be determined 
experimentally with one of the amplifiers to be used. 

If the matrix A is not positive definite, one or more of the X,- will have 
a negative real part. This corresponds to positive feedback around the 
amplifier. The worst possible case would be encountered with X = — n. 
If q = 0 in expression (9-13) and if the poles of G(s ) are all real, the 
critical value of amplifier gain is simply 



This can be shown using the root-locus method, for the pole of G(s) 
nearest the origin contributes a characteristic root (a closed-loop pole) on 
the real axis, which moves toward the right half plane as the open-loop 
gain nK is increased. The gain required for that root just to be at the 
origin is nK = 1. Thus, it is possible for the computer setup of Fig. 9-1 
to be stable even though the matrix A is not positive definite, whereas 
that of Fig. 9-2 would be unstable. However, the instrumentation of 
Fig. 9-1 does not give the solution of 


AiX 


1 


B 


a 


m 


as desired, but of 


_1 

K 


I + A, X 


1 


a 


m 


B 


(9-14) 


The diagonal coefficients will all be in error by 


1 


Ka 


X 100 per cent 


it 


Thus, if a i{ = 0.5, the gain K would have to be 40 or larger if the error 

in the value of that coefficient were to be 5 per cent or less. It is possible 

to use such a setup, however, to 
obtain approximate results, even if 
the matrix is not positive definite. 
One procedure would be to start, 
with the setup indicated in Fig. 9-4 
for each variable, with R 2 = nR\ 

All of the feedback re- 



(K = l/n). 

sistors R 2 would then be increased 
until they equaled infinity or the 
system broke into oscillations. If oscillations occur, the resistors R x 
would be decreased slightly and the steady-state values of thejr's taken 
as the approximate solution. 
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At this point, the question may be asked: Can one tell by inspection 
if a matrix is positive definite? The answer is, in general, no. Some 
observations can be made, however, that will help if the matrix is small. 
All of the discriminants Ai, A 2 , . . . , A n must be positive, which means 
that all diagonal terms must be large and positive. In general, the diag¬ 
onal terms must satisfy, with respect to the off-diagonal terms, the fol¬ 
lowing relationship: 



akk 


> \ a ik 



Thus, it can be seen that the matrix 



is not positive definite, whereas the matrix obtained by interchanging the 
first two rows: 



is positive definite. The reader should verify that the computer instru¬ 
mentation of Fig. 9-2 for the last matrix does indeed result in a stable 
solution. The operation performed would be 


"1 + S 

2 

1 

x 2 


V 

2 

7 + s 

-4 

Xi 

= 

&2 

1 

-4 

17 + 0 

_Xz_ 


b 3 


It is now apparent that the given set of equations may often be rear¬ 
ranged without undue effort so that the resulting matrix transformation 
is positive definite and the computer setup of Fig. 9-2 can be used directly 
for the solution. It should also be mentioned that theorem 16 could 
always be applied if the matrix could not be rearranged in positive 
definite form by inspection. Premultiplying the matrix A by its trans¬ 
pose A 7 ’ requires a considerable amount of effort if the matrix is very 
large. All the quantities bj will then appear in each equation, and more 
effort is involved if they are to be varied from one solution to the next. 
Tito solutions for the variables will be the same; that is, solution of 
A 7 AX = A 7 B is the same as that of AX = B. 

General Method. The concept of premultiplying by the transpose of A 
loads to a general method which always leads to a stable computer 
system if a solid ion exists. Since the matrix A'A is positive definite, the 
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same approach is used as before, and the equations to be solved are 


I + A T A X = A^B 


(9-15) 


The matrix A r A need not be calculated, however, for additional equip¬ 
ment can be used to perform this operation at the same time the solution 
is obtained. The required operation is that of 


an 2 + a2i 2 + 


• • 


+ a„i 2 + 


K 


(anai2 + a2ia22 + • * * + a n ia n 2) 


• • 


• • 


• • 


(a ln 


2 + a2n 2 + 


• • 


+ dnn + 1 x n 


ailfel + «21&2 + 


Xi 

X 2 


• • 


“f“ dnlbn 


dlnbl + dtnbi + 


• • 


~f" d nn b n 


(9-15a) 


Thus, the derivative of xi must be 


X\ = — K[(dn 2 + a 2 i 2 + * • * + a n i 2 )xi + («iifli 2 + a 2 ia 2 2 + * * * 

+ a n ia n2 )x 2 + * * * + (flnain + a 2 ia 2n + • • • + d n id nn )x n 

— (dnbi + a 2 i b 2 + * • * + dnibn)] (9-16) 

Xi = — K[an(aua:i + 012X2 + * * • + ai n x n — 61) 

+ a 2 i(a 2 iXi + a 2 2 X 2 + • * • + d 2n x n — b 2 ) 

+ • • • + a n i(a n iXi + a n2 x 2 + • • • + d nn x n — b n )] (9-16a) 


Note that, in expression (9-16a), the entire term being multiplied by 
an is just the residual (error) in the first equation. If the residual of the 
ith equation is 


then 



±i = —K(a n ei + a n e 2 + • • • + a n ie n ) 
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The general formulation is, then, 

dijXj b% 

i -1 

Xj 

The resulting general computer setup is given in Fig. 9-5. This par¬ 
ticular instrumentation has the advantage that it is identical in form 





Fig. 9-5. Partial diagram for general method of solving simultaneous algebraic 
equations. 


with that used to solve mathematical programming problems, as will be 
brought out in the next chapter. It can be seen that more equipment is 
necessary to solve a set of equations by the general method, but this 
method has the decided advantage that one is not restricted to matrices of 
positive definite form. Slightly different instrumentations have been 
arrived at for the general method by the use of different lines of thought, 
and have been referred to as minimizing the sum of the squures of the 
errors , the method of steepest descent , and other names. 4,6 

Since the general method described above requires considerably more 
equipment than the instrumentation of Figs. 9-1 and 9-2, it would bo 
desirable to have available a method that would be a compromise between 
the simpler one requiring positive definite form and the general method. 
11 may be possible to formulate a method based upon partitioning of the 
matrix A into submatrices, one at least of which is positive definite. 
The instrumentation of Fig. 9-2 could be used for that part and that of 
Fig. 9-5 for the remaining parts. 

If more accuracy is required than is obtainable with the computer set¬ 
ups of Fig. 9-2 or 9-5, an iterative procedure can be used to improve 
accuracy. Let the values of the x/h obtained by the computer bo repre¬ 
sented by the column matrix X r , and lot the errors bo represented by a 
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column matrix E. Then the correct result is 

X = X r + E 

The matrix operation desired is 

AX = B 

which, in terms of X r and E, is 

A[X r + E] = B 
Therefore, AE = B — AX r 

With the values of X r obtained from the computer, the new column 
matrix B — AX r can be calculated and the values of the elements entered 
into the same computer setup to solve for the error column matrix. The 

corrected values of Xj are then obtained by adding the newly computed 
value of error, cy. 

9-3. Simultaneous Algebraic Equations with Complex Coefficients and 
Roots. Equations with complex coefficients can also be solved in the 
manner described in the foregoing sections. A set of linear simultaneous 
algebraic equations with complex coefficients can be converted to a set 
of equations twice as big but with real coefficients (and roots) by sepa¬ 
rating the real and imaginary parts of the original set of equations. 
Suppose that, in the set of equations (9-1), the coefficients (the elements 
of A) are complex numbers a = c + id, where i = ( —1)*, and the ele¬ 
ments of B are b = e + if. The roots will also be complex, x = y + iz. 
The set of equations can then be written 

(cn + idn)(yi + izi) + • • • + (c ln + id ln )(y n + iz n ) = d + if x 

(c 2 i + id 2 i)(yi + iz\) + * * * + (c 2n + id 2n )(y n + iz n ) = e 2 + if 2 1(n 

. . (y-iy) 

(c n i + id n i)(yi + izi) + • • • + (c nn + idnn ) (Vn + «n) = e„ + tfn 

Each term can be multiplied out, resulting in a separation of the real 
and imaginary parts. Since the real and imaginary parts of each equa¬ 
tion must be satisfied independently of the other, there results a set of 
2 n equations with real coefficients and roots: 

Cnyi — duZi + • • • + Ci„y n — di„z n = ei 

C212/1 — duZi + • • • + CinUn — d 2n z n = e 2 


CnlVl — d n lZi + ' • ' + CnnVn ~ d nn Z n = e n 

duVi + Cn2! + • • ■ + di n y n + Ci„2„ = /i (9-10u) 

dnyi + C 21 Z 1 + • • • + d 2n y n + c 2 „z„ = / 2 
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The original set of n equations with n complex unknowns has been 
replaced by a set of 2 n equations with 2 n real unknowns, which can be 
solved by the methods discussed in the preceding section. After the 
unknowns of equations (9-19u) have been evaluated, the roots of the 
original set of equations can be obtained simply by combining the appro¬ 
priate components y, and z, as the real and imaginary parts, respectively: 

Xj = yj + izj 

9-4. Matrix Inversion. It is often necessary to find the inverse of a 
matrix A rather than, or in addition to, the solution of the simultaneous 

equations represented by AX = B. 

There are a number of numerical methods of matrix inversion. The 
most straightforward is the cofactor method. Thus 

A det A 


This method works well for determinants of the order 3X3, but is quite 
laborious for larger problems. 

The method of skeleton elimination is faster and more efficient for 
large problems. This particular method takes about three times as many 
steps as are required to find the determinant of A. For details concerning 

the method the reader is referred to Ref. 2. 

Matrix inversion on the analog computer can be accomplished in the 
same way that sets of simultaneous algebraic equations were solved. 
The computer is used to solve for the elements of A" 1 instead of the 
unknowns x u x 2 , , x n . The operation to be performed is 

AA- 1 = I (9-20) 


The procedure can best be explained by considering a simple matrix 
A of order 3. Letting A- 1 = C, Eq. (9-21) becomes 


dll d 12 d 13 
d 2 l d 22 #23 

d$i C&32 G33j 


C 11 C 12 C 13 

C 21 C 22 C 23 

C31 C32 C33J 


1 0 0 
0 1 0 
0 0 1 


Nine equations result with the cy as the unknowns 

dllCll + O 12 C 2 I ^13^31 = 1 

d 2 \Cu + d 22 c 2 \ -f- d 2 $Czi — 0 

dz\C\l + U32C21 + dzzCzi = 0 
d\\C\ 2 + CZ 12 C 22 + d\%C‘& 2 = 0 

dilCu + d 22 c 22 + & 23 C 32 = 1 


(9-21) 


(9-2 la) 


dniyi -I- CniZi + • * * + d fin'lln ^nw^n 


Uu^ii 4" OitCn + aas^aa 
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The first three equations involve Cn, c*i, c 3 i and can be solved separately 
from the remaining six; similarly, the next three can be solved for c 12 , c 22 , 
c S 2 and the last three for c i3 , c 23 , c 33 . Thus each column of A "" 1 can be 
treated separately, in the same manner as the column matrix X was 
treated in the solution of AX = B. The methods described in Sec. 9-2 

can be applied directly. This method involves the same stability 
problems that were encountered before. 

At first glance, it might seem that, since n sets of n equations must be 
solved, the procedure would be a lengthy one. However, it is seen from 
(9-21a) that the same arrangement of coefficients a# appears in each set. 
If the computer setup of Fig. 9-1 or 9-2 can be used, the only change 
required to obtain the solution of each set is to enter the quantity 1 into 
the appropriate amplifier. If the setup of Fig. 9-5 is used, the coefficients 
at the input to the integrators must be changed as well. 

9-6. Matrix Multiplication. Matrix multiplication can be accom¬ 
plished on an analog computer simply by letting the elements of one 
matrix be coefficient-potentiometer settings and the elements of the 
other matrix be supplied as voltages to those potentiometers. A set of 

summers will then be used to form the sums of the products, resulting in 
the elements of the new matrix. 

Consider the operation 

a n U 12 du bu 6i 2 1 r Cn Ci 2 

u 2 i U 22 u 23 6 2 i Z>22 I = I C 21 C 22 (9-22) 

d3i a Z 2 a z3 J L&31 b Z2 J L c 3 i c 32 

The elements of A and B are given, and those of C are to be obtained. 

Cn = ciiibii + ai 2 &2i + Ui 3 6 3 i 

C 12 = ciiibn + ai 2 6 2 2 + aub Z 2 (9-23) 


c 32 — cizibi2 + a 32 & 22 4~ a 33 & 32 

The simple computer setup of Fig. 9-6 can be used to obtain the solu¬ 
tion in the general case when the elements may be positive, zero, or 
negative. As in matrix inversion, the columns of B and C may be treated 
separately. The outputs of the summers are labeled cy, c 2j , and c 3y , and 
the potentiometers corresponding to the elements of B are likewise 
labeled fey, fey, fe 3y . Thus, to obtain Cn, c 2 y and c 3 i, the fe potentiometers 
are set to the values 6 U , fe 2 1 , and bn. The extra sign changes and the 
switches provide for the possibility of positive or negative signs for either 
or both of the elements a and fe. Note that the computer setup of Fig. 
9-5 is already the correct form for the general matrix-multiplication 
problem; the elements of B could be entered as initial conditions on the 
integrators and the computer left in the IC state for the solution. Thus, 
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Fig. 9-6. Matrix multiplication, AB - C. 


if a general computer setup for the solution of simultaneous algebraic 
equations were prewired on a problem board, it would be a very simple 
matter to obtain the product of two matrices. Note that multiplication 
of a column matrix by a square matrix gives a column matrix. That is, 



AX = 
XA = 



d\2 Xi __ anXi + ai2^2 

a 22 X 2 d 2 \X\ + d 22 X 2 



\h undefined. 

9-6. Eigenvalue Problems. It was shown in Chap. 8 how certain 
partial differential equation models could be reduced to eigenvalue models 


of the form 



(9-24) 


whore A iB a squaro matrix and X is a column matrix. Expression (9-24) 
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often represents an indeterminate set of n linear algebraic equations of 
the form 

(an — X)£l + CI12X2 + • • * + ai n X n = 0 

CI21X1 + (a 22 — \)x 2 + • • * + a 2n x n = 0 
. (9-25) 

dniXi + a n2 x 2 + • • • + (a nn — \)x n = 0 


Such models arise in the study of the vibrations of mechanical, electrical, 

and molecular systems, of problems in quantum mechanics, in statistics, 
and other fields. 

In the above expressions, X is a characteristic root of A and is termed 

an eigenvalue. The values of the elements of X that correspond to a 

particular eigenvalue are termed its eigenfunctions (or eigenvector). In 

a mechanical or electrical oscillatory system, the X's would be the squares 

of the natural frequencies of the system, and the corresponding x’s would 

be the relative amplitudes of free vibration of the elements of the system 

at the frequency X^. That is, the x’s represent the mode shape of the 
oscillation. 

It is desired to determine the n values of X from Eqs. (9-25) and the 

corresponding relative values of the x’s. Note that the equations are 

indeterminate and, therefore, that only the ratios or relative values of 

the x’s can be obtained. For the solution to be nontrivial (all x’s not 

identically zero) the determinant of the coefficients of Eqs. (9-25) must 
equal zero. Thus, 



det [A - XI] = 0 (9-26) 

an — X a 12 • • • a in 

d 2 \ a 22 — X • • • a 2n 


a m a n2 • • • a nn — X 


This is the characteristic equation of the matrix A discussed in Sec. 9 - 1 . 
It is also often termed the secular equation. The n values of X may be 
determined from (9-26) and the corresponding x’s calculated from Eqs. 
(9-25). However, this requires the expansion of an nth-order determi¬ 
nant, the solution of the resulting nth-degree algebraic equation in X, 
and, finally, the solution of n 1 linear simultaneous algebraic equations 
for the x’s, having set one x equal to a constant, usually unity. 

Rather than perform the calculations numerically, it is possible to 
solve the set of Eqs. (9-25) directly with an analog computer. The set of 
equations are only slightly different from those previously considered; 
one of the unknown x’s must be set equal to a constant and one of the 
unknowns, X, appears as part of the coefficient matrix. 
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For purposes of illustration, consider a matrix A of order 3 


an a J2 ai 3 


Xi 


~Xi 

a 2 i a 22 a 23 


x 2 

= X 

X 2 

a 3i a 32 a 33 _ 


_Xz_ 


_X Z _ 


Let the value of X\ be a constant, say, unity. 


(9-27) 


Xi = 1 

The set of simultaneous algebraic equations to be instrumented on the 
computer is then 

(an — \)xi + ai 2 x 2 + ai 3 x 3 — e\ 

a 2 iXi + (a 22 — X)x 2 + a 2 3 x 3 = ^2 (9-28) 

dziXi + a 32 x 2 + (a 33 X)x 3 — 6 3 

The quantities ej are the errors or residuals of the equations and must 
be reduced to zero by the computer setup to obtain a valid solution. The 





general setup of Fig. 9-5 can be used directly, resulting in the unsealed 
computer diagram of Fig. 9-7. The values of X are entered as coefficient- 
potontiometor settings along with tho elements of A. As shown in Fig. 
9 7, the n values of X must be determined by trial-and-ormr adjustment 
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of the three X potentiometers (which could be ganged on one shaft). It is 
also possible to drive the X potentiometers by a servo multiplier using e\ 
or a combination of the e’s as the error driving voltage. This would solve 
automatically for both X t and the corresponding values of x 2 and £3. 
Other types of multipliers could be used, of course. Such an automatic 
procedure, besides requiring n multiplier channels, presents stability 
difficulties in many cases and requires that a way be found to ensure that 
the computer finds all of the X’s. 

9-7. Scaling. As in the solution of any problem on the computer, the 
matrix model must be scaled before the computer can be used. The 
computer diagrams presented here have all implied that the matrix 
elements had all been scaled, so that their absolute magnitudes were less 
than or equal to unity. This can be accomplished simply by dividing 
through by the magnitude of the element with the greatest absolute value. 
Maintaining correspondence between the computer setup and the model 
is facilitated, however, by dividing instead by the first power of 10 that is 
greater than the largest coefficient. Thus the coefficients entered in the 
computer are different only by factors of 10. Next, the scale factors of 
the variables must be chosen. The simplest method is to use normalized 
variables, all normalized to the same maximum amplitude. That 
maximum amplitude is so chosen that, after it has been used to divide 
through, the magnitudes of the elements of the matrix on the right-hand 
side all become equal to or less than unity. This may be illustrated by 
considering a simple case: 



The first step would be to divide through by the power of 10 nearest 8, 
or 10 1 : 




(9-29a) 


The coefficients a # are now easy to set with coefficient potentiometers. 
The next step is to find the proper value for x m . Replacing the variables 
by xi/xm and £ 2 /x m and dividing through by x m results in 


0.6 

0.4 

-£f 

£m 

1 

16 

0.2 

0.8 

£2 

X m _ 

- 10x m 

22 


(9-296) 


Note that x m must be at least 2.2; as a factor of safety let x m - 3. 
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The scaled matrix expression is then 



* 

0.6 0.4 

0.2 0.8 

♦ ‘ 

This can now be instrumented on the computer. The solution will be 
found to be 

^ = 0.700 

O 


xi 

3 

£2 

3 


0.533 


0.733 


(9-29c) 




Now this method of scaling will not always suffice, of course. It may 
be necessary to use different scale factors for each x, to obtain the accuracy 
needed. If that is done, the scaled matrix coefficients will also be 
changed. In any case, the straightforward approach can be used first, 
and the results will indicate whether additional scaling is needed and will 

also form a basis for the choice of the new scale factors. 

9-8 Discussion. The solution of matrix-type models with the analog 
computer has the disadvantage of considerably lower available precision 
and accuracy compared with solution by a digital computer. It also 
presents two major difficulties: stability, and the requirement for large 
numbers of coefficient potentiometers and inputs per amplifier. Stability 
can always be achieved by using the general computer setup of Fig. 9-5, 
but at the expense of requiring much more equipment. The second 
difficulty can be handled with a general-purpose computer by adding 
external equipment in the form of banks of coefficient potentiometers It 
was pointed out that the general computer setup of Fig. 9-5 could be 
used for the solution of simultaneous algebraic equations, for matrix 
inversion and multiplication, and for solution of eigenvalue problems. 

1t, is only logical, then, that special-purpose computers would be con¬ 
structed for the primary purpose of handling matrix models. Most ol 
the connections indicated by the computer diagram of Fig. 9-5 can be 
made permanently inside the machine. Enough sign changers should be 
provided to change the sign of one-half of the matrix coefficients in the 
extreme case. If amplifiers with both positive and negative outputs 
(bipolar) were available, the construction would be simplified even 
further. As will bo brought out in the next chapter, such a special- 
purpose machine could also solve mathematical programming problems. 

























ANALOG COMPUTATION 

Special-purpose electronic analog computers have recently been 
designed and built for the solution of matrix problems. Such a computer 

was completed m 1 o 57 by Electronic Associates, Inc., and will handle 

14 * 14 matrice " , Solutl °ns can often be obtained with an accuracy of 
±0.2 per cent of full scale with a precision of three significant figures. 
The computation time required for the solution of simultaneous equations 
or for obtaining each column of the inverse of a matrix is of the order of 
0.1 sec. Furthermore, the matrix coefficients can be changed merely by 

turning a dial. If desired, the coefficients can be set into the computer 
by means of punched tape or by a keyboard. 

The ease of problem setup and speed of solution of the computer instru¬ 
mentations described above will in many applications outweigh the dis¬ 
advantages of relatively low precision and accuracy. Actually, a highly 
precise model cannot be formulated for most physical systems, and, 
therefore, an analog-computer solution is often quite adequate. Since 
the analog computer is not restricted to linear models, the solution by 
analog computer is often considerably more accurate than a numerical 
computation, which is usually restricted to a linear model. The accuracy 
of the computation of a matrix problem is dependent upon the form of the 
matrix if either analog or digital computers are used. If the solution 
of a matrix model is extremely sensitive to changes in value of one or more 
of the elements, it is said to be an ill-conditioned matrix. In such cases 
ttie problem should be reformulated and the form of the matrix changed! 

he use of an analog computer has an advantage here in that the sensi¬ 
tivity of the model can be tested quite easily. For this reason, it may be 
more economical to obtain a preliminary analog-computer solution before 

using a digital computer, even when it is planned to obtain the final solu- 
tion with the digital machine. 
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CHAPTER 10 

THE ROLE OF ANALOG COMPUTATION IN 

OPERATIONS RESEARCH 


Operations research is a term that is often used but rarely defined. The 
definition used here is as follows: Operations research is the application of 
scientific principles and methods to the study of the over-all system 

behavior of complex man-machine systems. 

This definition includes the study of completely mechanized systems 

as well as systems at the other extreme, such as organizations of men and 
economic systems. What is so special about operations research ? Why 
not write a chapter on the use of the computer in the design of wave¬ 
guides, traveling-wave tubes, radar antennas, data-link equipment, 
missile airframes, rocket motors, missile-guidance computers, or any of a 
thousand other subjects? The answer is that each of these problems 
concerns components or subsystems that are only part of an over-all 
man-machine system—in all the above cases, a complex defense system. 
The study of any one of these problems is a specialty in itself and involves 
a rather limited number of people. It is true that operations research is 
a specialty also, but it is one that has much wider scope and requires the 
participation of many people with widely different backgrounds. 

The potential of analog computation in the field of operations research 
has often been overlooked. This is a particularly fertile field for the 
application of analog computers. Many of the problems are charac¬ 
terized by complex interaction of forces and highly nonlinear relations, 
by low precision of input data and system parameters of only two or 
three significant figures, and by the need for human reasoning during 
problem solution. The analog computer easily handles nonlinear rela¬ 
tions, the general requirement being that the relations be represented as 
a sketch of a single-valued curve of one or two variables. The fast 
operating time of the analog computer makes possible the use of the 
operator’s judgment and creative reasoning in the course of the problem 
investigation, since he can often see immediately the results of his 
decisions and how they affect the validity of the system model and/or 
the problem solution. It is t he purpose of this chapter to point out some 

353 




























354 


ANALOG COMPUTATION 


of the ways m which the modern electronic analog computer can be used 

to advantage in the solution of such problems and to stimulate interest 
and new ideas along these lines. 

The analog computer has two roles in this area: as a model to simulate 
complex systems and as a computation device to solve particular mathe¬ 
matical models. Analog computers are especially well adapted for the 
solution of problems involving optimization of parameters and problems 
involving decision making based upon the operator’s knowledge and prior 

experience together with predictions of what will happen to the system in 
the future. 

This chapter includes a discussion of the powerful model used for 
system optimization known as the mathematical programming model and 
treats in some detail the solution of such models, both linear and non¬ 
linear, with the analog computer. Computer simulation of complicated 
systems is an invaluable method of study of systems of all sizes and 
complexities. The material in Chap. 6 serves as a background for the 
discussion here of the simulation of economic systems. The simulation 
o a simplified model of a single-product firm is given as a specific example. 
Statistical methods and probability models are also invaluable in the 
study of over-all system behavior, and the role of the computer in this 
area is discussed in some detail. A waiting-line problem is included as 
an example. The use of adj oint system models is valuable in the study of 
linear systems with time-dependent parameters, particularly if stochastic 
variables are involved. The adjoint method makes the analog-computer 
study of such models relatively straightforward, as explained in Sec. 10-6. 
The study of man-machine systems requires that more be known about 
the behavior of the human operator. The use of the computer to 
synthesize human-operator transfer functions is discussed in Sec. 10-7. 

10-1. Mathematical Programming Models. It is not the purpose here 
to discuss the fundamentals, applicability, or restrictions of the mathe¬ 
matical programming model, but rather to examine the potentialities for 
solution of such problems with analog computers. 1 - 3 The various 
methods proposed for such problems differ only in detail and are a logical 

extension of the general method used to solve systems of simultaneous 
linear algebraic equations, as outlined in Chap. 9. 

A mathematical programming problem differs from the usual matrix- 

inversion problem in that it contains more equations than variables and 

the relations are in the form of inequalities. The solution desired 

involves the maximization or minimization of a given objective function. 

e general form of the mathematical programming problem may be 
given as: Find the maximum (minimum) of 

z (x) = dxi + c 2 x 7 + • • • + c n x n (10-la) 
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subject to a set of m constraints, 

A i = auXi + (I12X2 + • # ' + dlnXn < R 1 
A 2 = a 2 1 X 1 + a 22 x 2 + * * * + a 2 nX n < R 2 (10-16) 


A m ~ CLmiXi + G m 2X2 + * * ' + a mnX n < Rm 

plus a set of nonnegative constraints on some or all of the variables 
themselves: 

Xl > 0 z 2 > 0 • • • x n >0 (10-1 c) 

z (x), the A(x)’ s, and the R(x)’ s may be arbitrary, single-valued func¬ 
tions of the x f s. For purposes of computation by the methods to be 
described, the first derivative of z(x) must be defined throughout the 
solution space, and the first derivatives of the A(x)’ s must be defined in 

the neighborhood of the solution space boundaries. 

If the coefficients Ci, c 2f • • • , c n and an, an, . • • > are all con¬ 
stants, the resulting problem is a linear programming problem. 



Example 10-1. A simple example will servo to illustrate the concepts involved in 
the methods to follow. 


















356 


ANALOG COMPUTATION 


z{x) « Xi - 1 - X 2 

Ai = X! < 0.9 

A 2 = 0.5zi + x 2 < 1.0 

Az - x 2 < 0.8 

xi > 0 

x 2 > 0 

The diagram of this problem is given in Fig. 10-1. It is seen by inspection that the 
maximum occurs at the upper right extremal point (0.9, 0.55). 

10-2. Numerical Solution of Linear Programming Problems. Perhaps 

the most obvious way to solve the above system of inequalities is to 
handle the inequalities as equalities and solve all the resulting possible 
sets of simultaneous equations taken n at a time for the values of the x’s 
and of the objective function z(x). The set of combinations would 
include all the nonnegative restraints, n is the number of variables. 
This brute-force method would suffice if the problem were linear but 
would, in general, require a great deal of computation. 

The most successful method yet devised for the numerical solution of 
mathematical programming problems is the simplex method 4 or a variation 
of this. This method again involves changing the inequalities to equali¬ 
ties but refines the brute-force method by introducing artificial or slack 
variables such that, in the resulting system of equations, there are at least 
as many variables as equations. Thus, if all n variables have nonnegative 
constraints, m slack variables are introduced, resulting inm + n equations 
and m + n variables. The equations are again considered n at a time, 
the process being formalized by use of a tableau with a basis and by use of 
algorithms, or rules of operation. The general simplex tableau consists 
of m + n + 1 columns and m + 1 rows. Throughout the calculations, 
m of the columns will have only one entry, the digit one, forming the basis. 
Although many of the coefficients in the original system of equations may 
be zero, the corresponding entries in the tableau tend to become nonzero 
as the calculations progress. For each iteration, the number of arith¬ 
metic operations required is of the order of 

m(n + 2) multiplications 

m + n divisions 

(m + n)(n + 2) additions and subtractions 

10-3. Analog-computer Solution of Mathematical Programming Prob¬ 
lems. The output of an analog computer is a continuous function of 
time and not discrete like the output of a digital computer. A digital 
computer will solve a programming problem in a step-by-step numerical 
calculation. An analog computer will solve such a problem in dynamic 
fashion even though the problem itself is static. The advantage of 
solving a problem in dynamic fashion is speed, since the solution point in 


Maximize 
subject to 
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calculated continuously rather than discontinuously point by point, and 
the resulting calculation even for a large programming problem takes 
only a matter of seconds. It will be seen that the method outlined for 
the solution of programming problems on an analog computer is simple 
and fast and that modern computer components often obtain precision 
and accuracy well within the limitations imposed by the programming 
model itself. Precision can be obtained to three significant figures quite 
easily and to four significant figures if necessary. The nominal accuracy 
of present-day electronic analog-computer components is of the order of 
0.01 to 0.1 per cent. In most cases, this is better than the accuracy of 
the data used to construct the programming model. That is not to say 
that the analog-computer solution of a programming problem is always 
accurate to 0.1 or even to 1 per cent but the accuracy obtained is often 

sufficient. 

The method of solution of programming problems on an analog com¬ 
puter is a variation of the general method of steepest descent. The basic 
idea is to generate in the solution space a moving point P that travels 
along the gradient of the function to be maximized (or minimized) until 
the maximum (minimum) is reached. This ensures that incremental 
changes in the solution-point displacement produce maximum changes in 
the objective function. 

The velocity vector of the moving solution point can be defined by 


where 


m 

P = eVz - K 2 SjVAjiAj - Rj) 

j-i 

{ 1 if Aj > Rj 
6j ~~ | 0 if Aj < Rj 


( 10 - 2 ) 

(10-3) 


V<t> denotes the gradient of the function <j)(x h x 2 , . . . ,x n ) and is 
defined as 


grad <f> = V<f> = 



where ii, i 2 , . . . , i„ are the unit vectors of the coordinate system. 

Thus, while the point P{x h x 2 , . . . ,x n ) is inside the n-dimensional 
space (all inequalities satisfied), the velocity vector lies along the gradient 
of the objective function z; hence, the point P moves in the direction of 
steepest ascent (descent). (The signs in the equation for P are reversed 
if it is desired to minimize z.) The quantity VA y defines a vector nor¬ 
mal to the boundary hypersurface Aj — Rj. At some finite distance 
beyond the boundary, the value of Aj — Rj will be such that the term 
-K(A, — Rj)VAj in Eq. (10-2) will just cancel the velocity component 
normal to the boundary. The velocity vector will then lie parallel to the 
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hypersurface for finite positive values of Aj — R s . At points in the 
neighborhood of relative maxima (minima) of 2 , P will vanish. The value 
of e can then be made arbitrarily small, and the point at which £ vanishes 
will be arbitrarily close to the true maxima (minima). That is to say, as 
€ is reduced, the quantities Aj — Rj will also be reduced, and the point 
where £ = 0 will be found in or at a boundary of the solution space. 

The above equations can be instrumented quite easily on an analog 

computer. In addition to summers needed to solve the inequalities and 

integrators needed to integrate the rates of change of the variables, some 

type of decision element must be used to generate the S k . The most 

convenient way to perform this decision function is through use of diode 

limiting circuits. The general procedure then is to let the time rate of 
change of the variable x t be 


where 




n 


>i ^ ^ anXi 








(10-4) 

(10-5) 


The resulting general computer schematic is given in Fig. 10-2. Note 
that this is of the same form as the diagram of Fig. 9-5. 



(a) (b) 

Fig. 10-2. General computer schematic for mathematical programming problems. 


The quantities £,• are integrated with respect to time from the starting 

position determined by the set of initial conditionsxi( 0 ),x 2 ( 0 ), . . . ,x n ( 0 ). 

The quantity e is an arbitrary, real number which may be allowed to go to 
zero as the solution is reached. It is positive if z(x ) is to be maximized 
and negative if z(x) is to be minimized. The quantity K is an arbitrary, 
large, real number. The effect of this feedback is to cancel the compo¬ 
nent of each x, that is normal to the corresponding boundary hypersurfaco. 
Therefore, the point P is constrained to move in the direction of incroas- 
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ing z(x) but parallel to the boundary surfaces and in (or very nearly in) 
the solution space. The velocity of the point P is altered each time a 
boundary or restriction is reached. As long as the quantity e is finite, the 
velocity vector will always have a component along the grad z until the 
maximum value of z is reached. When the maximum value of z is 
reached, the last component of the velocity in the direction grad 2 will 
have been canceled, and the point P will come to rest. Each local 
maximum found in such a manner is determined uniquely by the defining 

equations and the starting or initial point. 

As defined above, the quantity K involved in the feedback loops is a 
constant; therefore, the change in the velocity vector of the point P will 
be continuous as the point passes through a boundary. After reaching 
the first boundary restriction, the point P will lie a very small distance 
outside the allowed solution space for any finite value of «. This is no 
restriction upon the method, since the value of « can be reduced to zero 
as the solution point reaches the point of maximum 2 . However, the 
problem can also be solved by allowing K to change discontinuously from 
zero to a large value. 1,2 This can be accomplished by using switches to 
determine when the feedback loops are activated. The type of solution 
obtained would be one that oscillates through a small region of the 
boundaries, with the velocity still being e grad 2 in the solution space. 
In general, this type of solution takes somewhat longer than the continu¬ 
ous-velocity-vector type. 

The method of solution outlined above can be accomplished with four 
basic electronic analog-computer elements. Integrators are needed to 
integrate the quantities x, and to solve for x,. The quantity e dZ/dx i} 
along with the voltages from the various feedback loops, is fed into the ith 
integrator, which generates the variable x<. Coefficient potentiometers 
or variable resistors are needed to set the quantity dz/dx, and the con¬ 
stants Cj. The third type of element needed is the diode, to enforce the 
restriction that the variables must be greater than zero. In addition to 
the integrators, the method requires a summer to solve for the quantities 
Cj = 5 ; .(A y — Rj). As shown in Fig. 10-2, a diode is used around the sum¬ 
mer, so that the output of the amplifier is zero as long as Aj < Rj. When 
the quantity Aj is larger than Rj, a voltage appears at the output of the 
summer; this voltage is multiplied by a gain constant K and fed back 
through appropriate coefficient potentiometers to the integrators of the 
variables associated with this constraint. In addition to the elements 

shown, another summer is used to sum C 1 X 1 -f- c 2 x 2 + • • • + c n x K = z(x), 

the objective function that is to be maximized (minimized). 

This method works very well for linear programming problems, since 
thoro is only one maximum in the solution space. The solution will be 
obtained on tho first trial, starting from any initial point. Furthermore, 
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since the point P moves continuously from the initial point to the final 
solution point, the solution of the problem takes only a matter of seconds, 
the time being proportional to the value of the quantity e used in the 
solution. All the functions appearing in linear problems are sums of 
constants or constant multiples of the variables. Thus, a linear problem 
always leads to a connected, convex set. For each value of the objective 
function, the subset of all points that give that value to the objective 
function forms one continuous subset. Thus, there will be only one 
point within the set defined by the constraining equations at which the 
objective function has a maximum value. 

Nonlinear problems, on the other hand, present two major difficulties. 
The first difficulty is that of describing the nonlinearities mathematically 
and taking these nonlinear functions into account during the calculations. 
This offers no basic difficulty to analog calculation, because a nonlinear 
function is treated in the same manner as a linear function. The pres¬ 
ence of nonlinear functions does, however, require more elaborate 
equipment. 

The second difficulty is that nonlinear programming problems may have 

a number of relative or local maximum values, in contrast with linear 

§ 

programming problems, which always have one and only one maximum 
value of the objective function in the solution space. Using the method 
outlined above, any particular set of initial conditions will always 
produce the same solution—which may or may not be the absolute 
maximum. The obvious solution to this problem is to scan the solution 
space by using different sets of initial conditions for each trial. This 
method is not particularly efficient and does not, of course, guarantee 
that all relative maxima (minima) have been found, even after a large 
number of trials. However, a very large number of trials can be carried 
out in a relatively short time, resulting in a good probability of finding 
the correct solution. Auxiliary equipment has been developed that allows 
completely automatic operation of the machine for solutions of nonlinear 
problems using this method. 3 Although very little research has been 
done on the solution of nonlinear programming problems, it has been 
demonstrated that analog computation obtains a reasonable probability 
of correct solution in a brief computing interval, whereas numerical 
methods are usually inadequate. 

Applying this method to Example 10-1, the following time rates of 
changes of the two variables defined within the solution space are 
obtained: 

dx i dz 


dt e dx i 
dx 2 dz 
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The diagram of this solution is given in Fig. 10-3. The solution space is 
seen to be bounded by five lines: Ri, R 2 , Rs, and two nonnegative 
restraints. If the solution-point velocity vector is defined as above, the 
point will move along the path shown in dashed lines until the first 
boundary R 2 is reached. If the component of the velocity vector 
perpendicular to R 2 is then removed by the feedback circuit, the point will 
continue to move along R 2 in the direction of incieasing z. AVhen the 


*2 



Fig. 10-3. Computer solution of Example 10-1. 


next restraint Ri is reached, the point P will cease to move; and, if the 
value of e is reduced or allowed to approach zero, the point P will stop at 
I lie intersection of the two restraints Ri and R 2 , giving the solution to the 
problem. The solution in this case is seen to be z = 1.45. 

The computer circuit necessary to implement the above solution is 
shown in Fig. 10-4. An integrator is required for each variable x\ and x 2 . 
Two summers are required for each restraint Ri, R 2 , and R 3 . The 
magnitudes of the restraints are determined by setting the potentiometers 
labeled R h R 2 , and R 3 . The coefficients in both the forward and feedback 

loops are shown and labeled for the general case. 

Note that it would be quite easy to change the coefficients in the 

objective function, the coefficients in the restraining equations, or the 
mst mints themselves, merely by resetting a coefficient potentiometer. 
The particular problem chosen for an example is so simple that the solu- 
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tion can be obtained by inspection. However, it is obvious that as the 

dimensions of the solution space increase from 2 to 5, 10, or 50 variables, 

the solution would no longer be obvious; whereas the solution on an 

analog computer requires merely enlargement of the basic setup given in 
Fig. 10-2. 



Fig. 10-4. Computer schematic for simple programming problem. 

The set-up time on an analog computer using servo-set potentiometers 
would be comparable with that on a large-scale digital computer, provided 
a special-purpose problem board were available for the analog machino. 
Thus, once the problem is set up on an analog computer, many variations 
of the problem can be run in a matter of minutes. This opens up a large 
field in the solution of programming problems. One can explore the 
sensitivity of the problem as a function of the parameters of the system 
and/or find the effect on the system of changes predicted in the future, 
completely at the will of the operator. The special-purpose Electronics 
Associate’s computer mentioned in Sec. 9-8 was actually designed 
primarily for the solution of mathematical programming problems. 

The method outlined above for solution on an analog computer has a 
very definite advantage over digital calculation not only in speed but also 
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in that the constraint and objective functions need not be linear in the 
region of interest. Programming problems that are solved on digital 
machines are approximations of the actual situation, since the problem 
must invariably be linearized. This is a very decided advantage of analog 
computation. Use of an analog computer has the disadvantage that 
large problems require a large amount of equipment and obtainable 

accuracy decreases with size. 

10-4. Simulation of Economic Systems. The greatest application oi 
electronic analog computers has been in the field of simulation. Simula¬ 
tion is the interconnection of physical components—in this case, elec¬ 
tronic-analog-computer components—in such a way that the inter¬ 
connected system simulates the system under study. In other words, 
the computer when being used as a simulator will, or should, behave in 

the same manner as the system under study. 

As pointed out in Chap. 6, the two principal purposes of a model are: 

1. To reveal the inner workings of the system under study to enable 

one to learn more about the system 

2. To predict the effect of internal changes and external stimuli 

Item 1 is of extreme importance in the study of complex economic 
systems. In constructing and testing the validity of a mathematical 
model or of an analog (physical) model, one must examine and reexamine 
the basic structure of the system and the validity of the assumptions 
being made. Models obtained by simulation of systems on electronic 
analog computers are particularly easy to change and test. They are, 

therefore, well adapted to the fitting of a model to a system. 

Analog computers have been used extensively in the simulation o 
complicated electromechanical feedback-control systems and a con¬ 
siderable amount of successful work has been done in this area. An 
economic system can be said to be nothing more or less than a very 
complicated feedback-control system. The logical conclusion is that 
many such systems and subsystems may be amenable to analog-computer 

simulation. c 

A number of papers have been written on the applicability of iservo¬ 
mechanism theory and/or analog simulation to economic systems. It 
-coins to be well established that economic systems are feedback-control 
systems. It follows, then, that the theories and techniques developed for 
|jio Htudy of electromechanical control systems can be applied to the 
M mly of economic systems. And, since analog-computer simulation has 

I .. a principal technique in the solution of servomechanism problems, 

II seems likely that analog simulation will prove to be very valuable in the 

M mly of economic systems. , 

Howe and Jackflon 16 see simulated experimentation as the goal ol build- 

lug II physical model. It should bo emphasized again that the major 
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benefits of simulation can be obtained during the initial process of 
constructing the model and testing its validity. 

Example 10-2. Simulation of a Single-product Firm. As an example of what can 
be done in the area of simulation of economic systems, simulation of a hypothetical, 
single-product firm will be considered. The simulated model could be used to study 
the effects of time lags in production, of time lags in hiring and training workers, of 
various decision functions pertaining to planned production rate and hiring and firing 
decisions, and of trend and cyclical variations in order rate. 



Fig. 10-5. Block diagram of single-product firm model. 


The Model. It is desired to formulate a model in the general form of a closed-loon 
control system. 

Let O = incoming order rate, units/day 
P = production output rate, units/day 
R = ordered production rate 

Ri « rate of production achieved at first stage in the production process 
I = net finished-goods inventory level 

* — 0 — P = inventory rate of change 
I c = inventory-control function 
W = factory workers on payroll 
H — hiring and firing rate 

For purposes of illustration, the following assumptions will be made (see Fig. 10-5): 

1. I c is the function prescribed by management to control inventory level. It may 

be a constant (a desired mean inventory level and production rate) plus functions of 

present order rate O, history of past orders, forecasts of future orders, rate of change of 
inventory, etc. 

.2- R is determined by operating upon the difference I c - I by some decision funo- 
tion. This decision function would normally include a sampler, the output of which in 
held and multiplied by a constant. The sampler could be periodic with a period of 
1 day, 1 week, etc., or nonperiodic with sampling times dependent on the magnitude 
° ~ . That is, it is assumed that the ordered production rate is revised at pre¬ 

scribed intervals so as to mininize the difference between the prescribed /, and the 
present inventory level. If there is an appreciable time delay associated with tlm 
inventory-level information flow, this can be inserted ahead of the Summing point. 
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The significance of K i is that it is the change in production rate in units per day 
ordered for an existing difference in desired inventory level of 1 unit. 

3. The actual rate R i of production achieved at the first stage in the production 


process is equal to R as long as any raw 
material is available and zero otherwise. 

4. Only one type of raw material is 
needed, and it enters the production 
process only at the first stage. 

5. The time lag involved from the first 
to the last stage of the production process 
iH of the form of Fig. 10-6a, which shows 
I lie result of a step change in Ri. This 
results in a transfer function of the form 

1 

(T lS + iy 

fi. P has upper limits determined by 
I lie number of workers on hand at any 
lime—including overtime and extra-shift 
operation—and by the amount of pro¬ 
duction equipment available. 

7. The number of workers needed is a 
function of the ordered production rate 
and is equal to K^R. Ki could be a con- 
Htant or a function of time and/or R. 

8. The actual rate of increase or de¬ 
crease in the work force achieved for a 
sudden step change in hiring-firing rate is 
of the form of Fig. 10-6a. This allows a 



(b) 

Fig. 10-6. (a) Step response. (6) Deci¬ 
sion function for hiring and firing of 
workers. 


lime lag to account for paper routine, for 

minimum-notice-time requirements, for interviewing, and for training of new workers. 


The transfer function is then of the form 


W(s) = 


s(T 2 s + l) 2 


H(s) 


The resulting block diagram of this hypothetical model is shown in Fig. 10-5. It is 
.. multiple-input system, with one input the instantaneous order rate and the other 
I ho inventory control signal. It is also a multiple-loop system. The output of the 
over-all loop is the instantaneous production rate. The output of one minor loop is 
I lie number of workers on hand at any time, which is used to set a limit on P . 

The second minor loop involves the raw-material inventory and is shown as a single 
block. The input to this block is R x ; the rate at which raw material is being fed into 
I he first stage is computed within the box. The output is a .signal that forces R\ to 
/cro when M drops to zero. The time required to fill an order can be submitted as a 
constant or as a function of order lot size and time. The block labeled raw-material 
inventory simulator may include the decision functions used to determine the reorder 
level and order lot size, or the decisions may come from an external source. The 
same is true, of course, for the hire-fire decision function D. 

This model can he constructed by proper interconnections of the components of an 
electronic analog computer. The loop involving the raw-material inventory will be 
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omitted in the following discussion, and the decision function K x will be assumed to be 
a constant with the sampler omitted. Thus, the order production rate is revised 
continuously. For simplicity, the hire-fire decision function will be assumed to be of 
the form shown in Fig. 10-66. This is characterized by a dead zone and a constant 
proportion d outside the dead zone. The constant d is the ratio of order rate of hiring 
of workers per day to the number of workers needed. Again it is assumed that there 
is no appreciable time delay in the information channels. The significance of the dead 
zone is that, as long as the number of workers on hand is within the limits of +a or —6 
of the desired value, no change in work force is made. 



Fig. 10-7. Simulator diagram for simplified single-product firm. 


Computer Setup. Maximum values of the variables could be taken as follows: 

P m = R m = e m = / TO = 50 units/day 
Im = I cm = 2,500 units 
W m = 50 workers 
H m — 10 workers/day 

A suitable time scale would be 

n *■ sec/day 

Thus, 1 sec on the machine corresponds to 5 days, or 1 work week. 

Let the time-constant values be 

T\ = T 2 = 1 sec = 5 days 

The resulting computer setup is shown in Fig. 10-7. I 0 and Wo are the initial 
conditions of I and W, respectively. The diodes associated with the limiter perform 
a limiting action on P, the actual achieved production rate. One diode prevent m P 
from ever going negative, and the diode biased by the potentiometer prevents /*/50 
from becoming larger than W/ 50, the quantity being fed into the potentiometer. 

The decision function D that determines the hiring and firing schedule II from t Im 
difference between workers on hand and workers needed is instrumented as a dead 
zone plus a constant multiplier d. Two diodes are biased, as shown, to obtain a 
variable dead zone, which does not have to be symmetrical. 
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Remarks. The above example illustrates some of the possibilities in 
this area. The computer setup for this hypothetical model is quite 
simple and requires only a small number of amplifiers. The model could 
be expanded considerably and made more realistic for a given system still 
with a computer setup of reasonable size. As pointed out earlier, a 
simulator setup requiring 100 or more amplifiers is not at all uncommon in 

control-systems work. 

The use of analog computers to simulate economic problems is quite 
feasible. As in many scientific studies, the maj or problem here is one of 
quantifying the physical situation to an accuracy that will allow mean¬ 
ingful results to be obtained. If a model like that shown in Fig. 10-5 can 
be formulated, the work of simulating it on a computer and obtaining 
answers is relatively simple. Since the simulated model can easily be 
altered and since the time scale can be chosen at will, the simulator can 
and should be used to check, revise, and design the model by comparison 
of its performance with that of the actual system. 

The example described here is merely a first step in the problem of 
production scheduling and inventory control. The next step is to test 
the simulated model thoroughly and then perhaps formulate variable cost 
functions for W, H, P, I, lost or delayed orders, etc. The object would 
be to find the decision functions and/or the time history of R and H that 
would minimize the total variable cost for assumed variations in order 
rate. The results would range anywhere from general conclusions about 
optimum decision functions to detailed production hiring schedules based 
upon the latest predictions of market, wage rates, equipment costs, etc. 

10-5. Statistical Problems. Another large class of problems in the 
field of operations research involves the concepts of probability and 
statistics. That is, they involve phenomena that, although describable 
on a long-term basis with various degrees of certainty, cannot be predicted 
on an instantaneous basis. Variables involved in such a system are 
umially termed stochastic variables. 

It is beyond the intended scope of this book to discuss the field of 
probability in any detail; many texts are available on the subject. 19,20 ’ 23 
11 is possible, however, to outline a few of the important considerations 
and results and to illustrate the application of the analog computer to 

Htatistical problems. 

Because any statistical quantity will, in general, be represented on the 
oomputer by a voltage, it is convenient to discuss statistical properties as 
they apply to a time-varying voltage. (In many applications such a 
signal is called noise and can be generated by computer elements known 
an noise generators.) To define such a signal it is necessary to describe 

both its amplitude and frequency characteristics. 

The amplitude characteristic can be specified by answering, for every 
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value of E in the range of interest of the problem, a question of the sort: 
What is the probability that the signal is more negative than E volts ? For 
practical purposes, this question is equivalent to: During what fraction 
of the time is the signal more negative than El The answer can be 
expressed analytically or graphically as the cumulative probability distribu¬ 
tion (see Fig. 10-8). Such a curve tells, for example, that in this case the 
signal very rarely is more negative than — 5 volts (probability near zero) 
and very rarely more positive than +15 volts (probability of being more 
negative than +15 volts is almost unity). The same information might 
be presented in a different fashion, as in Fig. 10-9. This curve gives the 



Fig. 10-8. Probability distribution. Fig. 10-9. Probability density. 

probability that an instantaneous observation of the signal will be equal 
to E within a specified accuracy, and is termed the probability density 
curve. It may be observed that this curve is the derivative with respect 
to e of the curve in Fig. 10-8. The relation between the probability 
distribution function P{x,t) and the probability density function p(x,t) 
can be clarified by noting that the probability that a measured quantity 
lies in an infinitesimal interval dx is given by p(x,t) dx. The probability 
that a measured quantity lies in a range a < x < b is given by 

P(a < x < b) = J a p(x,t) dx (10-6) 

The probability distribution function P(x,t) is defined as the probability 
that the measured quantity is less than some specified value x and is 

P(x f t) = f** p(x,t) dx (10-7) 

Among the probability distributions related to physical situations, the 
Gaussian or normal distribution is perhaps the most widely applied and 
studied. The Gaussian probability density function is 

p(x) = a (2 T )H exp ~ m ) 2 / 2<j2 ] 

where m = 2, the time average of x, and where 

(j — + [{m — *)«]» 
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is the standard deviation, a 2 is termed the variance and is a measure of the 
spread of the probability density function. See Fig. 10-10 for the curve. 

In dealing with statistical problems, a distinction must be made between 
systems with statistics that are dependent and 
independent of time. If the outputs x n (t) of a 
large number of identical noise units (an ensemble 
of noise units) are measured at a definite time, 

the mean value of the ensemble of output is _ *' 

termed the ensemble average £(t) f and, in terms of-^- x 

the probability density function, is given by 


*(0 


xp(x y t) dx 


(10-9) 


Fig. 10-10. Gaussian 
probability density curve. 


The output of a noise unit is said to belong to an ergodic or stationary 
random process if its time average 


x(t) 


r™ 2T 


/: 


x(t) dt 


( 10 - 10 ) 


is equal to the ensemble average £(t). Such a system has statistical 
properties independent of time; a large number of independent measure¬ 
ments of the output of a single unit at randomly chosen times will have 
the same statistical properties as the measurements of the outputs of a 
large number of identical units made at a single time. 

The average value of the product of a function of time, x(t), and a 
function displaced r sec, y(t + r), is termed the correlation function and is 
given by 


xy 


(t) = x(t) y(t 4- r) 


lim jjTp 
T —► °° 


x(t) y(t + r) dt (10-1 la) 


The average value of the product of a function x(t) and the same 
function displaced r sec, x(t + r), is termed the autocorrelation function 
and is given by 


<t>xx(j) = x(t) x(t + t) 


lim tttp, / x(t) x(t + r) dt (10-115) 

T—> oo Z1 I - T 


The Fourier transform of the autocorrelation function 


W(f) 


/_ * e i2xfT d T 


( 10 - 12 ) 


ie termed the power spectral density. The autocorrelation function is, of 
course, given in terniH of the spectral density by the inverse Fourier 
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integral 


0**(r) 


- r 

2 7T J- 


W(f) e^ df 


(10-13) 


For computer work, a specification of the random signal in the fre¬ 
quency domain is most often given in terms of the power spectral density. 
In practical terms, it is the curve of the data that would be obtained by 
passing the noiselike signal through sharply tuned filters and then finding 
the average value, over a suitable time interval, of the power contained in 
the narrow interval of frequencies about which each filter is centered. 
For the type of signal under consideration here, the power spectral 
density is usually given in volts 2 /cps or in volts 2 /(radian/sec). 

Power here differs from the usual concept only by a constant of 
proportionality in resistance; this generalized concept of power as simply 

the square of the variable of interest has nu- 
W(D merous applications in other fields. 19 Note 

especially that one cannot speak of the power of 
/\ a random signal at a particular frequency; one 

can speak only of the power in a narrow band 

- f a \) 0U { the frequency. If power spectral density 

is plotted versus frequency, as in Fig. 10-11, 

Fig. io-ii. Power spectral the area under the curve will represent the entire 
density. power present in the signal (on a time average). 

Noise with a Gaussian probability distribution 
and a uniform power spectral density for all frequencies is termed white 
noise. Although this idea is fictitious in that it would represent infinite 
power, it may apply very satisfactorily within the band of frequencies 
of interest in a particular problem. 

The analog computer can be used a number of ways in the study of 
statistical problems. The approach most often used perhaps is to simulate 
the system under study, including the random variations superimposed 
on the input quantities and the values of various parameters. Noise 
generators are used to obtain voltages with the proper statistical properties. 
With the direct-simulation approach the interpretation of the resultan I, 
data involves the same considerations as would an experimental study of 
the actual system. Use of the computer, of course, allows the experi 
menter to exercise much closer control of the experiment and to change 
arbitrarily his assumptions regarding the statistical properties of the 
stochastic variables and parameters. The important point is that the 
resultant data must be analyzed statistically. Conclusions drawn from 
the study must necessarily involve statements made in terms of prolm 
bilities. An example of the application of the analog computer to n 
common statistical problem will now be considered. 
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Example 10-3. Traffic-control Problem.* A stop light regulates traffic at a four¬ 
way highway intersection (Fig. 10-12). Vehicles arrive at random, but average 


traffic flows are known. It is desired to 
adjust or program the stop light so as to 
produce the smoothest over-all flow of 
traffic. 

The rates of vehicle arrivals on the major 
and minor roads are represented by 0 »(ao 
and 0i(m), respectively, and the correspond¬ 
ing rates of departure by 0 O (M) and 0 O (m>. 
Each is a stochastic variable, and a direct 
and continuous analog must be established 
between them and the computer input 
voltages. If all the vehicles are assumed 
to travel at the maximum legal rates, the 
arrival probabilities are not themselves 
functions of time, and the normal, or 
Gaussian, expectance can be used. 

Figure 10-13 shows a block diagram of 
the traffic dynamics. For simplicity, only 
the traffic flow in one direction on one high- 



0(M )=major highway 
Q(m)= minor highway 

Fig. 10-12. Diagram of traffic-control 
problem. 


way will be simulated in this example. 

The projection of the same principles permits studies of traffic flow in both directions 
on both highways and also studies of entire highway networks and equally complex 
problems of the same general class. 



Fig. 10-13. Dynamics of traffic problem. 


For the simplified single-direction flow, let 

Oi = arrival rate (specified statistically) 

0 O — departure rate 

L — length of line-up 

r - time since light last turned green 

* This example is based upon material in “Two Applications of GEDA Computers 
to statistical Problems of Operations Research,” Rept. GER 6729, June 4, 1955, and is 
adapted for use by permiision of the Goodyear Aircraft Corporation, Akron, Ohio. 
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The departure rate then is 

{ 0 if light is red 
6i if light is green and if L < 1 vehicle 

/(r) if light is green and if L > 1 vehicle 

The line-up dynamics are 

L - Gi - 0 o 
L > 0 

Starting dynamics: The starting dynamics, which include the driver’s reaction times, 
vehicle acceleration characteristics, and other parameters, are here simplified as 

f{T) - A(1 - e~ kT ) (10-14) 

with the restriction 

/(t) < ko \kA\ < ko 

where A = the legal maximum speed 

ko = an empirical acceleration limit 

An over-all block diagram of the required simulation is shown in Fig. 10-14. Arrival 
rates are based on highway statistics; they are simulated by making use of a noise 



Fig. 10-14. Block diagram of simulation of traffic-control problem. 

generator, which creates a signal of normal distribution. This signal is rectified 
(all arrivals are considered positive) and then passed through a threshold circuit to 
represent periods during which no vehicles approach the intersection. A gain adjust¬ 
ment is provided to adjust the simulated arrival rate. 

Starting dynamics are initiated by the light turning from red to green, /(r) irt 
generated based upon preset values of A, k, and ko. Then, assuming that at least ono 
vehicle is in line, the value of B 0 equals /(r), which is subtracted from to give 
dL/dt , which may then be integrated to produce L. 

A computer diagram to perform the simulation is shown in Fig. 10-15. The stop¬ 
light simulator is composed of an integrator, a dead-space circuit, and a differential 
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relay, which operate together with constant voltage inputs to produce a cyclic throwing 
of the relay RA1. The durations of the periods may be adjusted by attenuators 
1 and 2. At the start of the green period, this relay introduces a voltage into the lag 



+ 

Fig. 10-15. Traffic-control simulation. 


circuit composed of integrator 5 and attenuator 4 in order to generate /(r). 0% is 

produced by passing the random signal from the noise generator through rectifier 
mid dead-space circuits and adjusting the gain; it is, of course, required that the 
highway statistics be known or assumed and that the Bi signal be a satisfactory approxi¬ 
mation. /(r) and Bi are subtracted and integrated in integrator 7 unless 7 has an 
output corresponding to L less than one 
vehicle; in that case, RA 2 is biased to the 
negative side, and/(r) is canceled out so that 
II „ is effectively zero. Integrator 7 is limited 
to positive values. 

Typical results are shown in Fig. 10-16, 
which shows recordings of arrival rates, 
traffic-light condition, and length of line-ups, 
respectively. Once the system is set up on Fig. 10-16. Typical data, 

tho computer, the effects of the traffic-light 

on-off frequency and ratio of green to red dwell time can be noted very easily for 
various conditions of traffic flow and starting dynamics. 

By similar means, more complicated systems may be studied and optimized; for 
example, all four directions of arrival and departure may be included with the use of 
statistic* to establish tho probabilities of right and left turns from each direction as 

well ns straight-ahead travel. 
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The above problem falls in the general category of waiting-line prob¬ 
lems. Numerical waiting-line and replacement models are not well 
suited for analog computation; however, as an alternative, such problems 
can be studied with physical models, either discrete or continuous. 
Analog-computer models may often fit the physical situation more closely 
than numerical models. Stochastic variables, such as arrival time, etc., 
may be generated with standard noise generators. Statistical problems 
solved by analog computation include those concerning machine failure 
as well as automobile traffic control. 

Other operations research problems that may be solved through the 
use of statistical signals on the analog computer arise in quality control, 
war games, flood prediction, and human dynamics. Rather different are 
those problems, often from the communications field, where one is 
concerned with gaining intelligence from a signal upon which is imposed 
some degree of noise. These signal-plus-noise problems have been 
considered extensively in the design of radar systems for military purposes. 
The analog computer has been widely applied to such problems. 

If electronic noise generators are used as the source for the stochastic 
variables, the results of a computer run are not repeatable; i.e., no two runs 
will be the same even though all parameters remain the same. This often 
makes the task of determining the effect of the parameters quite difficult. 
If necessary, it is possible to control the stochastic inputs by storing the 
noise signal to be used on magnetic or punched tape and using the same 
noise sample for runs that are to be compared directly. 

The simulation of a missile guidance system could be a situation where 
it would be desirable to use repeatable noise. One phase of such a prob¬ 
lem would be to evaluate the effectiveness of a proposed system for a 
number of different situations involving relative speeds of target and 
missile as well as different initial geometric configurations. In this 
case, it might be desirable to record miss distance resulting from a 
particular case for perhaps 30 runs where only the noise samples are 
varied from run to run. Thirty runs would be made for each case of 
interest, with run 1 for each case using the same set of repeatable noise, 
etc. 1 

In many problems the stochastic variable enters the computer as a 
discrete value at finite intervals of time. For such cases, it is sometimes 
convenient to store numbers obtained from a table of random numbers in 
digital form on magnetic or punched tape and employ a digital-to-analog 
converter (decoder) to convert the numbers to analog form (a voltage). 
This provides very convenient control of the noise source. One must 
be very careful in using this technique, for erroneous conclusions can 
often result from a statistical study involving too few or ..dependent 
observations. 
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Noise generators are also an important tool in the computer solution 
of problems requiring a Monte Carlo approach. Such problems include 
those that require a “random” search of a space or the choice of random 
initial conditions, as in the nonlinear programming problem. 

The analog computer is not limited to the simulation of stochastic 
systems; certain useful properties can often be computed. Consider a 
linear constant-coefficient system with a single stationary random input 
x(t) and output y(t). Denote by g(t) the response of the system to a 
unit impulse. This function g(t) is termed the weighting function * For 
linear systems with nonconstant coefficients, it will be necessary to define 
the weighting function as g(t 2 ,ti), the response at time t 2 to a unit impulse 
at time h. Recall that one form of the superposition theorem is that 
the response y(t) of a linear system to any arbitrary input x(t) is given 
in terms of the weighting function by 

y(t) = J_ m x(t) g{t — t) dr 0 < t (10-15) 

This results in the following relationship between the input and output 
correlation functions: 

4> yy (j) = J Q g(r i) dr i J Q g(r 2 ) </>**(t — r 2 + Ti) dr 2 (10-16) 

Three methods are available for the analog computation of <£ VI/ (r), given 
the functions ^(r) and ^(r).f 

Method I. The function <t> vv (r) in graphical form can be obtained from 
an empirically determined input correlation function by writing Eq. 
(10-16) as two equations 

z(t) = f Q g(r 2 ) <t>xx(t — r 2 ) dr 2 (10-17) 

</> w (r) = f ^ g(r - t ) z(-t) dt (10-18) 

by making the change of variable 

T + Ti = —t (10-19) 

and by making use of the fact that 0 w (r) is an even function of r resulting 
in </> vv (t) = </>„!,(— r). The procedure for obtaining <t> vy (r) from <t> xx (r) is: 

1. The system is simulated with the computer. 

2. is used as the input for both positive and negative values of t, 
and the output z(t) is recorded. 

4 Rocall from See. 1-7 that g(t) is the inverse Laplace transform of the transfer 
function 0(b) for linear constant-coofliciont systems. 

t See Hof. 10, pp. 218-222. 
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3. z(t) is then used as the input with the direction of the time drive 
reversed; thus, z( — t) is the input. The output is recorded, resulting 

in a graph of the correlation func- 
tion <t> yv (t). This is indicated sche- 
1 matically in Fig. 10-17. The value 
of the output at t = 0 will be the 
mean-square response of the system 

for an input x(t). 

Fig. 10-17. Method I. Method II. This method pro¬ 

vides a means of obtaining a value of 
<t> V y(t) for any prescribed value of t with a single simulator run. Let 

r + Ti = t (10-20) 

Equation (10-16) can then be written as the two equations 

z(t) = J Q g(r 2 ) — t 2 ) dr 2 (10-21) 

*w(t) = // g(t - r) z(t) dt = g(t - r) z(t) dt (10-22) 

The interval of integration in Eq. (10-22) can be extended to minus 
infinity, since g(t) is zero for negative values of the argument. The 
procedure is: 

1. Two identical simulation setups of the system under study are 
instrumented. 

2. 4>xx(t) is used as the input to one of these systems, and r sec after 
t = 0 is reached, a unit impulse is applied to the input of the other system. 

3. The product of the outputs of the two systems is integrated as 
indicated in Fig. 10-18. The integrator output approaches <t>yy(r) 
asymptotically as t tends to infinity. 

Tends to 

+yy(T) 

Fig. 10-18. Method II. 





Method III. This method is applicable if the spectral density of the 
input x(t) can be approximated by a rational function. A shaping 
filter can then be synthesized such that a white-noise input to the shaping 
filter in series with and preceding the original system will produce the 
same output y(t) as would be produced by the input x(t) to the original 
system. Since the autocorrelation function of white noise is 


<#>nn(r) = u 0 (r) 

j 
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the same procedure as that outlined in method 2 can be used to obtain 

<f> m (r), except that in this case the inputs are u 0 (t) and u 0 (t — T ), as indi¬ 
cated in Fig. 10-19. 

Linear systems with time-varying parameters and/or nonstationary 
inputs can usually be studied somewhat as outlined above for stationary 
processes. In fact, the analog computer becomes more valuable for the 
study of nonstationary processes, since little theory exists for the study 
of such systems. The reader is referred to Ref. 19, pp. 225-268, and to 
Ref. 23, pp. 219-254. 



Fia. 10-19. Method III. 


10-6. The Adjoint Method. As discussed in Chap. 5, most dynamic 
systems can be described by a set of differential equations of the form 



(10-23) 


where the x { and the functions F, are real functions of time defined for 
to < t < °o. For linear systems, the function F, can be expressed as 


Fiix u x 2 , . 


,x n ) t) 


n 

l a-a(t) Xi(t ) 

l=i 


1, 2, . . . ,n (10-24) 


The set of homogeneous equations resulting from (10-23) with no forcing 
functions can then be expressed in matrix form as 


dX 

dt 


A (0 X(fl 


(10-25) 


I he nth-order equation (10-25) has n linearly independent nonzero solu¬ 
tions, which can be arranged as the columns of a matrix 4> that satisfies 
the equation 


d4> 

dt 


A4> 


(10-26) 


Because «1>~ 1 exists, 


4>-'(f) 4>(0 


(10-27) 


Differentiating Eq. (10-27) with respect to t and using Eq. (10-26), 


dO-‘ 

dt 




«I»‘A«I» 


(10-28) 
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Postmultiplying by «J> _1 and taking the transpose of both sides, 

= -A T (<P T )~ 1 (10-29) 

dt 

which is of the same form as Eq. (10-26). The vector equation asso¬ 
ciated with Eq. (10-29) is 33 



(10-30) 


Equation (10-30) is termed the adjoint equation of Eq. (10-25). 

Because of the relations that exist between a system and its adjoint, 
a fundamental set of solutions to the original system can be found pro¬ 
vided that a fundamental set of solutions to the adjoint equations is 
known. No general analytic techniques are available for the solution 




Fig. 10-20. Illustration of technique required to derive the system adjoint to a given 
system, (a) Original system. ( b ) Original-system adjoint. 

of equations with a time-varying matrix A, and the use of analog or 

digital computation often becomes necessary. 

Laning and Battin have shown that only simple modifications need be 
made in an analog-computer-simulated system in order to change from 
a linear system to its adjoint. 19 - 31 Figure 10-20a shows an analog- 
computer instrumentation of a second-order system, and Fig. 10-206 
shows the adjoint system. Note that all active analog-computer com¬ 
ponents have simply been reversed. In the adjoint system, all com¬ 
ponents have as many inputs as they had outputs in the original system, 
and vice versa. Not only must each computing element be reversed and 
signal flow around the loops be reversed; time in the adjoint system must 
increase in the sense opposite to time in the original system. This in 
best explained by considering the application for which the adjoint of n 
system is most often used, namely, determining the weighting function 

of the original system. 

Generation of Weighting Functions. Again let g(t 2l t\) be the response 
of the linear system at time U to a unit impulse applied at time h; this 
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is termed the weighting function. The response y(t) for any arbitrary 
input x(t) is given by 

y(t) = / 0 ‘ *(0 git — t) dr 0 < t (10-31) 

as indicated in the previous section. Thus, if the impulse response of a 
linear system is known, the output can be calculated for any input, includ¬ 
ing noise. If the parameters of the system do not vary with time, i.e., 
if the system can be described by linear differential equations with 
constant coefficients, the weighting function can be found quite easily, 
for it is just the inverse Laplace transform of the transfer function. On 
the other hand, if the system has time-varying parameters (coefficients 
of the differential equation model that are functions of the dependent 
variable), the weighting function cannot be calculated easily. The 
adjoint system can be used to obtain the weighting function in either 
case, since its response to a unit impulse applied at time t 2 is the desired 
weighting function g(t 2 ,ti). In using a computer simulation of the 
adjoint system, the computer time is chosen as 

r = t 2 - h (10-32) 


This change of variable shifts the origin of time to r = t 2 [the value of 
t 2 in Eq. (10-32) is constant for a particular run, and ti is allowed to 
vary from 0 to 1 2 ] and reverses the direction of time as well. This means 
that all time-dependent parameters in the original system, such as b(t), 
are generated in the adjoint system simply by starting at b(t 2 ) and 
reversing the direction of the time drive in order to generate b(t 2 — ti). 
Thus, for a system described by 


<¥y , f dy 
dt 2 ^ dt 


+ 0.2 y 



(10-33) 


the original system could be simulated by the computer setup shown in 
Fig. 10-2la and the system adjoint to the original system by the setup 
of Fig. 10-216. Note that the time drive is reversed simply by starting 
at time r = t 2 (the computer time being ti = 0) and allowing ti to increase 
until ti = t 2 so that r = 0. 

The weighting function of the original system could be obtained by 
making a series of tests using the computer setup of Fig. 10-21a. The 
procedure would be to record the impulse response of the simulated 
system for an impulse input applied at a different time ti for each run. 
Thus the value of g(t 2 ,0) would be obtained by letting x{t) be an impulse 
lit t — 0 and recording the value of y at t = t 2y as indicated in Fig. 10-22a. 
Tho value of would bo obtained by applying an impulse input at 

t ■■ T sec and again recording the output at U sec. The runs could be 
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shortened, of course, by using an initial condition on the integrator 
that generates t, so that the run is started at t = T and run for h I 
sec. In this way a number of values of g(t 2 ,T) could be obtained and 
plotted as a function of T; if enough points are obtained, a smooth curve 



(a) (b) M 


Fig. 10-22. (a) Results of direct simulation, (b) Results of simulation of adjoint 
system, (c) Weighting function. 

of g (< 2 ,<i) would be obtained. The adjoint system of Fig. 10-216 requires 
only one run to produce the continuous curve for g(t 2 , h - <i) since /1 
is the continuous time variable. The resulting curve will be of the form 
of Fig. 10-226. It is indicated how the values obtained at t - t 2 in the 
direct simulation could be used to obtain the same curve. Note that, 
the time axis in Fig. 10-226 is labeled U - *». The curve can be turned 
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around, as in Fig. 10-22c, to give the more familiar representation of a 
weighting function, g(t 2 ,ti). The ordinate of the curve at a point t\ — T 
gives the value of the output at time t 2 due to a unit impulse input at 
time t — T. In this particular case, the maximum effect at time t 2 
occurs for an impulse at t = 0, and the effect at time t 2 of an impulse 
input at the same instant (or at later times) is zero. 

In many cases, the generation of the weighting function is the sole 
purpose of using the adjoint system. For example, a missile-guidance 
system has parameters that vary with range to target and hence with 
time. The most important criterion of system performance is the miss 
distance, at least as played by some interested groups. For a given 
target, missile, and initial geometry, the value of t 2 for use with the 
system adjoint could be taken as the nominal value of time corresponding 
to collision of weapon and target. The weighting function obtained with 
a single computer run of the simulated adjoint system would then give 
the effect in terms of miss distance of an error impulse input as a function 
of time prior to detonation of the warhead. In this case of a missile 
system, the weighting functions would be obtained for inputs occurring 
at various places within the loop in order to study the effects on miss 
distance of such things as guidance computer error, radar error, loss in 
data transmission, and target maneuver. 

Use of the Adjoint Technique for Statistical Problems. Suppose that 
one is interested in obtaining the mean-square error e(t) 2 of a linear sys¬ 
tem whose weighting function is g(t 2j ti) when the input x(t) is a stationary 
random input that possesses a rational spectrum. The mean-square 
output (error) at time t 2 can be represented by* 

e(t 2 ) 2 = f_ ao gi(t 2 ,r) 2 dr (10-34) 

where g\ is the weighting function of the combination of a shaping filter 
in series with the original system, as discussed in the preceding section. 
By direct measurement of the unit impulse response of the combined 
filter and system, it is possible to obtain gi{t,r) for use in Eq. (10-34). 

I lowever, it would be necessary to take a number of unit impulse responses 
for various values of r, cross-plot the results, and integrate (10-34) 
numerically. By replacing the system by its adjoint, it is possible to 
compute an expression like Eq. (10-34) with a single run for a particular 
vn I ue of t 2 . The relationship between the mean-square response of the 
original system and the weighting function of the adjoint system is 

«(^j) 2 “ J m ( 7 i(^ 2 ,t) 2 dr =* J () gi(t 2 , t 2 — t\) 2 dt\ (10-35) 

* 8m Kef. 19, pp. 280-247. 
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Therefore can be obtained by a single simulator run, as indicated 

in Fig 10-23- ft? is obtained as the steady-state value of the integrator 
output The same technique is valid for nonstationary inputs to the 
system, provided that a suitable time-varying shaping filter can be foun . 


u 0 (h)- 


Adjoint 

system 


g\(h>h~h) 


M 


T ends t o 

E(t 2 ) 2 


Fig. 10-23. Use of adjoint method to calculate mean-square error. 

The Unit Impulse. A unit impulse is defined as 


Uo(t) 


lim 

a —>0 


U_i(f) - u-i(f - a) 


(10-36) 


where u^{t) is a unit step function at t = 0 and «_i(* - «) * a unit 
step function at t = a. The unit impulse can be pictured as in Fig. 
10-24 where the value of a approaches zero. The actual function t en 


10-24, where the value of a approaches zero. 


u 0 (t)= lim 5(0 
a —*- 0 


has infinite height, zero width, and an area of 

uMWWmi(t) unity. Obviously, such a function cannot be 
A a—0 generated on the analog computer, but satis- 

“I I factory approximations to it can be obtained 

using a pulse generator with very sharp and nar- 

__1- —t r ow pulses, by using mechanical contacts, by using 

I ° a fast-acting single-shot multivibrator, or a num- 

Fig. 10-24. Represen- ber of otber we ll-known schemes. The analog 
tation of the unit im- computer can also be use d to generate an approxi- 

pulse ' mate unit impulse in several ways. One method 

is indicated in Fig. 10-25o. The initial condition sets the height of the 
impulse, and the diode connected to the input grid provides rapid return 
of P the output to zero. A similar circuit that allows control over t 

width is shown in Fig. 10-25 b. 


Fig. 10-24. Represen¬ 
tation of the unit im¬ 
pulse. 




(a) 


(b) 


Fig. 10-25. Generation of impulse functions. 

A unit-impulse input to a linear system occurring at t = 0 can be 

instrumented as an initial condition on the next-to-the-highest-order 

derivative if the initial condition of that derivative is specified as zoio. 
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Consider the differential equation 

z (3) + ax (2) + bx (1) + cx = Uo(t) 

The Laplace transform of this equation is 

[s 3 + as 2 + bs + c]X(s) — s 2 x 0 — s(x 0 — asx 0 ) — x 0 — ax 0 + bx 0 = 1 

If Xo were specified as zero, the effect of letting x 0 = 1 would be to add 
a term identical with the transform of the unit impulse function. There¬ 
fore, an initial condition of x 0 = 1 could be used as the unit impulse 
instead of introducing a separate input. 

10-7. The Study of Closed-loop Man-Machine Systems. A closed- 
loop man-machine system is a feedback-control system that includes one 
or more human operators within it. The design of man-machine systems 
in which human operators form part of the control loop is, in general, 
a difficult task. The design of complicated electromechanical feedback- 
control systems is often extremely difficult in itself; the added complexity 
encountered when a human operator is included in the system can make 
the task almost impossible. The difficulty stems largely from our 
inability to construct a meaningful mathematical model of the operator 
that can be used in analysis or synthesis of man-machine systems. Man 
himself is a very complex feedback-control system, which could be 
likened to a self-propelled mechanical system controlled by a multiple- 
input-output computer of tremendous memory capacity. It is not to 
be expected that a simple mathematical representation of a man can 
be formulated and applied to all situations. Even in what would 
appear to be rather straightforward applications of an operator in a 
man-machine system, the operator has the ability to change his per¬ 
formance characteristics (his transfer function) to meet varying situations 
of input and over-all system behavior; such a system is termed an 
adaptive system. 

The analog computer is a valuable tool in the study of man-machine 
systems. It has two principal uses here: 

1. Simulation of a system in real time with human operators included 
in the loop 

2. Synthesis of an appropriate transfer function for the human oper¬ 
ator in an effort to learn more about the human 

Section 11-2 gives an account of a large man-machine simulator con¬ 
structed by the National Bureau of Standards. Many such simulators 
lire used to study and design man-machine systems; this technique is 
nlso used for training of personnel, as in the Link trainer. Use 2 above, 
however, has not received a great deal of attention, but it offers some 
interesting possibilities. For example, a nonlinear sampled-data model 
of (.ho human operator in which sampling time is a function of observed 
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error would seem to be more realistic than the quasi-linear models now 
used. This type of model can be handled with difficulty, if at all, by 
analytical techniques, whereas the analog computer can simulate it quite 
easily. A summary of the preliminary results of an investigation of a 
particular man-machine system being carried out at Cornell University 
will suffice as an example of what can be done in this area. 84 

Example 10-4. Submarine Control Systems. The model is that of a simplified 
submarine control system in one dimension. The block diagram of the basic system 


E 


M 


A k 2 C 

—’(T a s+l) ~T 


Fig. 10-26. Basic system, Example 10-4. 

is given in Fig. 10-26. The human operator is designated by a block labeled M. The 
operator monitors the positional error E = R — C and the first and second derivatives 
of the output variable. The operator’s output A is the deflection of a control lever. 
The relation of the output to the control-lever displacement is 


T — ± — 

° dt* ^ dt 2 


k 2 A (0 


(10-37) 


The performance of the foregoing system can be improved considerably by adding 
aiding or quickening terms to the operator’s display and thereby eliminating the need 
for more than one display. The block diagram of the quickened model is given in 
Fig. 10-27. Here the two time rates of change of the output variable are multiplied 


R 


E 




(T a * +11 


Fig. 10-27. Quickened system. 

by appropriate constants and summed with the output itself to obtain a single repre¬ 
sentation of error for the operator’s display. The error is 


ei = r 


(a'c -f be + c) 


(10-38) 


or, in terms of the Laplace transforms, 


E 1 (s) - R(s) - (as 2 +bs + 1) C(s) 


(10-38a) 


A simpler representation is shown in Fig. 10-28. 

The ranges of near-optimum values for the quickening parameters a and b were 
determined by s-plane analysis techniques to be 


0.5 < a < 1 
1 < b <, 2 


(10-30) 
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Experimental results obtained from a simulator study verified these results. The 
next step in the synthesis of a linear quasi transfer function M (s) for the operator is 
to synthesize a linear closed-loop transfer function F(s) from the time-response curve. 
In this example, G has an excess of three poles over zeros and, if M is assumed to have 
one more pole than zero, then F must have an excess of four poles over zeros. Since 



Fig. 10-28. Equivalent block diagram. 


I — FH must have two zeros at the origin if M is not to cancel those poles of G there, 
the minimal form for F including a time delay is 


with 


= £W _ _ 4- Z) _ 

* W R(s) (s + p)(s 2 + ca + d)(s 2 + es + /) 

H(s) = as 2 -f bs 4* 1 


(10-40) 

(10-41) 


'Then, expressing M(s) and F(s) as 


M(s) = e Tt Mb(s) 


F(s) 


>~r& 


Fb(s) 


we obtain 


Aft(a) = 


G( 1 
Ws 


J_ i_ 

- e^F h H) 

_ ks*(T a s + !)(*+ z) 

+ v) ( s2 + cs + d) (s 2 + cs -f /) — ke~ 


"(s + z) (as 2 + bs -f 1)] 


(10-42) 


Expanding e 
the origin 


in a power series yields as the restrictions for no zeros in M(s) at 


k(z 


— kz + p df = 0 
bz) + df + p(cf 4- de) = 0 


(10-43) 


Assume the following values for the system parameters: 


T a — 1 sec 


Two typical step responses obtained with the simulated system including a human 
operator for these values are shown in Fig. 10-29. A considerable amount of infor¬ 
mal ion can be gained by preliminary analysis using s-plane techniques. By consider¬ 
ing wluit is already known about the pole-zero configuration of the open-loop transfer 
function, some conclusions may be drawn regarding the closed-loop pole-zero con¬ 
figuration using the root-locus concept; a study of the step response will allow further 
conclusions to be drawn concerning F(s); and, finally, by tracing the root loci back¬ 
ward, the approximate polo-zero configuration of A/(s) can be obtained. 

In this example, // contributes two zeros at —1; therefore, one pole of F will remain 
id I for all values of K . Using the response of Fig. 10-29a as an example, it is 
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evident that F has two complex poles near the origin with a per-unit damping on the 

order of 0.5 and a natural frequency of about 0.7 radian/sec. The remaining two 

poles are due to the poles of M and are much farther from the origin than the other 
three, giving / d. 



(a) (b) 

Fig. 10-29. Typical step responses using operator. 


Further analysis results in an approximation for the closed-loop transfer function 
from the time response of Fig. 10-29 of 


F(s) = 


_ 25 e~°- Ba (s -f 5) _ 

(s + 1 )(s 2 +s + 0.5) (s 2 + 10s + 25) 


(10-44) 


The closed-loop transfer function F was synthesized for a number of typical step 
responses by using an analog computer in a trial-and-error procedure. The unsealed 
computer diagram used is shown in Fig. 10-30. The parameters are easily varied, 



Fig. 10-30. Computer synthesis of Fb(s) 


_ k(s -f z) _ 

(s + l)(s 2 + cs -f d) (s 2 + es +/) 


and the output c(t) is compared with the output of a function generator that has been 
set up to give the time function to be matched. The absolute value of the error m 
then integrated and displayed for the convenience of the computer operator. After 
the approximate F(s) was obtained in each case, the first approximation to M (u) will 
obtained from the s-plane pole-zero configuration of F(s). The pole in M(s) nearest 
the origin can be obtained quite quickly and accurately in this way; determination of 
the second pole location requires a numerical solution. When the operator is por- 
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forming at his best, his linear quasi transfer function is approximately 


M(s) 


K ie -Q*‘(s + 1 ) 
(* + 2.3) (s + 10) 


(10-45a) 


For a typical case in which the operator allowed the output to overshoot, the 
approximate transfer function is 


M(s) = 


Kie~ 07Ba (s + 0.6) 
( 5 + 1.3) (s + 10) 


(10-456) 


The complete system was also simulated, using a second-order Pad 6 approximation 
for the time delay and various values in the transfer function of the operator. A 
typical result is shown in Fig. 10-31, 


where the step response of the simulated 
nystem is superimposed upon a typical 
man-machine system response. The 
transfer function used in this case is 


C(t) 


M(s ) = 


Kier*-»(8 4 - 0 . 6 ) 

(s + 2 ) (« + 20 ) 


(10-46) 



-Actual 

-Simulated 


It is of interest to synthesize the M(s) Fig. 10-31- Comparison of actual to 
that would result in the same response simulated system, using 

but with H(s) = 1 (no aiding terms). Kie~°’ Ba (s + 0.6) 

This would indicate the required capa- M(s) = (5 -f 2)(s + 20) 

bilities of the operator if no aiding were 

mod and would allow evaluation of the necessity and effectiveness of the aiding 
nystem. If the man-machine system were to have the step response of Fig. 10-29a 
but with no aiding or quickening (H = 1 ), the required linear transfer function for 
the operator would be approximately 


M{s) 


K ie -°- Ba (s + 0.6) 
(s + 2) (* + 20) 


M(s) = 


Kis(s + l)e -0 - 4 ' 

(s + 2 )(« +3)(* + 10) 


(10-47) 


This would require that the operator perform as a differentiator. 
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CHAPTER 11 


REPRESENTATIVE APPLICATIONS 


It is difficult to present a group of truly representative applications of 
the analog computer, because most of the work done with analog com¬ 
puters has been associated with classified defense contracts. The appli¬ 
cations presented in this chapter represent a very limited sampling of 
work that has been done in this area but should prove of interest to 
readers with varying backgrounds. Current literature has been drawn 
upon for most of the applications, and, wherever possible, the original 
author's work is simply edited for the purpose at hand. 

11-1. Missile and Aircraft Guidance Systems. 

A great deal of work has been done in this area. Since specific projects 
are inevitably classified for security reasons, this section will present only 
basic ideas and will not deal with any particular application. 

The guidance system for a missile or vectored aircraft consists of several 
parts: 

1. The data-gathering device. This usually consists of a combination 
of radar devices: early warning (search), tracking (often track-while- 
scan), and a radar in the airborne vehicle (usually with both search and 
tracking modes). An inertial guidance system in the airborne vehicle 
may supplant or supplement other data-gathering means. 

2. The vectoring or guidance computer, often consisting of both a 
remote system and a system in the vehicle itself. 

3. The control system in the airborne vehicle. An autopilot may be 
used to actuate the control surfaces, or, in manned aircraft, the pilot 
may perform this function. 

A guidance system may be used to guide a missile to its target, to guide 
a launching vehicle along a prescribed trajectory for the purpose of 
putting a satellite in orbit or of reaching a prescribed space destination, 
to guide a manned aircraft to an airborne or ground-based target, to 
guide an aircraft to a moving aircraft-carrier landing deck, or to guide 
commercial or military aircraft to and from landing fields in a prescribed 
manner to avoid collisions and delay. Such guidance systems are 
necessarily quite complex, and analog-computer simulation of such 
systems has been used extensively in: 
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1. Initial or feasibility studies. 

2. Development. The effectiveness of various alternatives can easily 
be checked. 

3. Design. Critical parameters are optimized. 

4. System evaluation. The system is simulated and various operating 
conditions are used to test the effectiveness of the system. Actual hard¬ 
ware is often used in conjunction with the analog computer in a real 

time simulation. 

5. Periodic system check-out. By using the analog computer to solve 
the dynamics of the problem, the guidance computer, control system, and 
airframe can be put through extensive tests without actually launching 

the vehicle. 

The analog computer is particularly valuable for such applications 
because of its speed, versatility, ease of changing parameters, and ability 
to work in real time in conjunction with actual hardware. Digital com¬ 
puters are sometimes used in conjunction with analog computers in 
such applications. This is elaborated upon in the next section. The use 
of an analog computer also has the important advantage of allowing the 
people involved to monitor immediately the results of their experiments 
and to make decisions as the work progresses. Complex guidance sys¬ 
tems are very expensive and may require several years to progress from 
the feasibility-study stage to operational use. Also, it is very difficult 
to experiment with such systems in operational use because it is difficult 
to ensure identical environments and to fix all the parameters from one 
test to the next. Accordingly, computer simulation becomes an inval¬ 
uable means of laboratory testing. 

As a simple example, consider an interceptor-missile guidance system 
that uses radar as the data-gathering device. The tactical phases of the 
system operation include: 

1. Vectoring or mid-course guidance of interceptor from a ground- 
based control center using data from ground-based or airborne track- 
while-scan radar. 

2. Interceptor firing phase. Interceptor's radar tracks target and 
uses own computer to compute desired trajectory and time of firing of 

missile. 

3. Missile vectoring phase, during which interceptor's radar and com¬ 
puter are used for guidance. 

4. Final phase during which missile's radar and computer system take 
over to complete the interception. 

Each of the four phases involves the same general simulation problem 
and can bo studied semi-independently of the others. Consider the 
first, <>r vectoring, phase. A complete study would involve a three- 
dimensional simulation of the interceptor in space. This is a difficult 
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task, since the airframe has six degrees of freedom with coupling between 
its pitch, yaw, and roll movements. Furthermore, the aerodynamic 
characteristics of the aircraft change over rather wide ranges with alti¬ 
tude, speed, and angle of attack. In order to simplify the example, sup¬ 
pose that the interceptor has been brought to the same altitude as the 
target at the very start of the vectoring phase. Within limits, then, 
the rest of the vectoring phase may be simulated in a two-dimensional 
plane at constant altitude. For most purposes, the aircraft's control- 
surface deflection to airframe response can be described by a simple 



Fig. 11-1. Two-dimensional vectoring simulation block diagram. 


transfer function relating rate of change of heading to ordered turn 
rate, such as 


r M = !W = i 

di(s) as 2 + bs + l 


( 11 - 1 ) 


A block diagram of the vectoring-system simulator could then be used, 
as shown in Fig. 11-1. The radar can be simulated by a set of sampler* 
operating on the x and y coordinates of target and interceptor. The 
track-while-scan units can be simulated quite easily and, if the design 
has already been fixed, will very closely approximate the operation ol 
the actual units. If the vectoring computer is to be analog, the uni I 
can be simulated directly; if it is to be digital, the unit can be approxi 
mated by analog units and a set of switches, or a digital machine run 
be tied in with an analog computer for this purpose. The data link 
from the control center to the interceptor can be simulated by a sol of 
SAMPLE and HOLD circuits instrumented with relays and integrator*. 
In the case illustrated, the information sent to the interceptor cousin!* 
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either of an ordered turn rate or of an ordered heading to fly and the 
calculated range to target. An autopilot can be simulated directly; if 
a pilot flies the aircraft, an appropriate transfer function can be used to 
simulate the human operator, or an operator can be used directly in the 
simulation. In the latter case, a cockpit mock-up with all necessary 
display and control equipment is usually used. The output of the 
pilot-autopilot box is a variable &i corresponding to a desired rate of turn 
of the aircraft. In the two-dimensional case a simple transfer function 
such as (11-1) may be used for the airframe response function in con¬ 
junction with appropriate limiting circuits to limit the wing loading. 
The achieved rate of turn, 0, is integrated to obtain the instantaneous 
heading of the interceptor. This is used to drive a servo resolver. By 
exciting the sine-cosine potentiometer with ±V, which is the instan¬ 
taneous ground speed of the aircraft, the x and y velocity components 
are obtained and, after integration, result in the x and y displacement of 
the vectored aircraft. This information, along with the preprogrammed 
x and y coordinates of the target, is fed to the radar simulator to com¬ 
plete the guidance loop. 

Depending upon the complexity of the vectoring computer, track- 
while-scan unit, and pilot-autopilot system, the two-dimensional simu¬ 
lation of Fig. 11-1 will require from 30 to 50 operational amplifiers plus 
at least 2 servo resolvers. A three-dimensional simulation of the same 
system would require upward of 100 amplifiers. 

One aspect of guidance systems that is worth noting is that the data- 
gathering devices usually involve positional uncertainty, which, for 
simulation purposes, can be regarded as noise. Thus, the inputs to the 
vectoring computer are actually stochastic variables. The Monte Carlo 
approach can be used here by adding the output of noise generators of 
known statistical properties to the true position data. The evaluation 
of near-optimum system parameters then involves the statistical analysis 
of data from sets of runs over which all conditions are fixed and only the 
noise sample varies. 

The three-dimensional simulation of a guided missile problem may 
require 200 to 400 amplifiers. One such system studied under Project 
('y clone at Beeves Instrument Corporation* using an RE AC computer 
required 304 amplifiers, 369 potentiometers, 20 single- and 5 double-tray 
multiplying servos, 5 single- and 3 double-tray resolvers, 8 diode function 
generators, and 2 noise generators. The complexity of this problem can 
bo described also in terms of the mathematical operations performed. 
These consisted of 24 integrations, 103 products of two variables, 

* This material wuh extracted from B. 1). Loveinan and A. Karen: “Large Problem 
HolutiotiM ut Project Cyclone, ” Instruments and Automation , January, 1956, by per- 
m Union of Instruments and Automation and Hoovom Instrument Corporation. 
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5 divisions, 1 square root, and the generation of 15 sines, 15 cosines, 
1 tangent, 1 secant, and 8 arbitrary functions. 

The missile is launched from a fighter. Deviations from an ideal 
collision course are sensed by its seeker and used by the guidance com¬ 
puter to generate steering signals. The main objectives of this study 



Fig. 11-2. Missile-system simulation. 


were to investigate (1) the effectiveness of the configuration with respect 
to roll control while complex steering maneuvers were executed; (2) the 
effect of various guidance methods on performance; (3) the error-sensing 
and resolving characteristics of the seeker. 

A block diagram of the simulation setup is shown in Fig. 11-2. 

Two variables are shown in Fig. ll-3a and 11-35. Figure ll-3c is a 
relative trajectory. The digital solutions with which they were com- 



Fig. 11-3. Results of missile-system simulation compared with digital-eonipulnr 
solutions, (a) Command pitch acceleration. (6) Pitch rate of minailo, (r) lh>ln* 
tive trajectory between guided missile and target. 
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pared were provided by the contractor. Unfortunately, values of these 
variables cannot be shown. The comparisons chosen are representative 
of the 23 variables involved in the study. Agreement between the 
RE AC solution and the IBM CPC solution is excellent. 

11-2. An Analog-Digital Simulator for the Design and Improvement of 
Man-Machine Systems* 

Under sponsorship of the Aero Medical Laboratory, Wright Air Devel¬ 
opment Center, the National Bureau of Standards is designing a simu¬ 
lator facility for research on man-machine systems. The facility is 
specifically intended for experimentation with such man-machine control 
systems as those for air traffic control, ground control of interceptors, and 
command systems in general. The facility is to be equipped for the 
dynamic representation and simulation of control systems that have 
human operators as elements of the closed loop. The present work has 
included the construction of a prototype of the essential elements of a 
complete simulation facility. This paper presents some design con¬ 
siderations peculiar to this class of simulator, describes the present 
prototype, and indicates refinements that might profitably be incorpo¬ 
rated in the final facility. The desired capabilities have been provided 
by combining analog and digital techniques in a manner intended to 
minimize the requirements for equipment. The equipment includes 
general-purpose computers, both analog and digital, which may be used 
independently for the more conventional kinds of simulation and for data 
reduction. 

Simulators have become recognized as an essential tool for research on 
and development of automatic systems, and the present effort is directed 
toward extending the application of this tool for research and develop 
ment of semi-automatic systems. A simulator that permits dynamic »im 
well as operational analysis of a system enables prediction and optimizn 
tion of the performance of that system in the laboratory. The alterim 
tive to simulation is to build the proposed system and carry out extensive 
testing and modification programs. In the case of complex man-machine 
systems, the latter procedure is likely to be prohibitively expensive and 
time-consuming, and the results are often inconclusive owing to inability 
to control important experimental factors in the field. However, Hie 
problem of predicting human performance in man-machine system?* 
confronts laboratory simulation as well as system design and field test mg, 
Aside from human performance, the chief difficulty has been to obtain 

* This section was abstracted, by permission of the Institute of Radio ICnginccM 
and the National Bureau of Standards, from H. K. Skramstad, A. A. Krast, and J. IV 
Nigro: An Analog-Digital Simulator for the Design and Improvement of Man- 
Machine Systems, Proc. Eastern Joint Computer Conf., pp. 90 9(1, 1957. J 
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detailed and accurate mathematical statements of the system functions 
to be performed by the human operators. Simulation forces an objective 
and quantitative examination, in the laboratory, of the information flow 
between the man and the machine; it also requires that the human oper¬ 
ator be placed in the closed loop if maximum confidence is placed in 
experimental results. These complications, together with the general 
complexity of the system of interest, give rise to a number of require¬ 
ments peculiar to the design of a facility for the simulation of semi¬ 
automatic systems. 

There are a number of distinctive requirements that characterize a 
simulator for research on man-machine systems and make it different 
from one designed for the study of automatic systems. The simulator 
must be capable of operating in real time, since human operators are to 
be included as parts of closed loops in the model of the system. Inclusion 
of the human operator also introduces requirements for coupling the 
operator to the simulator in such a manner that his performance will 
be comparable with that in the system being simulated. It is thus 
necessary to provide appropriate means for presenting information to 
the human operator and for accepting his responses. Since the con¬ 
figurations of both displays and controls will be as variable as the oper¬ 
ations to be studied, the general-purpose computers must be equipped 
for convenient connection to a variety of special-purpose equipment that 
more or less duplicates the operator’s work space. Human variability 
precludes exact repeatability of measurements and requires extensive use 
of statistical methods in analyzing experimental results. Furthermore, 
special provisions must be made for the automatic handling and reduction 
of the large amount of data produced by statistical procedures. It is 
also desirable to incorporate equipment for effective qualitative monitor¬ 
ing of experiments so that exploratory or pilot runs may be employed to 
limit the amount of data that must be quantitatively analyzed. Since 
practical considerations limit the amount and capacity of simulation 
equipment, it is often necessary to partition a complex system and simu¬ 
late only a portion of it. Such partitioning must be accomplished so as 
to permit a valid integration of partial results. Since the human 
operator is extremely nonlinear, superposition does not apply. Hence, 

A 

(Mire must be taken, when partitioning the system, to see that features 
of the human environment not directly a part of the control loop under 
ntudy but perhaps affecting that loop significantly are included in the 
aimillation. Man-machine systems of any appreciable complexity 
usually include one or more sampled-data control loops; therefore, the 
facility must include the capability for simulating sampled-data systems. 
I'inally, all the above requirements must be met while keeping the cost 
and complexity of the equipment at a minimum. 
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Both an interceptor cockpit and an assembly of ground display equip¬ 
ment incorporate a number of alternative techniques for presenting 
information to the operators and accepting their responses. Individual 
features of these work spaces have been adapted from a number of 
different systems that are either presently in operation or in the final 
stages of development, and these features are among those that the 
psychologists feel to be especially significant. With regard to pro¬ 
cedures, it has been pointed out by the psychologists that the statistical 
deviations encountered in experimental psychology can be greatly 
reduced by having each subject serve as his own standard of reference. 
The accomplishment of this purpose in a system simulator requires that 
the system be capable of rapidly changing the system parameters, which 
include the nature of operators' displays as well as the more conventional 
boundary conditions and stability parameters. 

The foregoing requirements are reasonably well satisfied by the proto¬ 
type set up at the National Bureau of Standards. The effort to achieve 
maximum flexibility, economy, and convenience of operation has strongly 
influenced the functional organization of the simulator, the choices of 
techniques employed, and the manner in which they have been inte¬ 
grated. The major pieces of equipment which constitute the prototype 
can be functionally divided into five categories as follows: 

1. General-purpose electronic computers, which operate upon a mathe¬ 
matical model of the system under study 

2. Operators' work spaces appropriately fitted for integration of the 
man with the system being simulated 

3. Equipment for centralized control and monitoring of the experiment 

4. Equipment for automatic recording of data on the chosen evaluation 
criteria 

5. Devices required for interconnecting the major components of the 
prototype 

It was initially decided that both analog and digital computers would 
be required in order to handle effectively the mathematical models of 
complex systems. Considerable importance was attached to the appor¬ 
tionment of computing tasks between the analog and digital computers. 
It was believed that significant economies could be obtained with little 
loss of flexibility by arbitrarily exploiting the complementary advantages 
of the two types of computers. We have used analog computing equip¬ 
ment for those tasks which we believe can be handled best by analog 
computers, such as accepting continuous control information, solving 
complex dynamic equations in real time, and activating conventional 
display devices. The digital computer has been used for tasks tlmt 
we believe can best be done by digital computers, such as control of tin* 
experiment, precise generation of open-loop data, calculations of high 
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precision, handling of variables requiring large dynamic range, storage 
of data, and statistical analysis of the recorded data. Since the minimum 
sampling period that can be used in simulation cannot be shorter than 
the basic cycle of computation of the digital computer, that computer 
should not be used for calculations that can readily be done elsewhere in 
the simulator. Hence, all calculations involving the solution of differ¬ 
ential equations in real time, such as the dynamic equations of motion 
of the airplane, are done on analog equipment. Thus, there is no need 
to approximate such equations by finite-difference methods, as there 
would be if the calculation were digital. The requirements upon the 
speed and size of the digital-computer and converter equipment are 
reduced enormously by confining the solution of differential equations to 
the analog computer. The price of this economy is the loss of the 
extreme digital accuracy. However, this loss is believed to be trivial, 
since there are very few applications that are known to require better 
than analog accuracy of the dynamic calculations, inasmuch as accuracy 
of solution has but a minor effect upon closed-loop performance. 

The ground-controlled interceptor problem has been chosen for the 
first experiments, since it is an important example of a high-performance 
sampled-data system that employs human operators as components in a 
variety of control loops. A relatively comprehensive simulation of this 
problem has already afforded a fairly severe measure of the capabilities of 
the prototype. Indications are that the present facility has the capa¬ 
bilities required for the effective study of many other systems of interest, 
Huch as air traffic control, ground-controlled approach or landing, weapon 
assignment, and certain classes of missile guidance. However, the 
specificity of the operator's work spaces limits the number of immediate 
applications of the present facility, and ease of adaptation to other 
applications is closely related to the complexity required of the displays 
and controls to be added. 

For our current experiments, we are simulating a class of systems that 
encompass a 500-mile-square air space populated by a number of target, 
interceptor, and civilian aircraft which are under the surveillance of 
search radars. In these systems, coordinate data from the radars are 
placed in an electronic store either automatically or by means of manual 
! racking. An operator then correlates these with aircraft identity and 
other descriptive data. Means are provided to enable another operator 
to retrieve the information, evaluate the air situation, and assign target- 
interceptor pairs. The assigned interceptor might be vectored manually 
by voice or data link, manually tracked and automatically vectored, or 
placed under fully automatic control of a ground computer. Ground- 
control instructions an* presented to the pilot of a high-speed inter¬ 
ceptor, who uses them to control his aircraft ho as to arrive at the correct 
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position and heading for attack upon the selected target. The ground- 
controlled interceptor system is shown diagrammatically in Fig. 11-4. 
The parts of the system that can be simulated on the experimental 
facility are outlined by the dotted lines in the figure. Following the 
arrows in the diagram, this includes surveillance consolidation and assess¬ 
ment of information, assignment of interceptors to specific targets, the 
acceptance of the assignment by the interceptor, the interceptor pilot’s 
attainment of the prescribed course, the designation of the target to the 
interceptor pilot and the acquisition of the target by the pilot. 

Location 

Phase of control 


9 


Early warning 


Scramble 


Vectoring 


Fire control 



i-1 


Ground or air 


Ground 


Ground+air 



Fig. 11-4. Ground-control intercept system. 


The experimental setup is shown in the block diagram form in Fig. 11 -5. 
Dotted lines represent the flow of digital information and solid lines the 
flow of analog information. The system includes a general-pur pone 
electronic analog computer, a general-purpose digital computer (SEA('), 
a ground crew with associated displays and controls, an air crew vvilli 
its displays and controls, and specialized equipment for computer inputs 
and outputs, for control of experiments, and for recording of data. 

First, consider the digital loop on the right side of the diagram. Thin 
includes the items connected by heavy dotted lines: the general-purpose 
digital computer, the specialized continuous output and conversion 
equipment, the ground crew with associated input displays and output 
controls, and the real-time conversion and input equipment. Huh loop 
carries all information going to and from the ground crew, willi I ho 
exception of voice communication and analog vectoring information to 
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the cockpit. Data on raid size and on the position, identity, size, speed, 
altitude, and combat status of all aircraft, are stored in the digital- 
computer memory, one 44-bit word containing the complete set for each 
aircraft. The displays of the ground crew comprise two large cathode- 
ray oscillographs on which the aircraft-position pips are presented on a 
continuous synthetic PPI display, and an electronic status board on 
which the description of any aircraft can be displayed. The ground 
crew’s control equipment includes a joy stick by means of which a small 



circle may be placed around any selected pip, a light pencil that may be 
placed upon any desired pip on the scope, a descriptor key set, and means 
for selecting the desired mode of operation. Provision is made that, on 
the second scope, any desired part of the entire area displayed on the 
first or master scope can be magnified up to 32 times. The part magni¬ 
fied is selected by using the joy stick to move a circle of adjustable area 
about the master display. Information stored in the digital computer 
concerning the status of any aircraft can be presented on the status 
board by using the light pencil, the joy stick, or the flight-number- 
doHignator switches. The data thus displayed can be modified as 
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required by means of the key set, and the modified data can then be 
introduced into the digital computer by use of a master key. The 
key set can be alternatively used to brighten the pips that represent 
aircraft falling within whatever ranges of altitude, speed, size, or identity 

are designated. 

Now consider the analog loop at the left of the diagram of Fig. 11-5. 
This loop includes the general-purpose analog computer, auxiliary analog 
equipment, and the air crew, together with its input displays and output 
controls. The lower left-hand box represents the cockpit of a modern, 
high-speed, interceptor aircraft, with its instrument panel, joy stick, 
throttle, and rudder pedals. Displacement of the controls applies d-c 
input voltages to the analog computer. The dynamic equations of 
motion of the aircraft are solved in the analog computer in real time. 
D-c voltage outputs proportional to such quantities as angle of roll, 
pitch, and rate of climb are converted by the auxiliary analog equipment 
to synchro rotations, which then drive the flight instruments in the 
cockpit. Both flight and navigation instruments are shown; the latter 
are used to present vectoring information from the ground control. 
Navigation information may be presented on either of the compasses, 

on the ILS indicator, or on the cathode-ray tube. 

Now turn to the box in Fig. 11-5 labeled “ simulation control and 

monitoring.” The experiment is specified and modified according to 
the settings of a series of selector switches and knobs on a control panel. 
The settings of these switches determine such items as the radar-scan 
period, the tactics, the mathematics of the intercept-control computation, 
the navigation constants, the control lag, the limiting quality of data to 
be used in the control computation, and the data-smoothing procedures. 

Consider now the combined analog-digital loop in which the inter¬ 
ceptor is controlled to arrive at the correct position and heading for 
attack upon the target. The velocity components of the interceptor 
aircraft obtained from the analog computer are converted to a ground 
reference system, integrated over one scan period of the radar to yield 
incremental position components, and converted to digital form. A 
specialized equipment called a format synthesizer receives the following 
inputs in digital form: (1) the position increments of the interceptor; 
(2) the information stored in the positions of the switches and knobs on 
the experimenter’s control panel; and (3) the output information from 
the ground crew, such as the positions of the joy stick and the switch®® 
in the key set. The format synthesizer organizes the data into computer 
words and serializes them for direct entry into the digital computer. I n 
the simulation of the ground-aircraft control loop, the digital computer 
has three jobs to do: It must (I) update the position of the controlled 
interceptor once during each sampling period of the system; (2) generate 


REPRESENTATIVE APPLICATIONS 403 

the trajectories of all preprogrammed aircraft; and (3) provide inter¬ 
ceptor-course data in simulation of the control computer. 

It should be emphasized that NBS has been assembling only the 
essential elements of a facility in order to provide specific information 
about the functions and performance characteristics required in a versatile 
system simulator, to clarify some of the equipment problems relating to 
a general study of man-machine systems through the use of simulation, 
to enable a more judicious specification and a better estimate of cost, 
and to serve as the basis on which the detailed design and procurement of 
such a facility could proceed. Although we have used the ground- 
controlled intercept as an example, the facility is equally well adapted to 
other systems of interest, such as air traffic control, missile assignment 
and guidance, and other complex systems involving human beings in the 
control loop. To simulate other systems, the basic equipment con¬ 
necting the analog and digital computer would remain the same. The 
changes required would involve modification of the human operator’s 
input displays and output controls, the patching of the analog computer, 
and the programming of the digital computer. 

11-3. An Application of Electronic Analog Computers to the Analysis of 
the Operation of the Differential Surge Tank under Load Demand* 

Introduction. In the design of long conduits, the engineer is faced 
with the possibility of damage due to a phenomenon known as water 
hammer. This phenomenon has its roots in the unsteady flow con¬ 
ditions that exist in the conduit when the flow is accelerated or deceler¬ 
ated. Since the mass of water that is being accelerated may be quite 
large, the attendant forces may likewise be significantly large and may 
cause rapid and violent pressure variations in the conduit. 

The problem becomes more complex in the design of long conduits to 
Iced reaction turbines for the generation of hydroelectric power. In this 
case due account must be given to the possibilities of sudden load changes 
on the generators. Therefore, in the case of load demand, the turbine 
gates must be opened to permit the passage of a higher flow rate and 
thus to meet the demand for more power. In the case of load rejection, 
gates must be closed to reduce the power output. 

If these changes in load are gradual, the acceleration or deceleration 
of flow in the conduit feeding the turbine is small, and, in spite of a large 
mass, the forces and over- or underpressures that occur are relatively 
small. For purposes of design, however, the most adverse conditions 
must be examined. Such conditions arise when large power transients 
occur in the line. For example, a sudden demand for power or a sudden 

* My iVtn L. Monkincyrr, I >r|mrtincut of Hydraulics and Hydraulic Engineering, 

Cornell University, 
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rejection of power (i.e., power failure) or a sudden demand interrupted 
by a power failure represents extreme transient conditions. For design, 
then, one must consider virtually instantaneous changes in penstock 
discharge and, with them, high acceleration and deceleration rates in 
conduit flow. These characteristics are attended by pressure waves, 
which pass up and down the length of the conduit and reflect the com¬ 
pressibility effects that result when water is subjected to sudden velocity 
changes. Such pressure waves, whose force effect is known as water 
hammer , can cause instability in the operation of the turbine-generator 
equipment. This in turn could have adverse effects on the power output. 

Consequently, it has been necessary to design devices that can, in the 
case of load demand , 

1. Supply water to the turbine directly and avoid creating high conduit 
accelerations 

2. Dampen out the pressure fluctuations before they can affect turbine 
operation 

Similarly, it has been necessary to design devices that can, in the case 
of load rejection , 

1. Store or divert rejected water from the turbine and avoid creating 
extreme conduit deceleration 

2. Dampen out the pressure fluctuations before they can affect turbine 
operation 

The most commonly used device to satisfy these requirements has been 
the surge tank , a large tank connected to the conduit near its downstream 
end, as close as possible to the turbine. The use of synchronous bypass 
valves has also been accepted for sharp load rejection. However, the 
expense of these valves approaches that of surge tanks. Moreover, their 
operation depends on the guaranteed operation of movable parts, whereas 
most surge tanks have no movable parts. In addition, these valves 
would have to be open at all times when load demand is expected, thereby 
wasting what may be valuable hydro-energy. 

In 1915, It. D. Johnson presented a paper on the differential surge 
tank , which he had invented. 1 The tank contains a riser, which is con¬ 
nected to the conduit. Surrounding the riser and connected to the riser 
by means of ports is the tank itself. The operation of the tank is essen¬ 
tially divided into two parts. (1) The pressure wave in the conduit is 
absorbed by a change in riser level. (2) Then the tank supplies, in the 
case of load demand, or accepts, in the case of load rejection, conduit 
water through the orifice or port connecting riser and tank. As will be 
seen later, this separation of the two functions of the tank permits a 
simple development of the equations that represent the surge-tank 
operation. 

The differential surge tank adjusts more rapidly and more effectively 
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to load changes than does the simple surge tank. Moreover, the differ¬ 
ential tank needed to control the fluctuations is much smaller than the 
simple surge tank required to perform the same function. 

Among the various design considerations of a differential surge tank 
are the following: 

1. The tank should be sufficiently high to prevent any spillage in case of 
load rejection. 

2. The level of the connection between conduit and riser must be 
sufficiently low to prevent the complete draining of the tank in case of 
maximum load demand. 

3. The cross-sectional area of the tank and the cross-sectional area 
of the ports must be sufficiently large to store or supply the proper 
amount of conduit water. 

4. The cross-sectional area of the riser must be designed to damp the 
water-level fluctuations in the tank and in the riser and the pressure 
fluctuations in the conduit. The avoidance of resonant waves is a 
special design consideration. 

5. The tank should be located near the turbine, since only the part 
of the conduit upstream from the surge tank will be protected against 
water hammer effects. 

The design of a differential surge tank is usually based on a solution 
of the differential equations representing the action of the tank after a 
load change, using the method of arithmetic integration. The dimen¬ 
sions of the tank are assumed on the basis of economic studies, the topo¬ 
graphical characteristics of the conduit, turbine, and surge-tank locations, 
and design experience. Then, using arithmetic integration, changes in 
the water level of the riser and the water level of the tank, as well as 
changes in velocity, are plotted against time. The resulting curves 
indicate the speed and effectiveness of the tank in damping out the 
pressure waves and adjusting to the new flow in the conduit, when a 
change in generator load occurs. 

Since the solution of the differential equations cannot be accomplished 
directly, the arithmetic integration method must be employed. It 
becomes apparent that a solution using this method is quite laborious. 
Several solutions for various possible tank dimensions would be even 
more laborious, since each case requires a new integration. Conse¬ 
quently, it is intended in this section to compare the arithmetic inte¬ 
gration solution with one using an analog computer. Once a computer 
has been set up for the solution of the surge-tank problem for a particular 
set of dimensions, it is necessary only to adjust the potentiometers for 
changes in the dimensions to obtain a new solution. 

Only the load-demand solution is considered in this section. The 
solution of the load-rejection problem can be obtained in a similar 
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manner. For purposes of comparison, the Apalachia surge tank of the 
Tennessee Valley Authority is investigated. The reader is referred to 
Ref. 2, by Mr. G. R. Rich, for a discussion of this surge tank. The 
numerical analysis used here is identical with that suggested by Mr. 
Rich except for certain modifications in port area and gate operation. 



Fig. 11-6. Differential surge tank: load demand. 




Mathematical Analysis . The following variables are used in the basic 
equations and illustrated in Fig. 11-6: 

cross-sectional area of conduit, ft 2 
cross-sectional area of riser, ft 2 

effective cross-sectional area of ports, that is, area corrected 
for a discharge coefficient of 1.0 and measured in ft 2 
head-loss coefficient, including one velocity head 
net cross-sectional area of tank in excess of riser area, ft 2 
difference in elevation between reservoir water surface and 
conduit center line, ft 

height of riser water surface above conduit center line, ft 
pressure head in conduit at surge-tank juncture, ft 
length of conduit from reservoir to surge tank, ft 
pressure in conduit at reservoir, lb/ft 2 
pressure in conduit at surge tank, lb/ft 2 
time, sec 

conduit velocity at any instant, ft/sec 
initial conduit velocity before acceleration, ft/sec 
final conduit velocity and constant velocity between surge 
tank and turbine after initiation of load demand, ft/soc 
specific weight of water, lb/ft 3 

drop in tank level from initial position prior to load demand, H 
drop in riser level from initial position prior to load demand, 11 


hr = 

K = 

L = 

Vi = 

P* = 

t = 

v = 

Vi = 

v 2 = 

w = 

y = 

z = 
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The basic equations of the system are the equations for the total head 
at the juncture of the conduit with the surge tank, Eq. (11-2); con¬ 
tinuity at this juncture, Eq. (11-3); and continuity through the surge- 
tank ports, Eq. (11-4). These equations are derived as follows. 

Total Head at Tank-Conduit Juncture. The application of 
Newton’s second law to the conduit flow (positive downstream) results in 


PiA — p 2 A 


w T . dv 
-LA — 
o dt 


Introducing the statics law p = wh and substituting, 


wHA - wh' r A = - LA ~ 

a dt 


Dividing both sides by wA , 


H - h' 


L dv 
g dt 


Adding friction head loss cv 2 , 


(a) 


H 


h > = kdl + cv i 

K gdt + CV 


1 he application of Newton’s second law to the riser flow (positive 
downward) results in 

7 J A ^ 7 j d 2 hr 

wh r A r - p 2 A r = - h r A r -z-z- 

g dt 2 

Again substituting by the statics law p = wh, 


wh r A r — wh' r A r 


w , . d 2 h r 
— h r A r ■— 
g dt 2 


I )ividing both sides by wA 


(!>) 


hr - K 


h r d 2 h r 
g dt 2 


Combining Eqs. (a) and ( b ), 




H - hr 


L dv h r d 2 h. 


g dt 


g dt 2 


+ cv 


Reference to the surge-tank sketch indicates that 


(d) 

Rearranging terms, 

(<0 


H — hr = CV I 2 + z 


K - H 


CV 1 
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And referring again to the surge-tank sketch, 


(/) 


d 2 z d 2 h r 


dt 2 


dt 2 


Substituting (d), (e), and (/), in (c), we obtain 


(a) 


Z + CV I 2 


Lefo _ (ff — cv i 

£ d£ 0 


2 ) d 2 z 
~ dt 2 


+ cv 


Finally, rearranging terms, 


Y z -\- cv 1 2 — cv 2 + 
Lj 


(H — cv 1 




(11-2) 


Continuity at Tank-Conduit Juncture. It should be noted that 
the flow rate from the juncture equals the flow rate into the juncture; so 

dif . dz 

Avi = Av + F + A r j t 


Rearranging, 


A r 


(Av 2 — Av — Fy) 


(11-3) 


Continuity through Surge-tank Ports. The flow rate out of the 
tank equals the flow rate through the ports; thus, 


F ^ = a[2g(z - y)]* 


And, finally, by rearranging, 

V = f [ 2 v( z - v)^ ( 11-4 ) 

For use in these basic equations, the proper constants for the system 
under study must be evaluated. The following constants were obtained 

for the Apalachia surge tank: 

1. Headwater H. The minimum headwater elevation was 1,240 
ft. The conduit center-line elevation at the surge tank was 1,065 ft. 

Accordingly, 

H = 1,240 - 1,065 = 175 ft 

2. Length of conduit L 


L = 43,200 ft 
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3. Cross-sectional area of conduit A. Since the conduit consists of 
two sections such that 

Li = 41,200 ft Ax = 254.5 ft 2 

L 2 = 2,000 ft A 2 = 201.0 ft 2 

the area for an equivalent conduit can be calculated: 


A 


L 


Li/A 


L 2 /A 


43,200 

41,200/254.5 - 2,000/201 


251 ft 2 


4. Initial conduit velocity Vi. For the most adverse condition, full 
load is instantaneously applied for no initial load 


Vi = 0 ft/sec 

5. Final conduit velocity v 2 . For full load demand, the steady-state 
velocity is determined by turbine and conduit characteristics. For pur¬ 
poses of this problem the velocity is assumed to be constant at the turbine 
during load demand. For the above H, L, and A, the turbine-perform¬ 
ance curves for two 50,000-hp turbines give the values: net head on 
turbines, 278.2 ft; conduit discharge, 3,450 ft 3 /sec. Conduit velocity 
v 2 will equal ratio of discharge to area A ; so 

v 2 = 3,450/251 = 13.70 ft/sec 

6. Friction-head-loss coefficient c. For the full load demand, the 
velocity in the conduit and the conduit cross-sectional area, being very 
large, indicate a very high Reynolds number. It is known that, at high 
Reynolds numbers, the head loss is a function of the square of the velocity. 
For large conduits like this one, one can assume that c is constant for 
velocities greater than 1.0 ft/sec. Therefore, c can be assumed constant 
for the full range of velocities. The coefficient is determined on the basis 
of the roughness characteristics of the conduit. 


c = 0.490 


7. Cross-sectional area of the riser A r . Experience indicates that 
A r /A should be not less than 0.75, to ensure stability. Let the riser 
area be 201 ft 2 (or a diameter of 16 ft). Then A r /A = 20 Hsi = 0.80. 

Ar = 201 ft 2 

8. Net cross-sectional area of tank, F (without riser area A r ). Con¬ 
siderations of cost and stability indicate an optimum diameter of 66 ft. 


F - 3,219 ft 2 
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9. Effective port area a. Using certain empirical relationships, a port 
area can be determined. 2 Since effective port areas vary with inflow and 
outflow, for simplicity a mean value is chosen. 

a = 33.0 ft 2 


Electronic Analog-computer Solution. Magnitude Scaling. The 
constants thus evaluated are substituted into the basic equations (11-2) 
to (11-4). Accordingly, from the general equation (11-2), 





9 

L 


Z + CV I 2 — cv 2 + 


(H - cv i 


Z) 


9 



0.49y 2 + 


(175 


32.2 


Us 


0.0007452 - 0.000365w 2 + (0.00405 



- 0.00002312)2 


(ll-2a) 


Similarly, from (11-3), 

2 = -j- (Av, - Av -Fy) = 2 ^; [251(13.7) - 251r - 3219 y] 

= 17.1 - 1.25» - 16.0y (ll-3a) 

And, from (11-5), 

y = %[2g(z- y)]» = 64 . 4*(2 - y)» 

= 0.0822 (z - y)* (ll-4a) 

The maximum values of the unknowns are obtained: 


Vm = cv 2 2 = 0.49(13.7) 2 = 92.1 ft Si 100 ft 
Si 100 ft 

y m = 0.0822(100)^ = 0.822 S 1 ft/sec 
v m = 13.7 = 15.0 ft/sec 
z m = 17.1 ^ 20.0 ft/sec 
v m = 0.1 ft/sec 2 
z m ~ 10.0 ft/sec 2 


Finally there are obtained the normalized equations 
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Time Scaling. The time scale n depends on the characteristics of the 
computer and the recorder. A Sanborn recorder was used; and, since this 
recorder operates at 5 mm/sec, a 5-sec operation of the recorder will 
plot 25 mm of data. Now, since the ordinate of the plot is also 25 mm, 
it would appear that a time scale that results in plotting a quarter cycle 



Fig. 11-7. General block diagram. 


in this area would be most desirable. The arithmetic integration method 
indicates that a quarter cycle takes approximately 250 sec. Therefore, 



whore n = time scale 

r = computer and recorder time 
t = system time 

constants and potentiometer settings for the integrators and the 
differentiator must also bo determined. See the general block diagram 

of Fig. 11-7. 
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Amplifier 1, integrator: 


Amplifier 11, integrator: 


Amplifier 8, integrator: 


Vm RC _ 

0.1 2.0 

Vm n 

15 0.02 

Zm RC 

20 0.1 

Zm n 

100 0.02 

Vm RC _ 

1 2.0 

Vm n 

100 0.02 


0.667 


1.0 


1.0 


Amplifier 6, differentiator: 


z m n _ 20 0.02 
V m RC ” 10 0X14 



(Pot 1 0.667 
]RC 2.0 
\Gain 0.5 

( No pot 
RC 0.1 
Gain 10.0 

( No pot 
RC 2.0 
Gain 0.5 


No pot 
RC 0.04 
Gain 0.04 


Recorded Data. Figure ll-8a shows the drop in riser level versus 
time for a sudden step demand from no load to full load. Figures 11-85 
and c show the time histories of drop in tank level and difference between 
riser and tank level, respectively. Figure ll-8d shows the conduit 
velocity as a function of time. 

The data indicate that the riser and tank act separately for only about 
300 sec. As would be expected, the riser-level-drop curve indicates rapid 
initial drop as the first effects of load demand are felt, and the more slowly 
moving tank level follows the riser level. 

From the velocity curve, a smooth increase in conduit velocity is 
indicated. Moreover, this increase occurs fairly rapidly, thereby stabi¬ 
lizing the system in only about 350 sec (excluding a small and gradual 
adjustment). 

In Fig. ll-9a to c the analog computer results are compared with those 
obtained by arithmetic integration. In all three graphs, the computer 
data agrees in form but differs somewhat in magnitude from the numerical 
solution. Figure ll-9a shows conduit velocity versus time for only the 
first 320 sec. As seen from Fig. ll-8d, the computer solution exceeds the 
final velocity of 13.70 ft/sec only slightly and then returns to it. The 
numerically calculated velocity differs as much as 25 per cent from the 
computer results. The riser level drops farther in the arithmetic model 
than in the computer model. 

Discussion. Since neither method of solution is based on an actual 
tank operation, both are subject to deviation from the true tank behavior. 
Among the causes for deviation are the following: 

1. The arithmetic integration method neglects the acceleration effects 
in the riser. These effects, which are included in the computer solution, 
apparently account for the faster adjustment of the computer model, iin 
shown by the conduit-velocity curve. Furthermore, tho computer 

























Drop in tank level y, ft 








300 



(b) 

Fig. 11-9. Comparison of computer results with numerical calculations, (a) Conduit 
velocity versus time. (6) Tank level versus time. ( c) Riser level versus time. 
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Time t, sec 

(c) 

Fig. 11-9 ( cont .) 

model indicates a more moderate range of riser drop, also resulting from 
the inclusion of inertial effects. 

2. Since the two methods employ different approximations, the results 
cannot be expected to agree perfectly. 

The various deviation causes of the two methods, computer and arith¬ 
metic integration, more than explain the deviations themselves. Cer¬ 
tainly the comparison curves are encouraging and indicate that, with 
continued study, the type of computer analysis indicated here can give 
much faster and probably more accurate solutions to the surge-tank 
problem. Clearly, when alternative tank dimensions must be checked, 
this method would seem to be the more efficient. 

Going one step further, it would seem that the machine could be used 
not only for verification of design but for design itself. This phase of 
flic surge-tank problem requires further study, which may make a 
valuable contribution to the field. 
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11-4. Vibrating Beam Problems* 

Introduction. A variety of analytical and numerical methods exist 
for evaluating the behavior of flexible beams and related structures. 
Generally speaking, however, they cannot be applied to any but rela¬ 
tively simple beam configurations without protracted and tedious labor. 
The electronic analog computer is capable of providing an alternative 
approach of the kind that such problems appear to demand. An analog 
machine of moderate capacity can be so arranged as to provide an elec¬ 
tronic model or analog of a flexible beam which will perform, without 
significant delay, calculations which are considerably more complex than 
those associated with simple beam configurations. 

The main requirements for an electronic-beam model are as follows: 

1. There must be provision whereby the widest possible range of non- 

uniform beam configurations can be accommodated. This range should 

include, as far as possible, even the most complex and irregular long 

thin structures likely to be encountered in physical or engineering 
practice. 

2. It must provide, in the form of electrical potentials or currents, 

continuous, virtually instantaneous, and, within limits depending on 

the problem, accurate information about whichever aspects of the 

beam's behavior, i.e., critical frequencies, structural gains, etc., are of 
interest. 

3. The electrical output data must be directly applicable not only to 
measuring and recording apparatus but also to other components, simu 
lated or real, which, together with the beam, form a model of any wider 
system being investigated or developed. 

By M. Squires and W. G. Hughes, edited by Peter L. Monkmeyer. Mchmih, 
Squires and Hughes are with the Royal Aircraft Establishment, Farnborough, Hants, 
England. Mr. Monkmeyer is with Cornell University. 

This section was adapted from the article by M. Squires and W. G. Hughes: 

The Electronic Synthesis of Flexible Beam Behavior,” presented at the Convent ion 

on Electronics in Automation, Cambridge, England, June 29, 1957; by permission of 

the Controller, Her Britannic Majesty’s Stationery Office (British Crown Copyiigl.l 
Reserved). 
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4. It should be possible to observe the sequence of events at all “ sensi¬ 
tive” points along the x axis of the beam, simultaneously if need be. 
Such points might include those at which excitation is applied or at which 
control surfaces, measuring instruments, etc., are located. 

5. The model must function in response to the kind of input data that 
would normally be available, such as mass and rigidity distributions 
within the beam, the nature of the environment, and the nature of any 
externally applied forces. 

6. The model must truly be a model in the sense that it conveys to the 
experimenter a mental picture of the original and is, therefore, a source 
of intuitive insight. A satisfactory model might, for this reason, be 
thought of primarily as a physical rather than a mathematical tool. 





Initial undeflected 
major axis of beam 


Q+ 3 £dx 


bending moment 
L-beam length 
Q =total shear force 


Fig. 11-10. Illustrating sign conventions adopted for forces, etc 


Preliminary Assumptions. The analysis will be restricted to the 
idealized thin beam for which the classical equations are well known. 
Some of the complexities which may arise in practical beam problems are 
mentioned as the analysis proceeds. For further discussion the reader 
is referred to the original article. 

The rigidity and mass distributions along the x axis (Fig. 11-10) will be 
assumed arbitrary in the first instance; so the principal restrictions 
implied are: 

1. Only flexural vibrations take place, and these, together with any 
motion executed by the beam regarded as a rigid body, are confined to 
the xy plane. 

2. The beam obeys Hooke's law. 

3. The translatory motion of any part of the beam takes place wholly 
in the directions at right angles to the x axis of the undeflected beam. 
By implication, all deflection angles are small. 

4. The beam docs not buckle; the shape and area of any cross section 
perpendicular to the x axis are constant. 
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5. The beam is thin in the sense that the dimensions of any cross 
section are small compared with length along the x axis. This implies 
that the moment of inertia of any thin “slice” of the beam bounded by 
adjacent cross sections, about any axis perpendicular to the x axis, is 
negligible. 

6. All external forces acting on the beam are applied in directions at 
right angles to the x axis. 

7. The slope of the deflection curve depends only on the rotation of 
cross sections and does not include the effect of shear. 

The following symbols will be used: 


M(x,t) = bending moment, a function of x and t 
E = Young's modulus 
/ = second moment of cross-sectional area 
EI(Xjt) = mechanical rigidity, a function of x and t 
L = total length of beam 
W/g = total mass of beam 
Q(x,t) = shear force, a function of x and t 
co = critical frequencies 

m r = mass associated with the rth cell of a discrete-cell model, 

counting from the origin of coordinates 
p = Laplace operator 

t = time S 

x — distance parallel to x axis measured from y axis 
y{x,t) — distance parallel to y axis measured from x axis, a function 

of x and t 

x r = distance parallel to x axis of the rth bounding section, 
measured from y axis 

x r = distance parallel to x axis of the mass center of the rth cell 
y r = distance parallel to y axis of the mass center of the rth cell 
y(x,t) = mass per unit length measured parallel to x axis, a function 

of x and t 

^(x,t) = inclination of beam axis, a function of x and t 



Derivation of Equation for Analog-computer Treatment. General. A 
suitable basic approach consists of applying the finite-difference method 
of numerical analysis to the solution of the partial differential equations 
commonly found in vibrating-beam problems (see Chap. 8). In thin 
case, the two independent variables being x and t f the required model 
is created by replacing x by a series of discrete fixed levels, or tabular 
points. 
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Looked at physically, the method consists in dividing the beam notion- 
ally into, say, n discrete elements, or cells, distributed along the x axis. 
Each cell is assumed to be self-rigid and homogeneous. The motion of 
each cell is assumed to be purely translational and in direction parallel 
to the y axis. Each cell is acted upon solely by the shear forces at its 
bounding cross sections, which likewise operate in directions parallel to 
the y axis, together with any specified external lateral forces. 

It is usual, in solving partial differential equations by this numerical 
method, to space the tabular points at equal intervals in the range of 
interest. This restriction need not be applied, for example, in problems 
of nonhomogeneous beams. However, for the homogeneous beam, the 
equal division of cells greatly simplifies the solution. 



Fig. 11-11. Diagrammatic presentation of beam divided into equal cells or elements by 
normal sections. 

If the beam is divided into n cells as already defined, n — 1 equally 
spaced cross sections bounding the cells are created. In Fig. 11-11, the 
rth cell from the origin, or left-hand end of the beam, has mass m r centered 
at x' r from the origin, and is bounded by cross sections at x r and x r —\ 
from the origin. If the displacement of m r is y r and if the shear force 
at x = x r is Q r , we have, using the sign convention of Fig. 11-10, 

m r y r = Qr — Qr- i (11-5) 

From considerations of the static-beam equation, 



From (11-5) and (11-6), 




( 11 - 6 ) 

(11-7) 
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Thus far the assumption has been made that between any two mass 
centers situated at, say x r _ x and x r (Fig. 11-11), the inclination of the 
beam to the x axis is constant at a given instant in time and is, therefore, 
represented by 




( 11 - 8 ) 


The shear force Q r at x = x r is then given by 



in which the symbol —> denotes transition from the partial differential 
equation to the finite-difference form. If the right-hand side of Eq. 
(11-7) is replaced by that of Eq. (11-9) with reversed sign and if from 
this is subtracted the corresponding expression for Q r -i with reverse 
sign, an expression is obtained for the time rate of change of transverse 
momentum of the rth cell in terms of its own displacement together 
with those of its two immediate neighbors to either side and of certain 
predetermined lengths measured along the x axis, which do not change 
in the course of the computation. To the extent, therefore, that the 
approximations are valid, a complete theoretical basis for the construc¬ 
tion of an electronic-beam model of the required character has been 

created. 

The Uniform Beam. A check on the validity of the reasoning out¬ 
lined above consists in applying it to the idealized beam defined earlier, 
with the further restrictions that y and EI are constant with respect to 
both x and t. Corresponding restrictions are imposed on the discrete-cell 
model of the preceding section in that, for example, the cells are assumed 
all to be of equal mass. The describing equation for such a beam as 
well as those relating to its discrete-cell analog have easily ascertained 
analytical solutions and are thus well suited to the immediate purpose 
of this paper. 

Consequently, 

rai = ra 2 = * * • = m 

and xi = (x 2 — Xi) = * * * = (x r — x r ~i) = * * * = L — x n 

= (x' 2 — x[) = • • • = (x r — x'_i) = * * * = (x' n — x' n _i) = x 

In addition, 

x\ = L - x n = y 2 x 
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which expresses the assumption that the end cells of the discrete-cell 
model have their mass centers at yx from the nearer ends of the “beam.” 
Since there are, then, n cells, 

■■ | w 

nm = — 

9 

nx = L 


Making these substitutions in the finite-difference form of Eq. (11-7), 


my , 


El 


(y 


r+ 2 


4y r+ i + 6 y r - 4y r _i + 2/ r _ 2 ) 


( 11 - 10 ) 


Equation (11-10) typifies the group of equations to be solved simul¬ 
taneously by the analog computer. If we postulate n cells, there are 
n — 4 such equations, since this form is not directly applicable to the 
two cells at each end of the beam. The motions of these, i.e., those for 
which r = 1 , 2, n — 1 , and n, are susceptible to the boundary conditions, 
for, as Eq. (11-10) shows, it is necessary in the general case to have 
information concerning two cells to either side of any one cell in question. 

Modifications of Eq. (11-10) appropriate to the cases r = 1, 2, n — 1, 
n, in a “free-free” beam, i.e., a beam with no end supports, such as an 
airplane fuselage, result in the following equations: 


For r = 

= 1: 


EI 

Q 0 

my 1 = 

x z 

For r = 

= 2: 


EI 

my 2 = 

x 3 

For r = 


- 1: my n = 

EI 

= n - 

X 3 

For r - 



EI 

= n: 

my n = 

X 3 


(y 3 - 2y 2 + y i) 

(y A - 4y 3 + 5 y 2 - 2yl) 

(-2 y n + by n - 1 ~ 4?/ n _ 2 + 2/n-s) 
(y n - 2y n ~i + y n - 2 ) 


(11-11) 


Computer Setup; Five-cell Model to Represent Uniform Beam. 
Kigure 11-12 shows in diagrammatic form a computer setup to perform 
the calculations specified above. It represents a subdivision of the beam 
into five equal lengths or cells. This is the least number capable of 
yielding a representative check, since no smaller number could, for the 
reasons stated above, include a cell whose motion was described by the 
prototype equation (11-10). 

Each cell is represented by computing units which together perform a 
double integration with appropriate sign control. Since, from Eqs. 
(11-10) and (11-11), the input quantities to each block of computing 
Units iv|m Nciit the total transverse accelerating force (for a freely 
moving beam), the output quantities represent the corresponding lateral 
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displacements. This model displays the collinear motion of the beam 
together with the fundamental mode of flexural vibration and the first 
two overtones. 

625 £7 
W/gL 3 


625 El 
W/gL 3 

625 El 
W/gL i 


625 El 
W/gL 3 

625 El 
W/gL 3 


625 El 
W/gL 3 

625 El 
W/gL 3 


625 El 
W/gL 3 

625 El 
W/gL 3 


625 El 
W/gL 3 

Fig. 11-12. Generalized computer diagram for five-cell model representing a uniform 
beam. 

Comparative Analysis of the Five-cell Model . General. A discrete- 
element system is a sufficiently true synthesis of a loss-free beam if: 

1. The system has a sufficient number of critical frequencies for the 
purpose in hand, and these are substantially equal to the related fre¬ 
quencies for the original beam. 

2. The y displacements of the mass centers at a given instant, plotted 
against x when the analog is in sustained vibration at one critical fre¬ 
quency, lie sufficiently close to the plot of the corresponding normal 
function. (Criteria for accuracy here will be sensitive to particular 
requirements). 

3. Transfer functions relating excitation at any relevant point on t he 
x axis to responses at the same or at other points on this axis must agree, 
to an acceptable extent, with those which characterize the original beam 
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In testing the analog by criteria 1 to 3 above, certain restrictions in 
addition to the finite spectrum must be accepted. (1) It must be 
assumed that excitation is applied at one of the mass centers (although 
this is not an absolute restriction and can probably be circumvented). 
(2) Since y displacements are directly registered only at those points, 
angular, or translational, displacements at intermediate points must be 
inferred from these in the light of the postulated method of interpolation 
(in this case, linear). These restrictions can be an important factor in 
the choice of the masses associated with individual cells. 

The Frequency Spectrum. If, in Eqs. (11-10) and (11-11), 


L 


El 

mx z 


and, using Laplacian notation, 


p 2 mx s _ p 2 _ 

~EI a 2 ~ S 

then the system of equations for an unspecified number of discrete cells 
becomes, using Eqs. (11-11), 

2 /i(s + 1) - 2 j/ 2 + y 3 = 0 

— 2z/i + y 2 (s + 5) — 4j/ 3 + y i = 0 

Vi ~ 4t/ 2 + y 3 (s + 6) - 4j/ 4 + 2/6 = 0 

y r - 2 - 4y r _i + y/s + 6) - iy r +i + y r+ 2 = 0 (11-12) 

2/n— 4 - 42/„_3 + 2 /»_ 2 (s + 6) — 4?/„_i + y„ = 0 


2/n— 3 - 42 /n— 2 + 2 /»-i(s + 5) 


2y n 


Vn- 


2y n -i + Vn(s + 1 ) 


leading to the following conditions for a non-trivial solution 


8 + 1 

-2 

1 






-2 

s+5 

— 4 

1 





1 

-4 

s+6 

-4 

1 




0 

1 

-4 

s+6 

-4 1 




• • • 

• • • t 

• • • 

• • • • 

1-4 $+6 

• t • • 

-4 

• • • • 

1 

• • • 

0 





1 -4 

5+6 

-4 

1 





1 

-4 

s+5 

-2 






1 

-2 

8 + 1 


= 0 (11-13) 

In particular, dividing tho beam into five equal elements, the determi¬ 
nant becomes 
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S + 1 


2 


1 


2 s + 5 


4 


0 

1 


1 

0 

0 


4 s + 6 


4 


0 

0 

1 


1 

0 


4 s + 5 


2 


1 


2 s + 1 


0 


(ll-13o) 


Equation (ll-13a) reduces to 


s 6 + 18s 4 + 75s 3 + 50s 2 •= 0 


(11-136) 


Two roots of Eq. (11-136) are clearly zero, and a third is s 


5. 


The remaining roots, therefore, follow when the residual quadratic equa¬ 
tion is solved. Equation (11-136) becomes 


s 2 (s + 0.8215) (s + 5) (s + 12.1785) 


0 


(ll-13c) 


Using the above expressions for x, a 2 , and s to reexpress Eq. (ll-13c) in 


terms of the Laplace-transform variable p 


V 4 


p 2 + 


513.4375 El 
( W/g)L 3 


P 2 + 


3125 El 
( W/g)L 3 



P 2 + 


7611.5625 

(W/g)L* J 


0 (ll-13d) 


which is the factorized form of the characteristic equation for a five- 
element model of a uniform beam, there being three non-zero critical 
frequencies. 

The critical frequencies follow directly from (ll-13d). The zero rootH 
of Eq. (ll-13d) relate to the rigid-body response of the uniform-beam 
model. 

Denoting the fundamental critical angular frequency by coi and the 
successive overtones by co 2 , . . . , there results from (ll-13d) 


co i = 22.659 


El 


( W/g)L 




radians/sec 


co 2 = 55.97 


El 


( W/g)L 




radians/sec 


( 11 - 11 ) 


co 3 — 87.24 


El 


( W/g)L 




radians/sec 


The corresponding figures given by analytical treatment of the uniform 


thin beam are 


coi = 22.3729 


El 


Vi 


( W/g)L 


radians/sec 


C 02 = 61.62 


El 




(W/g)L 


radians/sec 


(11-1 In) 


co 3 = 120.9120 



radians/soc 
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From comparison of (11-14) with (ll-14a), the percentage errors in 
frequency given by a five-element system are, respectively, 

+ 1.28 per cent for coi 

— 9.17 per cent for co 2 

— 27.85 per cent for co 3 

The error in fundamental frequency coi is certainly within acceptable 
limits for a wide range of practical purposes. However, it is natural to 
ask what improvement can be expected from increases in the number of 
subdivisions of the beam, especially in the overtone frequencies. Similar 
analysis of seven- and ten-cell models indicates that the errors are suc¬ 
cessively reduced. The reader is referred to the original paper for further 
information on seven- and ten-cell beam models. 

Conclusions. It is quite practicable to set up on a conventional elec¬ 
tronic analog computer of moderate size (say, 20 amplifiers or there¬ 
abouts) a synthetic flexible “beam” that satisfies the requirements listed 
in the introduction. Moreover, account can be taken of the broad 
linearized effects of structural energy losses due to distortion as well as 
the effects of lateral force. 

The model is capable of rendering superfluous a number of laborious 
and time-consuming calculations commonly associated with the evalu¬ 
ation of critical frequencies, etc., of all but the simplest beam configura¬ 
tions. It also conveys a mental picture of the beam’s actual behavior 
in a variety of circumstances. 

The output of the model is characterized by n — 1 modes (including 
the zero-frequency or collinear response) when it is based on a notional 
division of the beam’s x axis into n equal lengths. The accuracy with 
which the true beam behavior is reflected falls off as the mode order in 
question approaches the (n — l)st. This fact has suggested an empirical 
rule: if n modes are of interest, the beam should be subdivided into not 
less than 2n + 3 parts. 
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11-6. Simulator for Use in Development of Jet-engine Controls* 

Introduction 

Recommendations for a simulator capable of representing a twin-spool, 

afterburning, turbojet engine and its controller are given in this paper. 

The simulator is intended as a tool to be used by a group of engineers 

engaged in developing engine-control systems. The simulator is designed 
to perform the following tasks: -j 

1. Determine stability of the engine-control system 

2. Determine performance of the engine-control system 

For maximum usefulness to an engine-controller-development group, 
a simulator should have the following characteristics: 1 

1. The simulator must be useful in both early and late stages of the 

development. 1 

2. The simulator must operate in real time in order that both actual 

physical components and simulated components may be opera-led 
together. 

3. Transducer equipment must be provided so that a simulated engine 
can be operated either with the entire physical controller or with some 
of its components. 

4. Simulator accuracy must be sufficient for evaluating control-system 

stability and performance. I 

5. The cost of the simulator should permit its acquisition by a typical 

engineering group engaged in control-system development. j 

The simulator consists of three major parts: an engine simulator, a 
controller simulator (which may be replaced by a physical controller), 
and transducer equipment, to be used when a physical controller is opm 
ated with a simulated engine. The interconnections among these com 
ponent parts are shown in the block diagram of Fig. 11-13. 

* By permission of the National Bureau of Standards, from Shorrard, Emil" M 
“Simulator for Use in Development of Jet Engine Controls,” N MS Circular 5N-I 
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Fig. 11-13. Block diagram for engine-controller simulator. 


Description of Simulator 

Engine Simulator. In this portion of the simulator, typical analog- 
computer components are interconnected in such a fashion that voltages 
in the computer are made to satisfy the equations that describe the 
behavior of the actual jet engine. Inputs to and outputs from the 
engine simulator are in the form of d-c voltages. Input voltages, as 
shown in Fig. 11-13, represent: main fuel flow W; exhaust-nozzle area N; 
and afterburner (reheat) fuel flow R. Output voltages represent: the 
speed of rotor 1, Si) the acceleration of rotor 1, A x ) the speed of rotor 
2, S 2 ) the acceleration of rotor 2, A 2 ; the turbine inlet temperature T; and 
an engine variable P , hereafter called engine pressure, which may be a 
compressor discharge pressure, a compressor pressure ratio, or some 
other indicator of incipient engine stall. 

The engine outputs will respond to altitude and aircraft speed (ram 
pressure) as well as to W , N, and R. These environmental variables 
I lave been held constant in this simulator in order to obtain simplicity 
and economy in engine representation. If engine operation at different 
values of altitude and ram pressure is desired, manual changes can be 
made in settings of the computer components used to represent the 
engine. Because there is no simulation of the dynamic behavior of the 
airplane in which the engine is mounted, provision for automatic changes 
nl engine environment would result merely in convenience and rapidity of 
adjustment. Because this would entail greatly increased costs and com- 
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plexity, manual rather than automatic adjustment of engine environment 


is employed in this simulator. 

A. Engine Equations in General Form. 


For control purposes, the 


six equations given below may be employed to describe a twin-spool, 
variable-nozzle, afterburning engine. The first four state that A h A 2 , T , 
and P, for constant altitude and ram pressure, are instantaneous func 
tions of five variables: the three engine inputs W, N , and R, and the 
instantaneous rotor speeds Si and S 2 . The last two equations state that 
A i is the derivative of /Si and that A 2 is the derivative of S 2 . The first 
four equations do not involve any derivatives or integrals with respect 
to time. They result from the assumption that the engine is a quasi¬ 
static system; i.e., its thermodynamic processes reach equilibrium con¬ 
ditions in so short a time that the fluid flows, temperatures, pressures, 
and accelerating torques may, for control purposes, be considered to have 
equilibrium or steady-state values at all times. 4 

The six engine equations are 


A 1 = A^WtNySiyS^R) 


A 


A 2 (W,N,S u S*,R) 


T = T(W,N,Si,S 2 ,R) 
P = P(W,N,S l9 S h R) 


dSi 

dt 

dS 2 
dt 


Ai 


(11-15; 

(11-16; 

(11-17; 

(li-is; 

(11-19) 


A 


( 11 - 20 ) 


Computer mechanization of the last two equations is very simple on an 
operational-amplifier type of analog computer. Computer mechaniza¬ 
tion of the first four equations is difficult because: 

1. A i, A 2 , T , and P are not simple functions of W , N, Si, S 2 , and R. 

2. Complete data for A h A 2 , T, and P as a function of five variables 
are usually unknown or unavailable. 

3. There are no commercially available function generators that will 
accept five different input variables and generate an output that is a 
complicated function of the input variables. 

Mechanization of Eqs. (11-15) to (11-18) on an analog computer 
requires that these equations be replaced by a much simpler set of equn 
tions that still represent the pertinent behavior (for control purposes) of 
the engine. These simpler equations must also require a minimum 
amount of engine data, and, if at all possible, the data required should 
correspond to steady-state rather than transient operation of the engine 
The reduction of (11-15) to (11-18) to simpler equations satisfying tlmse 
requirements is discussed in the following section. 
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B. Simplified Engine Equations. The first simplified form for 
Eqs. (11-15) to (11-18) is obtained by linearizing them about points of 
steady-state operation (equilibrium points), i.e., operating conditions of 
the engine in which all inputs are constant, rotor speeds are constant, and 
rotor accelerations are zero. 

Denoting steady-state values by primes, A[ and A\ are zero and S[ and 
S' 2 are determined by the steady-state values W', N', and R ', which are 
outputs from the engine's control system. During transient operation, 
A i and A 2 are assumed to be quasi-static variables, whose values are 
determined by the instantaneous values W, N, Si, and R . 4 Thus, 

A l = A l (W,N ) S 1 ,S 2 ,R) 

A 2 = A 2 (W,N,S h S 2 ,R) 


Equation (11-15) may be written 

Ar = Ax - Al = Ai(W,N,Si,S 2 ,R) - A[(W',N',S[,S 2 ,R') (11-21) 

For small departures of W, N, Si, S 2 , and R from a set W', N ', S[, S' 2 , R' 
of steady-state values, A\ may be approximated by 



Mi 

dW 


8W + 


where 8W = W — 



(11-21 a) 



and where the partial derivatives are evaluated at the steady-state oper¬ 
ating point (W'yN'yS'^SfrR'). A similar equation may be written for A 2 . 

The engine simulator will be furnished with instantaneous values of 
W, N, and R. It will be required to generate S\ and S 2 . Steady-state 
engine data may be expected to furnish W\N[,S[,R'), i.e., the steady- 
state fuel flow required at a given nozzle area N', reheat fuel flow R', 
and rotor speed S[. Also, knowledge of S 2 (N[,S[,R'), the steady-state 
speed of the second spool, may be expected. In Eq. (ll-21a), if the 
steady-state values N[, S[, and R ; vary, the partial derivatives will, in 
general, also vary. Thus, the partial derivatives may be regarded as 
functions of N', /S^, and R', and it will be assumed that these functions 
are known. 

'Hie mathematical form of (ll-21a) may be simplified by choosing the 
steady-state values JV', /Si, and R' equal to the corresponding instan¬ 
taneous values N, Si, and R. Such a choice makes 8N = 0 = 8Si = 8R, 
and (ll-21a) becomes 


Ai 


Mi 

dW 


[W 


W\N',S[,R')} + [5, 


S'.(N',S[,R')] (11-216) 
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Similarly, A 2 may be written 


A a = TiW w - W'(N',S[,R')] + SW,S' U R')] (11-22) 

OW 0102 

The turbine inlet temperature T is assumed to be a quasi-static vari¬ 
able, and is taken as an instantaneous function of W, N, Si, S 2 , and R. 
This relation is denoted by T = T(W,N,Si,S 2 ,R), and the primed quan¬ 
tity T' is used to indicate a steady-state temperature corresponding to 
steady-state values W r , N f , S[, and R\ Subtracting T ' from T yields 


8T = T - V 


dT 

dW 


(W 


, dT (* 
+ os l {Sl 


- w ') + m( N 

S'l) + || ( 5 , - 


- N ') 

& + i 


R’) (11-23) 


As in the acceleration equation (ll-21a), N ', R' are chosen equal 
to the corresponding instantaneous values N, Si, and R . Equation 
(11-23) then reduces to 



(ll-23a) 


where 


8W = W — W' = W — W'(S[,N',R') 8S 2 = S 2 - S' 2 (S[,N',R') (11-24) 

and the partial derivatives in (ll-23a) are evaluated at a steady-state 
operating point determined by N', S[, and R'. 

The engine pressure P may be treated in the same manner as T. The 
resulting expression for 8P may be obtained by replacing T by P in 
Eq. (ll-23o). 

The simplified equations for the engine may be written 


A\ = 

= lw 5W + It 

(11-25) 

A 2 = 

■ Iw sw + It « 

(11-26) 

T = 

- r +Z sw+ Z 

(11-27) 

P = 

■ p '+ lw >v + tl “■ 

(11-28) 

ii 

= Ai 

(11-29) 

dSi _ 

dt 

- A 2 

(11-30) 
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C. Usefulness of Simplified Engine Equations. Equations 
(11-25) to (11-30) accurately describe the engine for small values of 8W 
and 8S 2 . Thus, they may be employed in conjunction with correspond¬ 
ing controller equations to determine stability when engine and con¬ 
troller variables execute only small departures from any steady-state 
operating point. Experience indicates that the engine-control system 
is stable if it is stable for such small-departure operation.. Therefore, 
these small-departure equations provide an adequate description of the 
engine for all stability studies of the engine-control system. 

These equations are also useful in predicting the dynamic perform¬ 
ance of the engine-control system for small or slowly varying pilot 

commands. 

Throttle-burst operation is the principal large-departure performance 
requiring simulation. (The reader is referred to the original paper for 

an analysis of throttle-burst simulation.) 

D. Mechanization of Engine Equations. Equations (11-29) and 

(11-30) can be mechanized simply on an analog computer. Integrating 
amplifiers whose respective inputs are Ai and A 2 are employed to yield 

Si and Si, respectively, at their outputs. 

Equations (11-25) and (11-26) will be mechanized by summing two 

terms, each of which is the product of a partial derivative and an incre¬ 
ment of either fuel flow or speed. Each such product is obtained as the 
output of a multiplier. Because the partial derivatives are functions of 
the three variables N, S h and R, they may be generated by a three- 
variable function generator (or 3YFG) whose inputs are N, Si, and R. 
The SW and SS 2 increments may be generated by summing W and -W' 
and Si — S'i, respectively. W is obtainable as an input to the engine 
simulator, <S 2 as an ouput of the simulated engine, - W' as the output 
of a 3VFG with inputs N, S h and R, and -S' 2 as the output of a 3VFG 
with inputs N, S u and R. The block diagram for solving Eqs. (11-25) 
and (11-26) is given in the top portion of Fig. 11-14. Also shown are two 
integrators whose outputs are Si and Si and whose inputs are A i and Ai. 

These integrators mechanize Eqs. (11-29) and (11-30). 

The mechanization of the temperature equation (11-27) is the same as 
that of (11-25) and (11-26) except that T', generated as the output of a 
3VFG with N, S u and R inputs, is added to the two product terms. 

The mechanization of the pressure equation (11-28) involves exactly 

the same details as the mechanization of Eq. (11-27). 

Figure 11-14 shows the block diagram for the entire engine simulator. 
Data Required for Engine Simulation. The minimum number of engine 
environments for which engine simulation might be required are con¬ 
sidered to bo sea level with one or two ram pressures and a representative 
altitude with one or two ram pressures. At each engine environment for 
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which system stability and performance are to be determined, the data 
listed below will be required. 

1. Acceleration Equations. Mechanization of the acceleration equa¬ 
tions (11-25) and (11-26) will require the following steady-state char¬ 
acteristics : steady-state fuel flow W' as a function of nozzle area N ; speed 



Fig. 11-14. Generalized computer diagram for engine simulator. 


of No. 1 rotor, Si; afterburner fuel flow R; and steady-state speed <>l 
No. 2 rotor, S' 2 , as a function of N, Si, and R. 

The following partial derivatives will be required: a 

dA i dA 2 dA i i d A 2 
dW dW Jsl an dS 2 

These derivatives must be known at the steady-state operating 
as functions of the three independent variables IV, Si, and It | 
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2. Turbine Temperature Equation. At and near rated engine speed, 
the engine temperature equation (11-27) will appear among the equations 
of the control system. For this mode of operation, Eq. (11-27) will be 
linearized about steady-state values, and the following data will be 
required: steady-state turbine inlet temperature T' as a function of nozzle 
area N; speed of No. 1 rotor, Si; and afterburner fuel flow R. Also, the 
partial derivatives 

dT , dT 
dW and dS 2 

must be known at the steady-state operating points, as functions of the 
three independent variables N, Si, and R. 

3. Pressure Equation. If an engine pressure is used in the steady- 
state control of the engine, the steady-state pressure P' as a function of 
N, Si, and R will be required. In addition, dP/dW and dp/dS 2 evalu¬ 
ated at steady-state operating points will be required. 

Description of Controller Simulator. As in the engine simulator, typical 
d-c analog-computer components are proposed for simulating the engine's 
controller. In the complete system, as shown in Fig. 11-13, output volt¬ 
ages of this simulated controller serve as input voltages to the simulated 
engine, and output voltages of the simulated engine serve as input volt¬ 
ages to the simulated controller. 

No particular difficulties are expected in simulating the controller. 
Present simulation techniques are considered adequate both for its linear 
representation and, if necessary, for the representation of its principal 
nonlinearities. 

In the early stages of development, simulation of a linearized controller 
should be adequate. In an intermediate stage, a control designer may 
wish to introduce a nonlinear element deliberately into his speed con¬ 
troller, his temperature controller, or both. Because, for reasons of 
simplicity, this nonlinearity will probably be a function of only one 
variable, two, or perhaps three function generators for a single variable 
will be the principal nonlinear components required for intermediate 
development. For the later stages of development, transducer equipment 
may be required for operating a physical controller with a simulated 
engine, but may be omitted if complete simulation of the engine-con¬ 
troller system is employed. If reliance is placed on complete simu¬ 
lation, the later development period will require simulation of the essential 
non linearities of controller components, and this will call for additional 
computer equipment. The variety of presently used controller com- 
poncnts and the differing types of nonlinearities exhibited by mechanical, 
electrical, electronic, and hydraulic controllers prevent description of a 
general simulator for nonlinear engine controllers. 
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Description of Transducer Equipment. Transducer equipment is 
required whenever a physical controller is to be operated with a simu¬ 
lated engine. As shown in Fig. 11-13, its function is (1) to convert volt¬ 
age outputs of the simulated engine to physical variables used as inputs 
to the physical controller, and (2) to convert outputs of the physical 
controller into voltages used as inputs to the simulated engine. 

It is not considered necessary or desirable to transduce all the outputs 
of the simulated engine and the physical controller. Ordinarily, it is 
convenient and economical to simulate thermocouple response directly. 
Afterburner fuel flow, which is very large, is usually omitted for economic 
reasons. Other transducers are considered both feasible and necessary; 
the minimum judged adequate for a development simulator include 
those for: 

1. Converting the voltage representing engine speed to the velocity of a 
shaft capable of driving a load of 100 hp at rated engine speed 

2. Converting voltage to air pressure 

3. Converting main fuel flow to voltage 

An ideal transducer would convert a voltage to a physical variable or a 
physical variable to a voltage, instantaneously and accurately. It 
should also be reasonable in cost. Practical transducers exhibit neither 
instantaneous response, absolute accuracy, nor insignificant cost. 

Use of Simulator 

As noted in the introduction, this simulator is intended to be useful 
throughout the entire controller-development program. In a typical 

**« a ] 

program, it might first be used for preparing proposals on a new control 
system and, shortly thereafter, for investigating the relative merits of 
different control schemes. As the program proceeds, the simulator can 
be used for determining system stability, system performance, and 
optimum or necessary values of control components. In the last stages 
of development, the simulator might be used for evaluation of controller 
hardware prior to tests with a prototype engine. 

This variety of usage requires that the simulation be easily simplified, 
that it be capable of using “ generalized y9 engine data, and that the engine 
be simulated for several different operating environments. 

Representation of Simplified System. The problem of simplifying the 
controller simulation will not be discussed here except to say that it can 
easily be accomplished by techniques frequently employed by control 
designers. The most convenient way to simplify the engine simulation 
is to replace the 3VFG's by two-variable, or one-variable function gen 
erators. Thus, if the effect of afterburner fuel flow R is slight, all partial 
derivatives, W r , and S' 2 may be considered functions of oidy two varialdon, 
N and Si. If, in addition, the engine is assumed to be always operating 
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near scheduled values of N and Si, then only their values at scheduled 
operating points are required for W', S' 2 , and the partial derivatives. In 
that case, these quantities may be regarded as functions only of N or only 
of Si. This last simplification would result in replacing each of the 
3VFG’s by a one-variable function generator. Such a simplified repre¬ 
sentation markedly reduces the requirements for engine data, for com¬ 
puter equipment, and also for time required to set up a simulated engine. 

Use of Generalized Variables; Time Scaling. If all the physical variables 
in Eqs. (11-25) to (11-30) are suitably transformed, they will appear in 
the equations in a form that is called generalized. 7 The mechanization 
of these generalized equations will cause the simulated engine to operate 
in generalized time. Operation in real time may be obtained by con¬ 
verting the engine accelerations A\ and A 2 to their real-time values and 
then integrating to obtain Si and S 2 in real time. Si and S 2 may then 
be connected to either the transducer equipment or the simulated con¬ 
troller. However, Si and S 2 must be reconverted to generalized values 
before they may be used in Eqs. (11-25) to (11-28) when these employ 
generalized values. These conversions involve merely multiplying by 
constants given in Ref. 7, and are easily performed. Generalized values 
of P and T must similarly be multiplied by a constant wherever P or T 
is connected to a transducer or controller element; real-time values of 
P and T must also be multiplied by a conversion constant before they 
can be used in (11-25) to (11-28), when these employ generalized values. 

Simulation for Different Engine Environments. The simulator may be 
required to represent the engine at several altitudes and air speeds. 
These environmental changes may cause significant changes in the 
numerical values of the functions in (11-25) to (11-28) and so require a 
number of settings to be changed in the engine simulator. These 
settings will be changed manually rather than automatically, for the 
simulated engine is not to “fly” in an airplane traveling at varying 
speeds and altitudes. The number of manual changes required will 
not be so large that the time to make them is excessive. Because con¬ 
troller development concentrates upon relatively few operating con¬ 
ditions, these changes, although a nuisance, will not be a significant 
handicap for this simulator. 
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11-6. Analog Simulation of Nerve Excitation* 

Summary. The analog simulation of the electrical characteristics of 
a single giant nerve fiber is discussed. The historical background leading 
to an equivalent circuit for the fiber is reviewed. The simulation is 
particularly concerned with the currents through and the potential 
differences across the surface membrane of the nerve. The results are 
compared with a digital solution of the problem and with available 
experimental data on squid giant axons. The study illustrates the “all- 
or-none” nature of the nerve response above a threshold of excitation. 

Introduction. The electrical nature of the nerve impulse has been 
known for a number of years. The precise mechanism of the normal 
functioning of a nerve fiber, however, is still the subject of intensive 
research. A great deal of experimental work has been done in recent 
years with the nerve axon of the Atlantic squid, because of its large size. 
The present study is based on the known physical characteristics of the 
squid giant axon. From an electrical point of view, the nerve was con¬ 
sidered for a number of years to be a long cable, consisting of two electro¬ 
lytes separated by the surface membrane of the nerve, which acts as a 
leaky condenser. Mathematically, this electrical picture leads to partial 
differential equations, since there are potential differences across the 
membrane as well as along the nerve axis. A mathematical analysis of 
this rather complex problem was attempted by Rushton 1 in 1937. 

* By George A. Bekey of the Space Technology Laboratories, Inc., and Beverly 
Paxson of Donner Scientific Corp., both formerly of the Beckman Instrument h 
C orporation. By permission of Berkeley Division, Beckman Instruments I nr., 
and the Institute of Radio Engineers, from G. A. Bekey and Beverly Paxson: “ Analog 
Simulation of Nerve Excitation,” presented at the Second National Simulation 
Conference, Houston, Tex., April, 1957* 
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Cole and Curtis in 1939 described their experimental work on squid 
giant axons, 2 from which they concluded that the conductance of the 
nerve membrane increases during activity. This increase is dramatic, 
since, during passage of an impulse, conductance rises to 40 times its 
resting value. The capacity, however, decreases only about 2 per cent 
during passage of the impulse. The tests were done on nerve axons 
removed from the squid, at frequencies from 30 cps to 200 kc. The 
capacity of the fiber remained approximately uniform at about 1 /xf/cm 2 . 
It was concluded from these experiments that, prior to passage of an 
impulse, the nerve behaves simply as an inorganic cable. During stimu¬ 
lation, the increase in membrane conductance accounts for the “all-or- 
none” behavior that is characteristic of excitable tissues. In a later 
paper, Cole and Baker 3 showed that, in addition to the resistive and 
capacitive terms, a substantial inductive term can be seen under certain 
conditions. The presence of the inductive term was verified later by 
Cole. 4 

The equivalent circuit on which the present work is based stems from 
a series of papers by Hodgkin, Huxley, and Katz. 6-9 They described 
a series of experiments in which the components of the membrane current 
are analyzed. In this work the longitudinal variation of voltage was 
eliminated by insertion of fine silver 
conductors into the end of the sec¬ 
tion of nerve under study. A 
feedback amplifier maintained con¬ 
stant potential at the nerve axis 
when a step voltage was applied 
across the membrane, and the cur¬ 
rent was measured. The all-or- 
none behavior of the nerve, when 
stimulated above certain thresh¬ 
olds, was investigated. Further 
experiments showed that the ionic 
current through the nerve mem¬ 
brane consists of an outward movement of potassium ions (K+) 
and an inward movement of sodium ions (Na + ), when the membrane 
permeability increases, during a stimulus. A third component of cur¬ 
rent is made up of chloride and other ions, and is best described as a 
leakage current. 

The Mathematical Model. In the concluding paper of the series, 9 
Hodgkin and Huxley developed a mathematical model of the nerve based 
on the equivalent, circuit shown in Fig. 11-15. The notation used is the 


Outside 



O 


Inside 

0 

Fig. 11-15. Equivalent circuit of nerve 
membrane. 


following: 
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I = 
E = 

J?Na “ 

Ek = 
E 1 = 

0Na, 0K, 01 = 

Cm = 


membrane current, jua/cm 2 

membrane potential, mv 

equilibrium potential for sodium ions, mv 

equilibrium potential for potassium ions, mv 

potential at which leakage is zero, mv 

conductances in jumho/cm 2 

membrane capacity, /xf/cm 2 


and the time scale is in milliseconds. 

The sodium and potassium conductances are functions of the voltage 
across the membrane and, thus, functions of time, whereas 2?n», E K , E h 
Cm, and g 1 are constants. 

The total current through the membrane is equal to the capacitor 
current plus the ionic current; i.e., 



(11-31) 


The ionic current is made up of three components: the sodium current, 
the potassium current, and the leakage current; that is, 


Ii = 

* ^Na + I 

K + I\ 

(11-32) 

which are defined as follows: 




I Na 

= gx & (E • 

— Esa) 


Ik 

— g-K.(E - 

- E k ) 

(11-33) 

h 

= gi(E - 

■ Ei) 


where gi is a constant. Letting V = 

E — E r , where E r 

is the resting 

potential, Eqs. (11-33) can be rewritten in the form 


/ Na = 

= 0K.(F - 

- Fn.) 


Ik -- 

= 0k(F - 

- Fk) 

(ll-33o) 

h - 

= gi(V - 

F x ) 



The voltages F K , U Na , and V x can then be measured directly as displace¬ 
ments from the resting potential. 

The potassium and sodium conductances, which are variable, are given 
by the following empirical formulas, obtained by curve fitting of experi 
mental data on squid axons: 

0Na = g*jn z h (11-34) 

£k = aw 4 (11-35) 

where 0 Na and g K are constants with dimensions of conductance (or 
reciprocal resistance) and where n, m, h are dimensionless quantities Mint, 
vary from 0 to 1 to express the variation of conductance during “firing" 


of a nerve. 

equations: 
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The quantities n, m } and h are defined by the following 


dn 

dt 

= «n( 1 “ 

- n) - 

- fi„n 


dm 

dt 

= ct m { 1 - 

- m) • 

- /3 m m 

(11-36) 

dh _ 
dt 

= <^(1 - 

- h) - 

- fthh 



The a’s and /3’s have been obtained empirically. They are exponential 

functions of V and depend on the temperature. 

By combining the above terms the basic equation for the axon mem¬ 
brane current is obtained: 

I = Cm + 0xtt 4 (7 — V K ) + gN*m 3 h(V — U Na ) + g i(F — Fi) 

at 

(11-37) 

This is the equation for which solutions were desired. 

Solutions of the Membrane-current Equation. Hodgkin and Huxley 
have solved this equation by a step-by-step technique of integration 
(specifically, Hartree's method) for the following conditions: 

1. The condition that they called voltage clamp. Under this condition 
the voltage across the membrane was maintained constant by a feedback 
amplifier; thus, dV/dt = 0, and the coefficients oti and Pi are constant. 
Solution of the equation under this restricted condition compared favor¬ 
ably with experimental data on the total ionic current. 

2. The second investigation was for the membrane action potential. 
Under this condition, longitudinal variations in membrane potential have 
been eliminated. In the experimental case this corresponds to insertion 
of an electrode into the axon. Since the voltage is constant along the 
nerve axis, there is no current in the longitudinal direction, and the net 
membrane current must always be zero, except during the stimulus. In 
the experimental case, the stimulus consisted of applying a depolarizing 
potential at t = 0. Mathematically, this amounts to solving equation 
(11-37) with n , m, and h having their steady-state values at t = 0, and F 
is equal to some Fo at t = 0. 

3. The third case was that of propagated action potential. This sit¬ 
uation is considerably more complicated since propagation along the nerve 
is taken into account, since then the local circuit currents must be pro¬ 
vided by the membrane current. This leads to an equation making use 
of the wave equation in one dimension, and was solved numerically by 
Hodgkin and Huxley. From these results, they calculated the velocity 
of conduction of the nerve impulse and compared it with experimental 

data. 
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The present study, however, was limited to the case which excludes 
longitudinal propagation. 

Digital Calculations. Equations (11-36) and (11-37) have previously 
been solved on the SEAC computer of the National Bureau of Stand¬ 
ards and the results of the work reported by Cole, Antosiewicz and 
Rabinowitz. 10 

The integration of Eq. (11-37) was accomplished by use of the Runge- 
Kutta integration scheme. Instead of applying an initial condition to 
the voltage across the membrane, which would correspond directly to the 

-V, mv 



1.0 2.0 3.0 4.0 t msec 

Fig. 11-16. SEAC solution of nerve excitation ( — 15-mv displacement). 


experimental technique, the digital-computer solution used a current 
pulse for a specified time. The digital-computer study was used pri¬ 
marily for obtaining information about the general features of nerve 
behavior. 

Figure 11-16 shows the SEAC solution of membrane-potential dis¬ 
placement after a fast current impulse that produced an initial displace¬ 
ment of — 15mv. The membrane potential falls slightly and then rises 
in about 1 msec to a sharp negative peak of —105 mv, thereafter falling 
slowly, passing through 0, and leveling off at about +12mv. 

Analog Simulation. In the simulation performed on the Beckman 
EASE Computer, 11 solutions of the nerve-excitation equation were 
desired for varying conditions of the initial stimulus, particularly for 
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the determination of the threshold level. By applying several values 
of initial voltage to the amplifier representing the membrane potential, 
it was possible to obtain solutions agreeing very favorably both with the 
SEAC results and with direct experimental measurements. 

For convenience in observing the action of the excitation, a time scale 
was chosen such that 10 sec in the computer were equivalent to 1 msec 
in the problem. Membrane potential in volts corresponded to the mv 
scale in the physical case. One of the first steps in the preparation of 
the problem was determining the initial values of n, m, and h. By 



Fig. 11-17. Typical nonlinear function. 


assuming that, in steady state, the time derivatives of these quantities 
are 0, their initial values can be calculated from the first-order differ¬ 
ential equation (11-36) set equal to zero, using the values of the a’s and 
f° r E = 0. Figure 11-17 shows a typical pair of these functions and 
their variations with V. For the over-all simulation, the a's and /3’ s, 
which are exponential functions of the membrane potential, were set up 
on function generators of the biased-diode type. 

figure 11-18 gives the over-all computer schematic diagram for the 
solution of the equations in the system. One section of the diagram 
shows the calculations for the potassium and sodium ion currents, 
beginning with the function generators on the left for the a’s and y’s 
(where y « a + for the solutions of the first-order differential equa- 
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tions for n, m, and h. The potassium and sodium conductance con¬ 
tained terms of the form n 4 and m*h 9 respectively. These quantities 
were obtained with electronic multipliers, denoted in the diagram by the 
letter M. They were then multiplied by their respective voltage terms 
to produce the ion-current contributions to the general equations shown 
in the upper portion of the diagram. 

Electronic multipliers were used, rather than servos, so that a free 
choice of time scale could be employed. This method also resulted in a 



substantial saving in cost of equipment. The diagram also shows the 
mechanization of the main equation for solution of the membrane action 
potential. 

Several values of initial condition on V were chosen. The first value 
was that corresponding to the — 15-mv displacement used in the previouH 
experimental studies. After comparing the answers with both the SEA<' 
data and the experimental results, solutions for other initial conditions 
were obtained. Figure 11-19 shows the analog results for three different 
initial conditions. The first is the response to a stimulus producing an 
equivalent —15-mv displacement in the membrane potential. The 
second peak is the response to a — 7-mv displacement. The delay in 
the action is to be expected when one considers that the factors detenu in 
ing the rate of change of conductance of the membrane are functions of 
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the potential. Finally, the lower curve shows the response to a stimulus 
below the threshold of excitation. These results compared favorably 
both with the digital solutions and with experimental measurements on 
the squid nerves. 

Conclusion . The work reported in the paper was of preliminary nature 
and was designed primarily to test the applicability of analog computers 
to the simulation of nerve dynamics. A second phase of the work, which 
is currently in process, will attempt to duplicate a number of classical 
physiological experiments by using the computer. The analog computer 



Fig. 11-19. Analog-computer solutions to nerve-excitation proble: 



has shown itself to be a very practical tool for this type of simulation, 
not only because it can handle nonlinearities easily but also since the 
solution time is independent of the nonlinearities. 

Another major advantage is the ease with which parameters can be 
adjusted, to correspond with varying experimental conditions. A third 
is the relative simplicity of the electrical model, resulting in a clear 
visualization of the over-all system. Last, and of primary importance 
to most investigators, is the fact that the graphic results are immediately 
available, simultaneously with the dynamic solution. Thus, it is not 
surprising that the fields of scientific endeavor that are finding both 
digital and analog computers of invaluable aid have extended even to the 
simulation of nerve action in a squid. 
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CHAPTER 12 

THE BASIC ANALOG-COMPUTER COMPONENTS 


In order to understand and appreciate the limitations of the general- 
purpose electronic analog computer, it is necessary to go in some detail 
into the basic design philosophy and circuitry of the various computing 
components used in such a machine. It is not necessary for the casual 
user to be intimately familiar with the details of the design and operation 
of the computer components, but for any person who intends to work a 
good deal of the time as operator of an analog-computer installation the 
study of the material in this chapter should be very helpful. 

Section 12-1 deals with the general case of use of the operational 
amplifier and includes a more rigorous treatment than that given in 
Chap. 2. The discussion of Sec. 12-2 deals with the errors introduced 
because the operational-amplifier open-loop gain is finite and the open- 
loop amplifier has a finite frequency response. The error due to this is 
often termed the calibration error. Special cases for the use of an oper¬ 
ational amplifier as a summer and as an integrator are considered. The 
concept of frequency response of the calibration error is introduced and 
discussed in some detail. There follow brief discussions of errors due to 
grid current, finite output impedance, drift (noise), and leakage resistance 
ol integrating capacitors. Section 12-4 treats the operational amplifier 
itself and discusses the design and operating characteristics of a typical 
operational amplifier. Multipliers and resolvers are discussed in Sec. 
12-5; the operation of the more common types is discussed and typical 
operating characteristics and specifications given. Section 12-6 is con¬ 
cerned with function generators; the diode function generator is described 
in some detail and methods of obtaining functions of two or more variables 
are discussed. Section 12-7 treats the subject of patching and control 
systems for the analog computer; a typical removable patch board is 
considered and treated in full. Finally a brief discussion of automatic 
programming and checking systems as well as output equipment is 
included. 

12-1. Use of the Voltage Operational Amplifier. Consider the block 
diagram of an operational amplifier together with input and feedback 
impedances, as shown in Fig. 12-1. The blocks shown pertain to: 
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G(s) = E a (s)/E 0 (s) = open-loop transfer function of the oper¬ 
ational amplifier with no load* 

Z Q (s) = output impedance of the amplifier without feedback 
Z g (s) = grid impedance of the amplifier without feedback 
Zl(s) = load impedance 

Zf(s) = short-circuit transfer impedance of the feedback network 
Zi(s) = short-circuit transfer impedance of the input network for 

first input 

Z n (s) = short-circuit transfer impedance of the input network for 

the nth input 

Note that Z h Z 2 , . . . , Z n and Z f pertain to general three-terminal 
networks. Let the subscript t denote the Th6venin impedance of a 
four-terminal network with one set of terminals shorted, f 



Fig. 12-1. Use of operational amplifier. 


The variable i g (t) is the current carried by the grid of the amplifier input 
tube. Writing the nodal equation at the summing junction SJ , 



Now the output of any d-c amplifier will have a component due to 
drift and noise in the amplifier itself. Let e d be a voltage referred to 
the input grid of the amplifier that includes the effects of both noise and 


* This is convenient for vacuum-tube amplifiers; for transistor-voltage amplifier*, 
one should use G(s) = E a /Ib. The derivation then proceeds along the same linen. 

f Note that the short-circuit transfer impedance is independent of whichever set **f 
terminals is shorted; the Th<$venin impedance is not. It is the Thdvonin impodanof 
seen from the summing junction terminals that is used hero. 
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(12-2) 

(12-3) 

(12-4) 

(12-5) 

( 12 - 6 ) 


Substituting this into Eq. (12-1) and collecting terms, 



(12-7) 

( 12 - 8 ) 


Thus Z t is the parallel combination of all input-network Th6venin 
impedances and the input impedance of the amplifier. Equation (12-7) 
then simplifies to 



(12-9) 


The desired relationship is 

Us - _ 4- — 2 4- . • • 4- 

Zf ~ \Zr Z J 


(12-10) 


Equation (12-10) describes the relationship upon which use of the 
operational amplifier is usually based. Equation (12-9) describes the 

* Replace t # by n, the input current, and ed by id if the derivation is to be carried 
out for tranniHtor voltage amplifiem. 
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actual relationship obtained. The second term in the left-hand bracket 
and the last three terms on the right-hand side are all error terms. The 
error terms are most easily studied by considering the over-all transfer 
function for a single input. The desired relationship is 


E 0 
E i 


Zf 

z l 


( 12 - 11 ) 


The ratio E 0 /E\ obtained from (12-9) is 


Eo 

E i 


z , + 


Zflg , Z 

Ei G 


(Zf 

? \Zft 


+ 


z 

z 


f\Io 

t) El 


z 1 ,z_ 
Zh + z 
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(12-12) 


The following two sections deal with the errors introduced by using the 
relationships of (12-10) or (12-11) instead of (12-9) or (12-12) when com¬ 
puting with operational amplifiers. A complete error analysis concerning 
the use of the operational amplifier in analog computers requires a 
thorough background in electronics and feedback-control theory. A com¬ 
plete treatment would be quite long and involved since many special 
cases must be considered. The treatment here is rigorous, but the appli¬ 
cation of the error equations is limited to a few special cases. The 
interested reader should be able to apply the ideas in the following two 
sections to his own particular situation with little difficulty. 

12-2. Calibration Error. If the terms due to grid current I g , output 
impedance Z 0 , and drift voltage E d are ignored in Eq. (12-12), an error 
will still remain in the use of an operational amplifier based upon the 
simple transfer function of (12-11). 

The error due to the last bracketed term in Eq. (12-12) is termed the 
calibration error .* It seems obvious that, if the impedances Z t and Z/ f 
are of the same order of magnitude as Z S) the quantity G(s ) need not be 
very large to make this bracketed term approximately equal to unity. 
Ignoring for the moment the effects of grid and output current and of the 
equivalent drift voltage E d , the transform of the error introduced by the 
last bracketed term is 
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(12-lli) 


* Reference 1, pp. 162-165. 
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If the input voltage as a function of time is known, its Laplace trans- 

form could be inserted into Eq. (12-13) and the inverse Laplace transform 

obtained, giving the error as a function of time. It is shown in Chap. 13 

that, if the equivalent unity feedback-control system is derived for the 

operational amplifier, the error function of Eq. (12-13) is simply the 

transform of the closed-loop error if E d , /„, and 1 „ are ignored. The effect 

of the calibration error may be more easily understood by assuming that 

the amplifier is a simple three-stage circuit with a transfer function of the 
form 

G(s) = ( T a s + 1 ){T bS + 1 )(T c s + 1 ) (12 " 14) 

Summer. Assume that the amplifier is used as a simple summer with 
one input, so that 

Zf = Zf t — Rf Z\ = R 1 

1 o simplify the analysis further, assume that the amplifier grid impedance 
Zg is simply a resistor of value R g , and let 


Z t 


i + i 

Ri ^ R, 


R t 


(12-15) 


Then 



Rf 1 + Rf/Rt 

Ri 1 + Rf/R, + K/(T a s + 1)( T h s + 1 )(T c s +T) Pj ' 

R f (T a s + l)(T b s + !)(?> + 1 ) 

R i (Tas + 1 )(T b s + 1 )(T c s + 1) + R t K/(Rj+ R t ) (12_1G) 


If the values of the transfer-function parameters of (12-14) were known, 
Eq. (12-16) could be used to obtain the calibration error as a function of 
lime for any Laplace-transformable input, e t (t). The input could be 
assumed to be a sinusoidal function of time; the concept of frequency 
response of the calibration error thus becomes of importance. This is 
discussed in the latter part of this section. 

Hefore using Eq. (12-16) to obtain t (<), it should be noted that, if the 
summer has multiple inputs e u e 2 , . . . , e n through input networks of 
impedance Zi, Z 2 , , Z n , respectively, 



and Eq. (12-13) becomes 


(12-17) 



(12-18a) 
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In the case of a summer with n inputs and 

Ri = R* = ■ • • = Rn = R„ = R, = R 

2 -I* ti 

= “ 2~ + ~ n - g (jBl + E * + ‘ • • + E n ) (12-186) 

If the open-loop gain is large and the nominal value of output voltage 
is the same in each case, the steady-state (d-c) error for two inputs is 
four-thirds that for one input; for three inputs it is five-thirds that for 
one input; for four inputs it is twice that for one input; for ten inputs 
it is four times the error for one input and twice the error for four inputs. 

Consider the case of a single input that is a unit step function. Using 
the initial value theorem given in Chap. 1, 

7? 

lim e(<) = lim s e(s) = - -=/ (12-19a) 

f—► 0 «-*eo K 1 

The initial error is simply the value the output of the amplifier should 
have at the instant the step is applied. The final value of the error 
depends upon the value of the gain constant K of the open-loop oper¬ 
ational amplifier. The final value of the error is 


lim e(t) 

t —► 00 


lim se(s) 

8 —* 0 
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Ri 1 


+ RtK/ (R f + R t ) 

_ Rr 


Rf + R t 


--tiW+ Rtl+K) < 12 - 19b > 

The initial and final values of the per cent error are, from Eqs. (12-19a) 


and (12-196), 
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= 100 per cent (12-20) 

_ R{ + Rt (12-21) 

Rf + R t ( 1 + fc) 


It is informative at this point to examine the required value of gain 

for a given percentage error of the final value of a response to a step input.. 

If the final percentage calibration error is to be 0.1 per cent, the following 
values are found from Eq. (12-21): 



Per 

Cent e = 

= 0.1 Per Cent 

(a) 

Rf - 

= Rt 

K = 

= 2,000 

(b) 

Rf = 

= 2 R t 

K = 

= 3,000 

(c) 

Rf = 

= 10 A, 

K = 

= 11,000 


Case (a) would correspond to an amplifier used as a sign changer with 
the grid resistance R a infinite. The required gain of 2,000 is not par¬ 
ticularly high, but it should be remembered that tho theorem used yield* 
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the final or the steady-state (d-c) value of the error. The dynamic error, 

from Eq. (12-20), ranges from 100 down to the 0.1 per cent figure for 

the final value. Case ( b) would pertain again to an amplifier used as a 

sign changer, but with the grid resistance R„ equal to Ri and R f . Case 

(c) would correspond either to an amplifier used as a summer with a gain 

of 10, if the grid resistance is infinite, or, if the grid resistance is only 

one-tenth of the value of Rf, to an amplifier used as a sign changer. The 

gain required in this case is seen to be appreciably larger than in case (a) 
or (6). 

Integrator. The next most common use of an operational amp lifi er 
is as an integrator. Again assume that the input impedance is simply 
Rn. and let 


Z 


Cs 


Zt — Rt 


The transform of the error is then 


e (V) = — —1_ i no i ~r ■W.-tcQ ~r j-; _ j- 

RiCs ( R t Cs + l)(T oS + 1 )(T„s + 1 )(T c s + 1) + KR t Cs 

( 12 - 22 ) 

If a unit step input is again assumed for the input voltage, the initial 
value of the error is seen to be zero, and the final value infinite. Again 
this is to be expected. 

With Ei(s) = 1/s, as s approaches zero (corresponding to large values 


1 (RtCs + l)(T a s + l)(r* + 1 )(T c s + 1) 

RiCs (RtCs + 1)( T a s + l)(T b s + l)(7 T c s + 1) + KR t Cs 


With Ei(s) 


of t), 


se(s) 


RiCs 1 + KR t Cs 


(12-23) 


Expression (12-23) can be used to obtain an approximation of the error 
of an integrator response to a step input for large values of time. The 
inverse transform of expression (12-23) is 


e(t) 


t large 


RiC + K R x [1 


g-UlKRtC)] 


(12-24) 


It can be seen that the error of an integrator to a step input depends on 
Ihe open-loop gain K of the amplifier, on R t , on the integration time con¬ 
stant RiC, and on the time after the input is applied. Smaller values of 
l\ tC time constant require proportionally larger open-loop gains for the 
same percentage error. 

The percentage error is approximately 


Per cent error 


100 


KR t C 


[1 


f-it/KR, C)] 


(12-25) 

























452 


ANALOG COMPUTATION 


It is interesting to note that when t = KR t C , the per cent error is 
roughly 37; for t = KR t C/ 100, the error is 1 per cent; and for t = KR t C/ 
1,000, the error is 0.1 per cent. It is important to realize that the per 
cent error is a function of the time constant R t C , not RiC. Thus, if the 
input resistance of the amplifier is finite or if more than one input to the 
integrator is used, the error will be larger than would be predicted using 
the integrating time constant RiC. 

If the R t C constant is 1 sec, the gain must be 10,000 for the error to be 
less than 0.1 per cent at the end of 100 sec. If a time constant of 0.1 sec 
is used, the gain must be 100,000 to meet the same specifications of error. 
It is true, however, that, if the integrator time constant is made smaller 
in order to change the time scale factor by the same factor, the integrator 
per cent error as a function of t will be unchanged, assuming R t = R x . 
A requirement of 0.1 per cent maximum error for a step input to an 
integrator at the end of 100 sec would seem reasonable for most problem 
applications; the gain of 100,000 required for this is much higher than 
the gain usually required for summation or simple sign inversion. 

Frequency Response of Error. Equation (12-13), for the transform of 
the calibration error, has been discussed only with reference to the initial 
and final values of the error for a summer and an integrator, with step 
inputs. It is interesting to assume a sinusoid for the input voltage and 
thereby to obtain the frequency response of the calibration error. Tho 
denominator factors of Eq. (12-16) can be obtained by the root-locUB 
method, as explained in Chap. 6, and frequency-response curves can bo 
plotted directly on semi-log paper using the straight-line-asymptote 
technique. The restrictions on the placement of the poles and zeros of 
G(s) are discussed in considerable detail in Chap. 13, and it is sufficient 
here to state that one of the poles of the transfer function (12-14) must 
be very much nearer the origin than the other two. Since the concept 
of frequency response involves the ratio of two transforms as a function 
of ju>, the quantity e(s) from Eq. (12-16) can be divided by (R f /Ri) E\(n) 
in order to obtain a function that, upon substituting ju for s, can be int er 
preted as the frequency response of the per cent error for a sinusoids I 
input. The form of the resulting asymptotes for the log modulus log 
frequency curves of the per cent calibration-error function of a sum mot 
is given in Fig. 12-2. Since the curve for phase angle versus log frequency 
is dependent upon the curve for log modulus versus log frequency, the 
phase-angle curve may be omitted in a qualitative discussion such mi 
this, and the log modulus curves simply referred to as the frequency 
response. Note that the per cent calibration error (for a sinusoids! 
input and steady-state condition) is constant for low frequencies, hut 
starts increasing at frequencies above the break point determined by 
the first open-loop pole of the amplifier transfer function. In practical 
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amplifier designs this break point usually occurs at a frequency of 0.1 cps 
or lower. The error curve rises at 20 db/decade until the frequency of 
the first pole of expression (12-16) is reached, which would normally be 
a pair of complex conjugates, as indicated in Fig. 12-2. These poles 
will normally occur in the neighborhood of 10,000 cps. The error 
function decreases until the next break point is reached, flattens 
out, and eventually arises again over a short span of frequency before 
finally flattening out again. Note that the calibration error as a function 
of frequency increases by a factor of 10 each decade at low frequencies. 
Thus, over the frequency range from 0.1 to 100 cps, the error as a function 
of frequency has increased by a factor of 1,000. Figure 12-2 shows that 
the error as a function of frequency is constant and minimal only over a 
very limited range of frequencies, although the value of the d-c or static 

™ t lOOfljS,. \ 

20 |0 S ~RfE\ (jtv) 

40 db 

(100% error) 


R f +R t (l+K) 

T a 

Fig. 12-2. Frequency response of per cent calibration error function for a summer. 

error would be less than 0.1 per cent if the gain is on the order of 3,000 
for an amplifier used as a sign changer, providing the grid resistance R g 
is large. The maximum error at a frequency of 10 times that of the first 
break point of the open-loop transfer function is 1.0 per cent and at 
100 times the first break-point frequency is 10.0 per cent. It must be 
recognized, of course, that the placement of the first pole of the transfer 
function is dependent upon the desired open-loop gain, for it will be 
placed only as close to the origin in the s plane as is necessary to provide 
for proper stability of the amplifier. The proper design of an operational 
amplifier is a rather complicated task; some of the aspects of this are 
covered in detail in Chap. 13. It is sufficient here to state that practical 
design problems place a limit on the placement of the two high-frequency 
poles of G(s) of on the order of 50 to 100 kc. Table 12-1 gives the approxi¬ 
mate required frequency of the lower break point for the open-loop 
I ransfer function of the amplifier for a given value of gain. The table 
also shows the approximate maximum per cent calibration error at low 
frequencies and at 50 cps for a summer with R t * HR/- The gain-break 
point frequency relationships of "Fable 12-1 are fairly realistic, although 
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Table 12-1. Approximate Required Lower Break-point Frequency for a 

Given Value of Gain and Resultant Maximum Per Cent 
Calibration Error for a Summer with R t = }^ R / 



careful design of an amplifier can increase the gain in the last two rows 
by a factor of perhaps 10. As discussed above, for a summer to have a 
static accuracy of 0.1 per cent, the gain must be in the region of 2,000 to 
10,000, depending on the maximum required value of R f /R t . Thus the 
frequency of the first break point is necessarily going to be quite low. 

Consider an amplifier designed for a gain of 10,000. The static or d-c 
error is quite small, approximately 0.03 per cent. However, since the 
first break point must occur in the region of 5 cps and the frequency 
response of the error is of the form of Fig. 12-2, it is easily seen why the 
error at 50 cps is considerably larger—of the order of 0.3 per cent. 

Table 12-1 brings up what may at first seem to be a very curious fact.. 
As the open-loop gain of the amplifier is increased above 1,000, the static 
or d-c error decreases proportionally, as expected; however, the per cent 
error at 50 cps remains almost constant at a value of 0.3 per cent. Table 
12-1 displays approximate value of the maximum per cent error for a 
sinusoidal input. The instantaneous per cent error in the response of u 
summer to a sinusoidal input, of course, varies from zero to a maximum 
in each cycle of the input frequency. 

More could be done with error analysis using the frequency response 
approach, such as obtaining the average error, the rms error, etc., but 
the above discussion is sufficient to give the reader some insight into I hr 
ranges of gain required of an operational amplifier used as a summer or 
sign changer and the limitations upon frequency response of that ampli 
fier. It is certainly obvious that, from a practical standpoint, merely 
increasing the gain of an amplifier will not solve all the calibration -error 
difficulties, for the error remains almost constant at 50 cps in tlm no n 
considered and increases rapidly above that frequency. I 

The expression of (12-22) can be used to obtain the frequency response 
of the error function for an integrator. This case is more diHieul! In 
analyze than that of the summer, but it can be shown, by the root loons 
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technique, that the pole nearest the origin in the s plane for an integrator 
formed from an amplifier with the transfer function of (12-14) occurs not 
at the origin as it should but rather at 


_ 1 
8 - (K + 1 )R t C 


(12-26) 


Thus, for R t C = 1 and K = 10 5 , the pole occurs at s ^ -10" 5 , and 
the first break point in the frequency-response curve for the error occurs 
at 10 -5 radian/sec, as shown in Fig. 12-3. The ratio of the error to the 
desired value as a function of frequency is then 1 at low frequencies (100 
per cent error) and decreases at the rate of 20 db/decade from the first 
break point at 10" 5 radian/sec to the frequency 1 /RtC or 1 /T a radian/sec, 
whichever is smaller. The error remains constant between those two 



Fig. 12-3. Frequency response of per cent calibration error function for an integrator. 

break points, increases again at the rate of 20 db/decade for several 
octaves, begins to decrease again, flattens out, and then again starts 
increasing at much higher frequencies, until eventually 100 per cent error 
is reached again at frequencies well above that determined by the smaller 
of the three time constants of the amplifier. Thus the error reaches a 
minimum value in the vicinity of 1 radian/sec and begins to increase 
again above that frequency. For the values chosen above (RtC = 1, 
K = 10 6 ) the maximum per cent error at 1 radian/sec would be roughly 
0.001 per cent and would be 0.1 per cent at 0.01 and at 100 radians/sec. 
'Thus, from another point of view it is seen that the gain of an amplifier 
that is to be used as an integrator must be considerably larger than the 
gain required for a summer for the same specified per cent error. It can 
also be appreciated that the range of frequencies over which the inte¬ 
grator can be used with a given maximum error for its operation is rather 
limited. Increasing the gain above 10 6 will increase the range of fre¬ 
quencies over which the integrator can be used by roughly the same 
factor but will not materially change the minimum per cent error. From 
a pract ical point of view, then, an amplifier with a gain of 10 6 can be used 
over the frequency range of 0.0015 to 15 cps with a calibration error of 
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the order of 0.01 per cent or less. Very roughly, if the gain is increased 
by a factor of 10 up to 10 6 , the operating range becomes 0.000015 to 
150 cps. Actually many commercial amplifiers have gains on the order 
of 10 8 , so there is a rather wide range of frequencies over which the 
amplifier can be used as an integrator with an error of 0.1 per cent or less. 
The above discussion further emphasizes the point that an amplifier 
with a gain of only 10 5 will result in rather marginal performance as an 
integrator; a gain of 10 6 to 10 8 will be quite adequate in most cases. 

It would be enlightening for the reader to carry through the above 
analysis for a summer and an integrator with two or more inputs rather 
than the one input assumed for the above analysis. It will be found 
that the major difference is that the value of R t will be smaller for multiple 
inputs. In fact, if the grid resistance R g is infinite, the value of R t will be 
decreased by the factor of the number of inputs, if equal resistors are 
used. Thus for two inputs R t will be one-half the value used above; for 
three inputs it will be one-third of that value. Simply because of this 
decrease in the value of R t , the gain required for a given per cent error 
for a summer will be higher but not by the same factor. The effect on 
the performance of an integrator will be to increase the per cent error 
over the entire range of frequencies, since the pole of the integrator that 
should be at the origin will be moved away from the origin by the factor 
of the number of inputs. This is seen from Eq. (12-26). Thus, an inte¬ 
grator with 10 inputs will have roughly 10 times the error over the entire 
frequency range as the same integrator used with only one input. Thin 
is the reason that it was recommended earlier in this book that an inte¬ 
grator not be used to sum variables unless other circumstances warrant 
that procedure. 

A number of straightforward suggestions have been made for minimi/, 
ing calibration error. There is another possibility that has not yet been 
discussed, and that is to use values for the feedback and input impedaneoM 
other than those called for by the simplified relationship of Eq. (12-11). 
This approach leaves much to be desired, for either a much great or 
amount of time will be required for setup of the computer or else tlui 
computer must be designed in such a way that it is quite inflexible. 
This method of compensation for the calibration error is usually nol. 
necessary except in the solution of problems that require quite high 
frequency components to be present in the computer. This condition 
is often met when a machine is used in a repetitive type of opera linn 
Machines have been designed specifically for repetitive operation, itinl, 
if special-purpose computing components rather than gonoral-purpomt 
operational amplifiers are acceptable, this approach to the limitation m 
minimization of calibration error is practical. Placement of (rimming 
capacitors across each input resistor has been suggested to improve I he 
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high-frequency response of summing amplifier and integrators. 2 More 
elaborate schemes along this line have been suggested from time to time 
but little practical work seems to have been done. 

12-3. Other Errors Due to the Use of Operational Amplifiers. The 

calibration error has been considered in some detail. The other error 
terms inside the first bracket of Eq. (12-12) and error due to use of an 
imperfect integrating capacitor are discussed briefly in this section. 

Grid Current . * In the region of grid-to-cathode voltage normally used 
for bias, grid current is caused by attraction of positive ions of the residual 
gas in the tube to the negative grid. It is also possible for the grid itself 
to emit electrons, but the amount of the negative grid current depends 
chiefly on the amount of residual gas in the tube and varies from tube to 
tube. As the grid-to-cathode potential approaches zero, the grid current 
will become positive owing to electrons flowing to the grid from the 
cathode. For the input tubes normally used in operational amplifiers, 
the maximum grid current is less than 1 /xa. The grid current specifi¬ 
cations for a typical commercially available operational amplifier are 
given in the next section. Design techniques used to minimize grid cur¬ 
rent and the effects of grid current are discussed in Chap. 13. 

The grid-current term of Eq. (12-9) is seen to be simply the Laplace 
transform of the error due just to grid current then is 

e(s) = -Z f I g (12-27) 

The actual error in volts at the output is a function only of Z f and I g ; 

the per cent error is a function of the input voltages and the input imped¬ 
ances as well as I g . 

For a summer, the grid current will have less effect if the feedback 
resistor is small. If Rf — 1 megohm, a grid current of 0.1 /xa would cause 
an error at the output of 0.1 volt. 

For an integrator, the transform of the error due to grid current is 

«(«) = - ^ (12-28) 

which, for constant grid current, results in 

*00 = - ^ t (12-29) 

Thus, a constant grid current acts as a step input to an integrator, and 
the resulting error builds up linearly with time. If C = 1.0 ^f and 
*» “= 0-1 f*a as before, the error at the output of the integrator after 

* The corresponding source of error for a transistor input stage would be the 
Humming junction (Imao-omittor) voltage. 
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100 sec is 10 volts. It is obvious that grid current is much more serious 
for integrators than for summers. 

There are two practical ways to overcome the error due to grid cur¬ 
rent: (1) to select a tube for the input stage of the amplifier that, because 
of its design, has very small grid current, and (2) to convert the d-c volt¬ 
age at the su m ming junction to an a-c voltage by sampling and not con¬ 
nect the d-c voltage to the grid of the amplifier at all. This is discussed 
in more detail in Sec. 12-4. 

Effect of Finite Output Impedance. The third term on the right-hand 


side of Eq. (12-12) is 


Z. /% , Z 

G \Z ft ^ Z 


A Jo 

t) Ei 


If the output impedance of the amplifier is not zero, this term will cause 
an error in the operation of the operational amplifier due to the finite 
amount of current I 0 drawn at the output of the amplifier. In actual 
practice the output impedance can be approximated as a resistance of 
the order of hundreds of ohms. This term is quite small if the gain of 

the amplifier is large. 

Let Z„ = R„, and assume an amplifier transfer function of the form 

(12-14). The transform of the error due to finite output impedance for 


a summer is 


(•) 


R. 

K 


1 + 


Ri 

R 


(12-30o) 


and, for an integrator, 


(«) 


R 0 R t Cs + 1 
K R t Cs 


( T a s + 1 )(7Vs + 1 )(T c s + 1)1. (12-30 6) 


It can be seen that the effective output resistance is the actual resistance 
divided by the open-loop gain. 

Assuming that all the output current is drawn by a load Rl, the steady 
state per cent error for a summer with constant input is 


<t) 


100 — 
KRl\ R 


f) 


per cent 


For the values 


R, 


500 ohms 


Rl = 10 kilohms 


R 


R, 


this gives 


Gain Per cent error 


10 4 

10 ' 


0.001 
0.00001 
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It should also be noted that the effect of finite output impedance 

increases with frequency. At frequencies between the first and second 

break points of the open-loop-amplifier frequency response, the error 

increases by a factor of 10 each decade. Using the values of Table 12-1 

the per cent error at 50 cps for the above values would be approximately 
0.01 for both values of gain. 

F Eff no iL DHft ^ N ° iSe ' The f ° Urth term 011 the r ight-hand side of 
ii*q. (12-12) is 



(12-31o) 


Recall that e d was defined as the equivalent voltage at the grid of the 
amplifier that represents both internal drift in the amplifier and noise. 
The equivalent voltage at the grid due to any drift inside the amplifier 
can obviously be minimized by placing as much gain as possible ahead 
of the source of drift or noise. It is also obvious that, if the first stage 
of the amplifier has a gain of the order of 50 to 100, the principal com¬ 
ponents of drift and noise voltage will arise from the first stage. It is 
clear that the way to decrease the error due to the drift voltage is to 
make the ratios Z f /Z t and Z f /Z n as small as possible. Thus the value 
for Z t should be as large as possible for a simple summer or integrator 
As discussed above, Z t is simply the parallel combination of the resistors 
used for the inputs and the grid resistance of the amplifier. Because 
of this, it is seen from Eq. (12-31o) that the effect of drift or noise will be 

increased if more than one input is used. Consider an amplifier used 
as a summer 


R f 

Output-voltage error 

R t 

2e d 

2 R t 

3 e d 

3 R t 

4e d 

10 R t 

lle d 


I hus, with R g - co , the use of three inputs to a summer instead of one 
results in twice the error due to drift and noise; or, looking at it another 
way, using a summer to obtain a gain of 3 results in twice the error due 
to drift and noise. Using a summer for a gain of 10 results in more than 
live times the error due to drift and noise. Again it is seen that the 
number of inputs should be kept to a minimum and that the gain required 
of a summer should also be kept as small as possible. 

I he transform of the drift error for an integrator is 



RiCe + 1 

RfJa 



(12-315) 
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The drift and noise voltages are integrated and can result in appreciable 
error for large computing times. The same general conclusions drawn 
for the summer regarding number of inputs and gain factors used can be 
drawn for an integrator. 

Leakage Resistance . In the above discussion of the simple integrator 
it was assumed that the feedback impedance was simply 1/ Cs. Realiza¬ 
tion of this ideal computing component is not possible in practice, for any 
capacitor has a finite value of leakage resistance and exhibits dielectric 
hysteresis, which acts somewhat like the leakage resistance itself. Con¬ 
sider a capacitor, used for the feedback impedance element of an inte¬ 
grator, that has capacitance C and leakage resistance R c . The feedback 

impedance then is 


Zf 


Re 

R c Cs -f- 1 


(12-32) 


The transform of the error due to leakage, including calibration error, is 


(«) 


E x 

RxCs 


RxCs + Rx/RcG 


G 

\/{R£s + Rt/Rc) 


Ex 


- w ^ W - A ■ ' 

(12-33) 

Equation (12-33) is not particularly easy to work with. In order to 
simplify the analysis and to separate the major effect of the leakage 
resistance from the other calibration error term, assume that the calibra¬ 
tion error term is negligible so that the transform of the output voltage 

is given simply by 


E 0 (s) 


-Ex 

RxCs + Rx/R 


(12-34) 


Then the transform of the error caused by the leakage resistance of the 
capacitor is 


(«) 


( RxCs + RxCs + R 

-Ex 

R c Cs(RxCs + Rx/Rc) 


x/r) E 


(12-3A) 


The ratio of error to the desired quantity is, then, 


«(*) 

Ei/RiCs 


R c Cs -4* 1 


(12-SMI) 


This is a rather simple expression and shows that, from a frequency 
response point of view, the per cent error due to leakage resistance !>i 
100 per cent at a frequency of l/2rr RjC cps. The per cent error decmiMi* 
at a constant rate of 20 db/decade for frequencies above the single break 
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point. As an example of how Eq. (12-36) can be used, assume that the 
error due to leakage resistance is required to be less than 0.01 per cent at 
1 cps. The leakage resistance must then be 

10 4 

Rc > ^ (12-37) 

If the capacitance used is 1 /xf, then the value of leakage resistance should 
be at least 10 times the above value, or 16,000 megohms. Commercially 
available polystyrene capacitors have leakage resistances well beyond the 
above figures. The fact cannot be ignored, however, that the total 
leakage resistance around the integrating capacitor includes the leakage 
not only in the capacitor itself but also across any terminal strips, con¬ 
nectors, or patch-bay surfaces to which the leads of the capacitor are 
connected. Surface leakage in a patch-bay system is seen to be an impor¬ 
tant design criterion. 

12-4. O perational Amplifiers. The operational amplifier is an extremely 
important component of the electronic analog computer; it can be said 
that the operational amplifier is the heart of the modern analog com¬ 
puter. The operational amplifiers used in general-purpose computers are 
usually constructed with vacuum tubes and are voltage amplifiers, having 
an output-voltage range of at least +100 to —100 volts. An amplifier 
utilizing transistors would have the advantages over a vacuum-tube 
amplifier of smaller physical size and much smaller power consumption, 
but it would have some inherent disadvantages that are difficult to sur¬ 
mount. The desired large range of output voltage is difficult to achieve 
using transistors, as is also the needed high summing-junction impedance. 
A transistorized d-c amplifier is much more sensitive to temperature 
changes than a vacuum-tube d-c amplifier, and such amplifiers must be 
kept in temperature-controlled ovens for analog-computer applications. 
Partially transistorized operational amplifiers utilizing vacuum tubes for 
the output stage are a possibility. Some work has been done on the 
possibility of analog computers using currents rather than voltages as 
the dependent variables; in this case, transistorized current amplifiers 
would have a real advantage over vacuum-tube current amplifiers. A 
computer using currents rather than voltages could be thought of as the 
dual of the voltage computer. Resistors and inductors rather than 
resistors and capacitors would then be used as the computing elements. 
'This concept presents the difficulty of constructing high-quality linear 
inductors for a cost comparable with that of the precision capacitors now 
used. The problem of measuring currents at various points in the com¬ 
puter setup presents another difficulty. The interested reader will 
find an investigation of the possibilities and problems associated with 
current-type analog computers an interesting study. The present dis- 
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cussion will, however, be restricted to the voltage-type computer and 
the vacuum-tube voltage operational amplifier. 

The block diagram of a basic amplifier is shown in Fig. 12-4. The 
transfer functions of the three stages are denoted by (?i, (? 2 , and G$. If 
the transform of the voltage at the grid of the first stage is denoted by 
Eg , the output-voltage transform will be the product of the three transfer 
functions times the grid voltage E g , or 

E 0 = GiG^fsEg (12-38) 

The transfer function of a typical amplifier stage is derived and discussed 
in detail in Chap. 13. It is sufficient here to state that the transfer 
function of each stage takes the form 

G(s) = - -5rr or G(s) = - - * (r, f, + ^ ■ (12-39) 

rs + 1 (ns + l)(r 2 s + 1) 

It should be noted that, because of stray capacitance and inductive 
coupling, it is impossible to build an amplifier stage that has a transfer 



Fig. 12-4. Basic amplifier block diagram. 


function of simply —K. The design of d-c amplifier circuits imposes a 
number of problems not encountered in ordinary a-c amplifier design. 
One problem encountered is that of bias; since each amplifier stage is 
coupled by resistance networks to the input of the following stage or, in 
the case of the last stage of the amplifier, back to the grid of the first 
stage, the output-voltage level at the output of each stage must either 
be compatible with the grid voltage at the input of the following stage or 
else be introduced to the grid through appropriate resistance networks 
fed from a bias voltage source. Another more serious problem is that 
of drift. Changes in supply voltages to the amplifier stage, including 
heater supply voltages, will cause the output level to change independ ¬ 
ently of the signal on the grid of the stage. Changes in tube character 
istics due to temperature changes or age will likewise affect the level 
of the output voltage. Changes in passive circuit components due to 
temperature, humidity, or age will produce the same effect. 

As an example of the seriousness of the drift problem, assume thiil 
each of the amplifier stages in Fig. 12-4 has a d-c gain of 100. Any d v 
amplifier will have a balance control by means of which the output of the 
amplifier can be set to the reference level, usually zero volts, for zrm 
signal at the input. Suppose, however, that, sometime after the nmplilirr 
has been correctly balanced, changes have occurred in the amplifier stiigcH 
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such that the output of each has shifted by 1 mv independently of the 
voltage on its grid. The changes in the output voltage (for the open- 

loop case, no feedback) due to change in output of the three stages 
would be 

Due to stage 1: 

Due to stage 2: 

Due to stage 3: 

Total change: 

It is obvious that, because of the high gain following the first stage, any 
drift in the first stage is harmful. Drift in the d-c-coupled amplifier 
stages can be minimized by proper circuit design, selection of suitable 
vacuum tubes and circuit components, use of regulated power and voltage 
supplies, and use of differential-type circuits for the input stage. 

The natural solution to the problem of drift in the first stage of the 
amplifier would be to design a high-gain, drift-free circuit for the first 
stage of the amplifier. This can be accomplished by using an auxiliary 
a-c amplifier (RC coupled) for the first stage. In order to amplify 
signals that have frequency components below the bandwidth of the a-c 
amplifier, the signal must be sampled before amplification. A sampling 
device followed by an amplifier with suitable filtering can amplify and 
reproduce signals with frequency components theoretically as high as 
one-half the sampling frequency. In order to avoid excessive distortion, 
the frequency response of the amplifier-filter combination must be such 
that the gain is less than 1 at a frequency of one-third to one-fifth of the 
sampling frequency. This imposes a definite limit upon the amount of 
gain that can be obtained with an a-c amplifier portion. High-speed 
electronic sampling switches have the same problems with drift as do 
d-c-coupled amplifier stages. For this reason the sampling switches 
used in most computer applications are of the mechanical type known as 
choppers , which are capable of operation in the 60- to 400-cps range. 

Almost all amplifier designs that make use of the sampler-a-c amplifier- 
filter combination use a feedforward loop around an a-c amplifier section 
in order to bypass the high-frequency components of the signal and in 
most cases the d-c component of the signal as well, to the d-c-coupled 
section of the amplifier. The block diagram of such an amplifier is shown 
in Fig. 12-5. This is the general form of almost all d-c operational 
amplifiers that have a gain of 10 6 or greater. In Fig. 12-5 it is seen that 
the grid voltage is sampled and amplified by two stages of amplification 
in the a-c section. The output of the second stage of the a-c amplifier 
has the same polarity as the grid voltage and, after filtering, is added tc> 
(he grid voltage itself (in Mm unity-feedforward-loop case) at the input 


10 volts 
0.1 
0.001 

10.101 volts 
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of the first stage of the d-c section of the amplifier. The d-c section of 
the amplifier must still have an odd number of stages, usually three. 
From a practical point of view, the addition of the sampled-data a-c 
section has the effect of increasing the gain of the over-all amplifier 
by an appreciable factor without a corresponding increase in drift. From 
a feedback-control-theory point of view, the use of the feedforward loop 
is a natural selection, since, for a large filter time constant, the addition 
of the section adds a pole-zero dipole near the origin in the 5 plane and, 
therefore, the additional gain obtained has little effect upon the over-all 
stability of the system when feedback around the entire amplifier is used. 
Figure 12-5 shows a unity-gain feedforward loop, which is the most com¬ 
mon implementation of this idea, but the designer is not restricted to 
unity gain and could use resistive or capacitive networks. In particular, 
the feedforward loop could employ capacitative coupling, thereby elimi- 



Fig. 12-5. Feedforward method of stabilization. 

nating the d-c component of the grid voltage in the feedforward loop. 
Capacitance-diode coupling is sometimes used in this feedforward loop in 
order to reduce the effect of grid current at the input of stage 3. The 
concept of using a feedforward loop around an a-c amplifier section is 
discussed in detail in Chap. 13. The general method has been referred 
to as automatic balancing of d-c amplifiers, chopper stabilization , and 
automatic zero-set . 3-6 

From Fig. 12-5 it can be seen that the over-all open-loop transfer 
function is 

Sr = (1 + GiG^Gn/rt (12-40) 

Now assume the transfer function of the sampler-a-c amplifier-filter is of 
the form 

Ga = rjrv I = Gl ° 2 (12 ‘ 41) 

Further assume that all d-c amplification stages have transfer functions 
of the form 

r - ~ Ki 

Gl T iS + 1 


(12-42) 
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The resulting open-loop transfer function of the amplifier is then 


E, 

E. 
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T &s + 1 


— KJCiKsKa[(T a /Ka)s + 1 + l/ifg] 

C TaS + 1)(7V+ 1 KT# + 1 )(T b s + 1) 


(12-43) 


The gain of the amplifier at low frequencies is seen to be —KzKiK$K a . 
K a is normally of the order of several thousand, and, since it precedes the 
d-c section, the drift in the d-c section of the amplifier is reduced by the 
factor K a . 



Fig. 12-6. Partial schematic of a typical operational amplifier. 


A Typical Operational Amplifier. Figure 12-6 shows the partial sche¬ 
matic of a typical operational amplifier; this is a hypothetical amplifier 
but has the characteristics of most commercially available high-gain d-c 
operational amplifiers. The a-c section consists of an electromechanical 
vibrator or chopper, a two-stage a-c amplifier, a demodulating circuit, 
and a filter network of large time constant RC. The d-c section consists 
of three stages of direct-coupled circuitry. The chopper is driven from 
an a-c voltage source of from 60 to 400 cps. The voltage e x is grounded 
during a portion of each cycle of the driving voltage of the chopper. 
If the voltage e 0 is different from zero, the voltage at the grid of the first 
tube V ia is a series of pulses that can be amplified by the a-c amplifier. 
The output of the second stage of the a-c amplifier is coupled to a diode- 
typo demodulating circuit driven from the same voltage source as the 
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chopper. The demodulated voltage is then filtered by the filter consist¬ 
ing of resistance R and capacitance (7, resulting in a slowly varying d-c 
voltage e 2 at the grid of V This comprises the entire a-c section and 
will be found quite similar in most commercial designs. This section 
usually is designed for a d-c gain of 1,000 to 3,000. The output of V i& is 
also used to drive an overload circuit that provides a warning when the 
voltage e g rises above a certain limit. This provides a more realistic 
overload-warning system than that of simply monitoring the output 
voltage of the amplifier, since the output voltage of the amplifier may be 
well below the rated output voltage even when e g is large, because of 
saturation of one of the stages of the d-c amplifier. 

The input stage to the d-c section consists of a differential-type circuit 
using two halves of a twin triode and a common cathode resistor. This 
stage amplifies the sum of three voltages: (1) the output voltage of the 
a-c-section filter, (2) a bias voltage obtained from a balance potenti¬ 
ometer, these two voltages being summed at the grid of V 2a , (3) and the 
voltage e 3 from the feedforward loop. The feedforward loop is shown 
in Fig. 12-6 to include a capacitor-double diode circuit introduced for the 
purpose of minimizing the effect of grid current drawn in tube V %&. 
The network in the feedforward loop is often omitted, giving unity 
feedforward. 

The second stage of the d-c section consists of a cathode follower driving 
an amplifier stage. The cathode follower is often omitted and a high- 
gain pentode used instead of a twin triode for the second stage. 

The last stage consists of two tubes, usually two halves of separate 
twin triodes, used in a cascode-type circuit. An analysis of the cascode 

output circuit is given in Chap. 13. 

From Fig. 12-6 one might conclude that the high-gain operational 
amplifier circuit is rather simple; two such circuits could be built on a 
single chassis and would require only eight vacuum tubes and one chopper 
between the two amplifiers. Note that only one pole of the chopper 
contactor is used for the amplifier shown. The other pole could be used 
for a second identical amplifier on the same chassis. The cascode circui! 
also requires different halves of two different tubes, because the filament 
supply of V 4 must usually be biased with a negative voltage in order to 
keep the heater-cathode potential within the ratings of the tube. 

Table 12-2 gives specifications typical of amplifiers such as the one 

indicated in Fig. 12-6. 

Although most high-quality operational amplifiers will meet the Hpccili 
cations of Table 12-2, amplifiers designed specifically for repetitive type 
computers or for small desk-type computers will fall far short in ; event I 
respects. Such amplifiers usually do not have an a-c amplification 
section and are designed for a much lower value of gain; hence the mn\i 
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Gain: 1,000 to 3,000 in a-c section 

50,000 to 100,000 in d-c section 
Over-all gain: Greater than 10 8 

D-c drift: Referred to summing junction, ej < 0.25 mv/day.* Integrator with 

1.0-/xf capacitor will operate for 15 min with less than 100 mv drift when 
balanced in STANDBY state; less than 100 mv in 90 min when balanced 
in OPERATE state. 

Grid current : V 2 b grid current less than 100 \x\ia max, average 30 /x/na. 

Frequency response: Open loop; flat to 0.005 cps, — 6db slope to 50 kc. As unity 

sign inverter with 1-megohm resistors; bandwidth 10 to 30 kc 
with little or no resonant peak. Maximum phase shift at 100 
cps, 0.15°. As unity inverter with 0.1-megohm resistors; 30 to 
100 kc bandwidth, maximum phase shift 0.1° at 100 cps. 

Gain of 1 (1-megohm resistors, 1.0-/xf capacitor): summer, 10 to 
30 kc; integrator, 10 kc. 

Gain of 4 (1 megohm, 0.25-megohm resistors, 1.0-^f capacitor): 
summer, 8 to 10 kc; integrator 10 kc. 

Gain of 10 (1 megohm, 0.1-megohm resistors, 1.0-/*f capacitor): 
summer, 8 kc; integrator, 9 kc. 

Gain of 0.1 (0.1 megohm, 1-megohm resistors, 1.0-/*f capacitor): 
summer, 100 kc; integrator, 130 kc. 

Algebraic loop test: When loop is closed around three summers with identical input 

and feedback resistances, the maximum loop gain for stability 
ranges from 3.5 to 10. 

Output voltage range: ±125 volts 
Maximum current output: 20 ma 
Minimum load impedance: 5,000 ohms 

Saturation: 0.01 per cent linearity to 100 cps at 5-ma load current; 70 cps at 10 ma; 

25 cps at 20 ma 

Output impedance: Open-loop output impedance 500 to 1,000 ohms 

Noise level: Referred to summing junction, e«* is 5.0 mv maximum, peak to peak. 

* See Eq. (12-12) for effect of ej on output. 


mum drift is considerably larger, and, in addition, the output specifica¬ 
tions in general are much lower. 

If an operational amplifier meets the specifications of Table 12-2, the 
errors discussed in Secs. 12.2 and 12.3 will usually be less than 0.1 per 
cent over an operating range of 0 to 100 cps. This assumes, of course, 
that the amplifier is not misused; i.e., that the output load is kept within 
a specified limit, etc. The computing elements associated with the 
amplifiers in a high-quality computer are usually matched to tolerances 
of ±0.1 per cent or better. 

12-6. Multipliers and Resolvers. There are many types of multipliers 
that have been designed and tested, but only a few of these have found 
acceptance in the analog-computing field. An ideal multiplier would 
accept the inputs ;r and y and give the product xy irrespective of the 
polarity of either input. Such a multiplier is said to be capable of four- 
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quadrant operation. Some multiplier designs will operate only with a 
fixed polarity for both x and y; such a multiplier would be termed a one- 
quadrant multiplier. There is a fairly large class of multipliers that 
require a fixed polarity for one of the inputs although the other input 
can change polarities; such a multiplier is referred to as a two-quadrant 
multiplier. Many of the multiplier designs available for analog-computer 
operation are basically two-quadrant multipliers; however, two-quadrant 
multipliers can easily be adapted to four-quadrant multiplication. 
Figure 12-7 shows two ways in which two-quadrant multipliers can be 
applied to four-quadrant multiplication. 

Some of the multiplying devices that have been applied to analog- 
computer work are listed in Table 12-3. The multiplying devices have 
been grouped into three categories: (1) those that entail only electronic 



Fig. 12-7. Use of two-quadrant multipliers for four-quadrant multiplication. 

equipment, (2) those that entail electromechanical equipment, and (3) 
those that cannot really be classified under either of the other two head¬ 
ings. The coefficient potentiometer listed under electromechanical 
devices does not strictly belong in Table 12-3, since it cannot be used to 
multiply two computer variables. The output of the coefficient potenti¬ 
ometer is a product of the input variable and a resistance ratio, which is 
normally set manually and would be classified as a constant-multiplying 
device. The servo multiplier uses the same basic idea as that of the 
coefficient potentiometer except that the voltage ratio is set by a servo 
motor-driven shaft and can, therefore, be proportional to a machiin¬ 
variable. The servo multiplier is quite versatile and can be used for 
either two-quadrant or four-quadrant multiplication. Relay multiplier* 
include at least two different types, time division and digital. The 
electrodynamometer multiplier is similar to an ordinary d-c meter except, 
that the magnetic field is applied by an electromagnet which is excited 
by current proportional to one problem variable while the coil oi the 
instrument is excited by a current proportional to the second problem 
variable. The resulting torque on the moving coil is proportional to 
the product of the two currents. 

Of the electronic-type multipliers, the time-division multiplier *ih most 
widely used for general-purpose analog-computer work. The diode 



Table 12-3. Types of Multipliers 


A. Electromechanical 

1. Coefficient potentiometer 

2. Servo multiplier 

3. Relay (digital) 

4. Dynamometer 

B . Electronic 

1. Time-division 

2. Diode quarter-square 

3. Carrier modulation types 

a. Amplitude-pulse width 

b. Amplitude-phase 

c. Amplitude-frequency 

4. Digital 

a. Arithmetic operation 

b. Digital-analog conversion type 

5. CRT types (electron beam) 

а. Crossed fields 

б. Square-shaped beam 

6. Logarithmic 

C. Other 

1. Acoustical 

2. Heat transfer 


quarter-square multiplier is also used a good deal. The modulation-type 
multipliers show a good deal of promise but have not been widely used. 
The digital-type multiplier is basically different from the other multipliers 
listed in Table 12-3 in that its operation requires that one of the problem 
variables be converted from analog to digital or numerical form. This 
type of multiplier is discussed in more detail in Chap. 14. Cathode-ray- 
tube (CRT) multipliers depend upon the deflection of an electron beam for 
their operation. They also hold some promise but have not been adapted 
for general-purpose computer work. The last category includes two 
types of multipliers that are interesting in themselves but have not been 
used for general-purpose computer work. Like many of the other types 
of multipliers, they have been successfully adapted to special-purpose 
computers at one time or another. 

Servo Multipliers and Resolvers. Despite significant advances in the 
performance of electronic multipliers, most analog-computing facilities 
still have servo multipliers available. The simplicity, reliability, and 
case of adjustment of the servo multiplier are factors that contribute to 
its continuing popularity. Its versatility and its small size and low cost 
for obtaining a large number of products having a common multiplier 
considerably outweigh its comparatively low speed of response. All 
servo multipliers are designed around the basic circuit of Fig. 12-8. The 
input x is compared with a voltage from the feedback potentiometer 
(follow-up cup), resulting in an error voltage if any difference exists. 






















470 


ANALOG COMPUTATION 


The error voltage is changed to an a-c voltage by a modulator, amplified 
by an a-c amplifier, and applied to the control-field windings of a servo 
motor. The servo motor turns the common shaft of a number of care¬ 
fully matched potentiometers. The voltage appearing at the wiper of 
each potentiometer will be a function of both the voltage applied across 
the terminals and the position of the shaft to which the wiper is attached. 
If the potentiometers are wound so that the resistance varies linearly with 
rotation, the wiper voltage will be proportional to the product of applied 
voltage and shaft position if no current is drawn through the wiper. As 
noted above, one of the potentiometers is termed the follow-up or feedback 
cup and is normally connected to stable reference voltages. The output 
of this wiper is compared with the input x. If any error voltage exists, 
the servo motor will continue to turn the shaft until the voltage from 
the follow-up cup is equal to the input voltage. When the null is reached, 



Ganged potentiometers 
Fig. 12-8. Servo multiplier. 


the output at the wiper of each potentiometer is proportional to the 
voltage applied to its terminal multiplied by the input voltage, as indi¬ 
cated in Fig. 12-8. 

Servo multipliers are generally supplied with six ganged potenti¬ 
ometers: five for computing operations and one follow-up cup. All the 
potentiometers need not be linear, however; therefore, the servo multiplier 
has great versatility. Nonlinear and multi-tapped potentiometers make 
possible such operations as function generation, interpolation, and coon 1 1 
nate transformation. A very common nonlinear potentiometer used 
with servo multipliers is the sine-cosine potentiometer. The sine-cosine 
potentiometer has two wipers, and the resistance element is so designed 
that, if a constant voltage is applied to the input terminals and the shall 
rotated through 360°, the output voltage from one wiper is a sine fund ion 
of the shaft rotation and the output of the other wiper is a cosine iund ion, 
Servo multipliers that include sine-cosine potentiometers on the out put 
shaft are usually referred to as resolvers. 

The need for trigonometric resolution of vector components from one 
coordinate system to another arises repeatedly, especially in problem* 
dealing with space vehicles. Special computer units are available to meel 
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this frequent need. In general-purpose computers the most widely used 
method of resolution makes use of nonlinear potentiometers attached to 
the output shaft of a servo multiplier as indicated above. Each quadrant 
of a special potentiometer, commonly wire-wound, has resistance that 
varies with angular rotation of the shaft in such a way that the output 
voltage from the slider is equal to E sin 0. Compensation for specified 
load, such as 1 megohm, is often incorporated in the design of the non¬ 
linear winding. Normally a second slider is provided in the potentiom¬ 
eter at a location 90° from the first; output from this slider then varies as 
the cosine of the shaft position. When two sine-cosine potentiometers 

x sin 0 . 

KEa x cos 6 I I I 






, y sin 0 


, y cos 0 

' 


-y 


Fig. 12-9. Rectangular-to-polar transformation. 


are attached to the same shaft, the sliders may be positioned with respect 
to each to produce the following outputs: 


Vi sin 6 Vi cos 0 


v 2 sin 0 v 2 cos 0 


These are exactly the quantities needed to implement the coordinate- 
rotation equations 

x = u cos 0 + v sin 0 

y = — u sin 0 + v cos 0 (12-44 a) 

Transformation from polar to rectangular cartesian coordinates is 
obtained quite simply by implementing the equations 

x = R cos 0 

y = R sin 0 (12-446) 

Transformation from rectangular to polar coordinates can be accom¬ 
plished by using a resolver for implicit solution of the equations 

— x sin 0 + y cos 0 = 0 (12-44c) 


x cos 0 + y sin 0 = R 


The general scheme is shown in Fig. 12-9. An error signal formed by 
comparing — x sin 0 and y cos 0 is used to drive the shaft position until 
the two quantities form a null. Under that condition, the other two 
quantities R and 0 are obtained as outputs as shown. In order to 


quantities R and 0 are obtained as outputs as shown. In order to 
compensate for the changes in effective loop gain of the servo, which 
depends upon the magnitudes of .r and //, automatic gain control can be 
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incorporated such that the internal gain varies approximately inversely 
with the magnitude of R. 

Other types of resolvers are also used in special-purpose equipment. 
Servo-driven induction resolvers are sometimes used rather than non¬ 
linear potentiometers. However, when these are used with an ordinary 
d-c computer, modulators and phase-sensitive detectors are necessary 
as accessory equipment. Considerable experimental work has been 
done in an effort to perfect electronic means of resolution. One electronic 
method used in some specific applications makes use of a carrier wave 
form of which the amplitude is proportional to the length of the vector. 
This carrier is then sampled at times proportional to the sine or cosine 
of the input quantity. A diode function generator may also be used to 
generate a trigonometric function of input voltage. If this signal is to 
be used for resolution purposes it must be multiplied by the length of the 
vector; if this multiplication were done on an electronic multiplier the 
unit would be considerably faster and more complex than a servo resolver. 

The servo multiplier or resolver, being an electromechanical device, is 
incapable of rates of response comparable to those of completely electronic 
equipment. When the servo multiplier is used in conjunction with the 
other analog-computer elements, the useful frequency range of the com¬ 
puter will usually be determined by the response of the servo multiplier. 
The reliability, simplicity, and comparatively low cost of the servo 
multiplier outweigh the disadvantage of slow operating speed for many 
applications. 

Not only has the servo multiplier a slow speed of response, but this 
response is adversely affected by signal amplitudes. Primary limiting 
factors are the velocity (in volts per second) and acceleration (in volts 
per second squared) limits of the servo. At a fixed amplitude the velocity 
needed to follow a sinusoidal input signal is proportional to frequency, 
and the acceleration required is proportional to frequency squared. To 
illustrate, a servo multiplier with a velocity limit of 1,000 volts/sec and 
an acceleration limit of 30,000 volts/sec 2 should handle 80-volt signals 
up to 3 cps (acceleration is limited at this frequency). The same servo 
should handle 5-volt input signals at four times that frequency. When 
either the velocity or the acceleration limit is exceeded, the servo becomes 
nonlinear. Staying within these two limits does not ensure sufficient ly 
low phase shift for acceptable performance in specific problems. Most, 
manufacturers furnish curves of maximum amplitude (as a function of 
frequency) for stated phase or amplitude errors. Most servo multipliers 
develop significant errors at about 10 cps when the signal amplitude i > 
10 per cent of maximum and at correspondingly lower frequencies as the 
signal amplitude is increased. The servo multiplier is, however, bee 
from drift and need for frequent adjustment. The most frequent omire 
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for failure in a servo multiplier arises from damaged or worn potenti¬ 
ometers. As the potentiometers wear they become noisy and must be 
replaced eventually; a precision wire-wound potentiometer is extremely 
reliable and rugged, and a usable life of several million cycles is quite 
normal. For these reasons, a servo multiplier often has a lower incidence 
of failure or erratic behavior due to faulty or malfunctioning components 
than its all-electronic counterpart. 

Loading errors are quite important in working with servo multipliers, 
as explained in Chap. 2. If different load resistances are used from the 
arms of the various potentiometers of the servo multiplier to ground, 
the electrical alignment of the potentiometers, even though on the same 
shaft and therefore mechanically aligned, can be considerably in error. 
Any load resistance from a potentiometer arm to ground changes the 
electrical ratio of output to input voltage. For high accuracy it is 
essential that the slider of each potentiometer (cup) used have the same 
load resistance to ground as the follow-up cup. For this reason the slider 
of the follow-up cup is usually available at the patch bay so that the 
proper loading resistance can be applied between that jack and ground. 
Thus, if the slider of one of the multiplying potentiometers on the servo 
multiplier goes to a summing amplifier through a 0.1-megohm resistor, 
then a 0.1-megohm resistor should also be placed between the follow-up 
cup jack on the patch bay and ground. All other potentiometers on the 
same shaft should, of course, also be used with the same 0.1-megohm 
resistance to ground. 

The static accuracy of a servo multiplier will be determined by the 
tolerances used in matching the potentiometers on the same shaft and 
upon the linearity tolerances of the potentiometers themselves, upon 
the open-loop gain of the system, and upon the torque necessary to 
overcome the coulomb friction. Potentiometers with a linearity of 
±0.1 per cent are usually used and matched so that the specifications 
for a typical servo multiplier would be: 

Static accuracy: ±0.05 per cent. 

Dynamic accuracy: ±0.1 per cent at 75 volts/sec. Bandwidth of 

8 to 30 cps, depending upon individual design 
and frequency of driving source for motor 
(either 60 or 400 cps). Phase shift 5° at 6 cps. 

Velocity limit: 1,000 volts/sec. 

Acceleration limit: 30,000 volts/sec. 2 

Although a servo multiplier may have a frequency response-amplitude 
curve that is flat to 10 cps, as in any other device the phase shift can lead 
to appreciable dynamic error. If it is assumed that the input and 
follow-up voltages are identical in amplitude and differ only in phase, the 
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error swings from maximum to minimum during each cycle and the 
maximum loop error is 

Max. loop error = 2Ei sin ^ 

M* 

where <t> is the phase lag. Thus for the specifications given above, the 
phase lag of 5° at 6 cps will result in a maximum instantaneous error of 
8.8 per cent. 

Time-division Multipliers. The time-division multiplier is based upon 
simultaneous pulse-amplitude modulation and pulse-width modulation 
of a square wave carrier. The basic operation of the time-division-type 
multiplier can best be illustrated by the block diagram of Fig. 12-10. 
The multiplier has two inputs x and y. The multiplier consists essen¬ 
tially of an integrator, a trigger circuit such as a Schmitt trigger, a set of 



Fig. 12-10. Time-division multiplier. 


switches or AND gates, and a filter at the output. If y = 0 in tho 
circuit shown, which happens to be a self-excited type of time-division 
multiplier, the integrator, trigger, and lower switch will form a multi¬ 
vibrator circuit such that the output of the integrator is a triangular 
wave; the electronic switches will then be open just one-half of each 
cycle of the multivibrator. 

In order to understand the operation of the multivibrator circuit, 
assume that the trigger operates in such a way that, when the voltage at 
the input to the trigger goes above a certain positive reference or oper - 
ate voltage, the trigger will turn the switches on and they will stay 
on until the voltage at the input to the trigger drops below a set voltage 
called the release level. Assume to start with that the trigger is off and 
the switches are open. The voltage —E will be integrated, and so the 
output of the integrator will rise linearly with time until finally its voltage 
will rise above the operating level E op of the trigger, at which time t he 
trigger will turn on. Both switches will close; therefore, the voltage at 
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the input to the integrator will then be +E, and the output of the inte¬ 
grator will start to decrease linearly with time. When the output of 
the integrator reaches E Tel , the trigger will turn off and the cycle will 
repeat itself. If the device is adjusted properly, the ON time of the 
trigger will be equal to the OFF time; therefore, switch 1 will be closed 
one-half of the time, and switch 2 will be closed the other half of each 
cycle. The voltage e± will be a series of equal positive and negative 
pulses. If the pulses are filtered in order to obtain the average value, 
the output will be zero, as required. Now assume the input y has a 
finite value. The multivibrator circuit will continue to act in the same 
way except that the additional voltage at the input to the integrator 
due to y will increase the rate of change of voltage e 2 in one direction and 
decrease the rate of change while the voltage is changing in the other 


Calibrate adjust 



Fig. 12-11. A relay time-division multiplier. 


direction. I he voltage e 2 will no longer be a simple triangular wave 
shape and will resemble the wave shapes shown in Fig. 12-10. The non- 
symmetrical wave shape of the voltage e 2 will cause the ON time of the 
integrator to be different from the OFF time. Therefore, switch 1 will 
be closed a different proportion of each cycle time than switch 2. The 
1 esulting voltages at the output of the switches will resemble those shown 
in Fig. 12-10. If the voltage 61 is now filtered to obtain the average value, 
t he output will be proportional to the product xy/E. E is normally the 
ieference voltage of the computer, 100 volts, but could in some cases 
be a problem variable. Thus the system of Fig. 12-10 could perform 
division as well as multiplication, but this is very rarely done because of 
accuracy and design limitations. 

A very simple self-excited time-division multiplier is the relay type 
shown in I'ig. 12-11. Phis multiplier can be patched together from 
general-purpose computer components and can result in fair accuracy. 

I lie dillerential or polarized relay serves as the switches and trigger 
circuit combined of Fig. 12-10; one transfer switch on the relay performs 
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the functions of both switches 1 and 2. In Fig. 12-11 an integrator with 
feedback through a potentiometer is used for a filter. Figure 12-12 
shows the wave shapes at the various points in the circuit of Fig. 12-11 
for a constant input x and an input y that changes from a finite value to 
zero. The output voltage e x of the integrator is seen to have a slope of 



Fig. 12-12. Wave forms for circuit of Fig. 12-11. 


kz — y in the positive direction and —kz — y in the negative direction. 
The ON and OFF times of the relay are given by 



The average value of ei then is 



(12-15) 


If the switches of Fig. 12-10 are to be implemented by electronic mciinn 
rather than by relays as shown in Fig. 12-11, the voltage turned on m i id 
off by the switch is usually restricted to either positive or negnlivn 
polarity. Four-quadrant operations can still be obtained, however, by 
suitable summing of voltages at the output. Figure 12-13 shows a purl ini 
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diagram of the EASE* time-division multiplier, which uses simple diode 
AND gates for the switches and sums appropriate voltages at the input 
to the filter stage so that four-quadrant multiplication is obtained. The 
specifications for a typical time-division multiplier are: 

Static accuracy: 0.01 to 0.05 per cent of full scale (10- to 50-mv 

maximum error). 

Dynamic accuracy: Product accurate to better than 1.0 per cent 

up to 30 or 50 cps. (Upon a slight sacrifice of 
static accuracy, the 1.0 per cent figure can be 
extended to the 100-cps region.) 

Drift: Less than 50 mv/day. 

Noise level: 100 mv rms for each channel. 

Frequency response: Flat amplitude response to 100 cps (can be 

increased to 500 cps at the cost of increasing 
the static error by a factor of 5). Phase shift 
less than 1° at 50 cps. 

A high-quality time-division multiplier may contain anywhere from 
two to eight or more d-c operational amplifiers. These amplifiers are 



Fig. 12-13. Electronic time-division multiplier. (Courtesy of Beckman Instruments, 
Inc.) 


usually of the same design as those used for computing amplifiers, and 
some of them at least are usually made available at the patch bay for 
general use when they are not being used with the multiplier. 

Quarter-square Multipliers. This type of multiplier makes use of 
squaring devices in the arrangement shown in Fig. 12-14, in order to 
obtain four-quadrant operation according to the quarter-square law 


*y = Kite + y) 2 — (x — y ) 2 ] (12-46) 


Diode circuits arc often used for the squaring devices, resulting in 
excellent frequency response with bandwidth on the order of 1,000 cps 

* Manufuoturod l>y tho Berkeley Division of Bookman Instruments, Inc. 
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and phase shift less than 1° at 100 cps. The static error is of the order 
of 0.25 volt. The major componenl in this type of multiplier is a func¬ 
tion generator that will give an outpit proportional to the square of the 
input for all combinations of polarites of input signals. 

Characteristic specifications for a diode quarter-square multiplier are: 

Drift: 80-mv maximum over a period of several days 

Static accuracy: ±0.25 volt 

Output: ±100 volts at 21 ma 

Frequency response: Within ^ db to 500 cps, 3 db to 1,000 cps; 

2° phase slift at 100 cps 

Noise: 10 mv rms 

Diode multipliers using the qua’ter-square principle with a simple 
parabolic function have long been inown, but, in spite of the obvious 
advantage of their extreme simpliciiy and virtually zero drift, little use 



Fig. 12-14. The quarer-square multiplier. 


has been made of them in commercial analog equipment. The reason 
is that the nonmonotonic nature of the function created an ambiguity 
and required five amplifiers in a foir-quadrant multiplier. There was 
also difficulty when the variables weie small, because of the uncertainties 
involved in using diodes at low vobages. At least one design, that of 
the REAC 400-diode electronic mulliplier, has overcome these problems 
and results in a rather simple and versatile multiplying device. Tho 
REAC M-400-1 multiplier overcomes these problems by the use of two 
separate square-law functions, each having an extra linear term added 
to it in such a fashion that both functions are tangent to a 45° line at tho 
origin.* The use of two monotonic functions eliminates any ambiguity 
and permits a four-quadrant multiplier with only three amplifiers, us 
indicated in Fig. 12-15. Figure 1216 shows the output generated by 
the diode shaping networks. The output is the sum of a linear term 
plus a square term. With A and B as inputs to the A and B networks, 
respectively, the network outputs ire —(3 A + A 2 /100) and —(3 B 
B 2 / 100). The additional x input tc the output amplifier shown in Fig. 

* Permission for use of this material and iccompanying figures from Keeves 'PI >556/ 
has been granted by the Reeves Instrumert Corporation. \ 
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Fig. 12-15. Simplified Reeves multiplier block diagram. 



Fig. 12-16. Characteristics of networks of Fig. 12-15. (a) A -network function; ( b) 

^-network function. (Courtesy of Reeves Instrument Corp.) 


12-15 has a gain of 3 to eliminate the 3a; term generated by the networks, 
leaving the output as xy/ 100, where 100 volts is the reference. Inter¬ 
changing the inputs to networks A and B will result in an output of 
— xy/100. 

Use of the 45° slope at the origin has the advantage that, since the 
slope changes relatively slowly at the origin, no diodes need be used to 
generate the function in that vicinity. Tho accuracy fit tho origin, 















480 


ANALOG COMPUTATION 


therefore, is dependent only upon the precision resistors used. This 
means that the multiplier has the best accuracy in the vicinity of the 
origin, thus avoiding one of the major problems of electronic amplifiers 
in general, namely, that elaborate precautions are required to take care 
of the fact that the output voltage is not zero when x = y = 0. 

The multiplier, with simplified details of the diode networks, is shown 
in Fig. 12-17. Each diode network consists of 10 series and 10 shunt 
diodes. They are biased so that, at 5 volts into A or B, depending upon 
polarity, FI or Fll will conduct. Thereafter, successive diodes break 
in at 10-volt steps; the last diode, F10 or F20, begins to conduct when 


-100 +100 



Fig. 12-17. Multiplier networks. ( Courtesy of Reeves Instrument Corp.) 


the input reaches 95 volts or —95 volts, respectively. The resistors in 
series with each diode are used to adjust the slope of each diode segment. 

The addition of resistors 721, 722, and 723 to networks A and B yields a 
gain of 3. The series diodes add to this output, and the shunt diodes 
subtract. If it were not for rectifiers (7721 and (7722, the output of the 
multiplier would be zero until at least one diode conducted. Thus, at 
5 volts into A and B, each network would have an error of 0.25 volt. For 
positive inputs, CRIA shorts 721A, which increases the gain through 
network A by from 0 to 5 volts. 721 A, C722A, and 724A act togel her 
as a voltage divider for negative inputs, which reduces the gain of tlm 
network by Ko- The action in the B network is similar to that in tlm 

A network. 

The first diodes break in at 5 volts, and their action must be considered. 


The diode series resistor is adjusted so that conditions depicted in Fig. 
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12-18 exist. Each diode segment is adjusted in this manner so that 
slopes are made to divide the error between the approximation and the 
desired parabola. 

When properly calibrated, the maximum departure from the theo¬ 
retical value is 0.1 volt. Theoretically, the first line segment should 

Multiplier output 



Fig. 12-18. First diode line-segment approximation. ( Courtesy of Reeves Instrument 
Corp.) 


break in slightly under 5 volts, so that the error at 5 volts would be 
0.1 volt. Because of curvature of the diode at the break point, this 
refinement of calculation is unnecessary. A plot of the theoretical static 
error of the diode networks is shown in Fig. 12-19. 

The total theoretical multiplier error is a function of the input voltage 
to the A network and to the B network. Since any value of B may 



occur for any given value of A, maximum theoretical error is ±0.2 volt. 
Owing to curvature in the vicinity of the break points, the over-all 
accuracy should bo slightly better than ±0.2 volt. Drift from calibration 
and slight nonlinearitios of diodes make the acceptable accuracy for pro¬ 
duction units ±0.25 volt. Tho probable error iH ±0.1 volt. Under 
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normal conditions, the multiplier will require calibration about once a 
week—a procedure requiring only a few minutes. 

The diode multiplier just described is quite versatile. The diode net¬ 
works in the multiplier can be disconnected from each other and the out¬ 
put of the B network brought out to an external amplifier, resulting in 
two separate squaring devices from the one multiplier. The multiplier, 
of course, can be used in the usual division circuits. Note that the out¬ 
put of the multiplier can be obtained with either polarity. The normal 
division circuit requires that the multiplier be used in a feedback around 
a high-gain operational amplifier. In the case of the diode multiplier 
of the above design, the output amplifier contained on the multiplier 
chassis can be used for the high-gain amplifier required for this divi¬ 
sion. Thus the multiplier can be used directly for division as well as 
multiplication. | 

There are many types of multipliers that are not covered in this section, 
and no multiplier has been covered in any great detail. But the material 
here should be sufficient for the reader to obtain a feeling for the types 
of multipliers available and the operating characteristics he may expect 
from them. The servo multipliers are the slowest of all the devices dis¬ 
cussed but have many inherent advantages over all-electronic schemes. 
The time-division multiplier is roughly 10 times as fast as the servo 
multiplier, and the diode quarter-square multiplier is roughly 10 times 
as fast again. The time-division multiplier is in most cases about com¬ 
parable in accuracy to the servo multiplier, but it is a much more costly 
device and much harder to service and keep adjusted for proper operation. 
The diode quarter-square multiplier is a very fast device, although not 
so accurate as either of the other two; it is relatively simple, at least 
compared to the time-division type. 

12-6. Function Generators. Nonlinear problems frequently require 
that some function f(x) be available that is nonanalytic, empirical, dis¬ 
continuous, or otherwise arbitrary. A variety of function generators 
have been devised to produce the desired function of the input variable 
or variables or an acceptable approximation to it. Many of these devices 
approximate the desired curve by a series of straight-line segments. 
The more commonly used function generators are: 

1. Tapped servo-driven potentiometers 

2. Servo-driven potentiometers wound with resistive wire in such a 
way that the resistance ratio as a function of shaft angular position 
approximates the desired function 

3. Diode function generators that approximate functions by straight- 

line segments j 

4. Curve and cam servo followers I 

5. Cathode-ray-tube types (the photoformer) I 
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Of the above types of function generators, the servo-driven tapped 
potentiometers and diode straight-line-segment types are the most widely 
used. The servo-driven function generators, which include the curve 

and cam follower types, are slow devices but are in general more accu¬ 
rate than the electronic type. 

The Tapped, Servo-driven Potentiometer Function Generator. Commer¬ 
cially available servo multipliers very often provide one or more of the 
multiplying potentiometers with a number of taps at equally spaced 
distances along the resistance element. If selected voltages are impressed 
at the taps, the slider voltage will be equal to the voltage applied to the 
tap when it is positioned at a particular tap; when the slider is in a posi¬ 
tion between taps the resulting voltage will be a linear interpolation of 
the voltages between two adjacent taps. Figure 12-20 indicates the 



Fig. 12-20. Tapped potentiometer used Fig. 12-21. Tap voltage source, 

for f(x) generation. 

general method. Four taps on the servo-driven potentiometer resistance 
elements are shown—from 10 to 20 are usually provided. The principle 
is simple, but the practical problem of providing the needed arbitrary 
tapped voltages in such a way that they can be conveniently and quickly 
set to the correct value has required considerable effort on the part of the 
designers. If the voltage sources for Vi to F 4 were of a very low imped¬ 
ance compared with the impedance of the resistance element of the servo- 
driven potentiometer, there would be no interaction between the tapped 
voltages and they could be set independently of one another. This is 
uneconomical from a practical standpoint, and the voltage-source 
potentiometers Pi to Pi shown in Fig. 12-20 are usually several times 
the value of the resistance of the servo-driven potentiometer. The usual 
commercial system is provided with a voltage source of the type shown 
in Fig. 12-21. This is known as a padder unit and is usually contained 
on a chassis separate from the servo multiplier. The connections between 
I ho padder unit and the tapped potentiometer are made either by jumpers 
or automatically when the paddor unit is plugged into the servo-multiplier 
chassis. The voltage source consists of simple carbon rheostats of the 
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type used for radio volume controls. The potentiometer is connected 
to a switch by which the voltage source can be selected as plus-or-minus 
reference or ground, or simply left open-circuited. The carbon potenti¬ 
ometers are of the order of 0.1 megohm, and the servo-driven potentiom¬ 
eter is of the order of 30 kilohms. The padder circuit, therefore, acts 
as current source rather than voltage source; voltages at the taps are 
established by the total combination of the tapped potentiometer resist¬ 
ance and all the padder circuits. For this reason there is strong inter¬ 
action between the tap adjustments. Calibrating panels have been 
designed to minimize this loading effect during setup; without this pre¬ 
caution the adjustment of the padder to establish a desired function 
would be a long trial-and-error process. A typical calibrating panel, 



which is connected to a particular padder unit only during setup, contains 
two amplifiers, a switching circuit, as many high-quality potentiometers 
for voltage sources as there are taps, and a null circuit. A schematic of 
such a calibration device as it is connected to the tapped potentiometer 
is shown in Fig. 12-22. The calibration procedure is begun at one end 
of the tapped potentiometer; while the first tap is being set, the second 
tap voltage is held to its approximate value by an amplifier in the calibra¬ 
tion unit that has as its input the correct voltage for the next tap. The 
rheostat of tap 1 is then adjusted until a null is observed between the tap 
voltages and the reference voltage previously set up on reference potenti 
ometer 1. After this adjustment the calibrator circuit is switched to the 
next position; tap 3 is held to its proper value while the tap 2 voltage 
source is adjusted. The loading due to the tap 1 previously adjusted is 
the same as it will be when the entire unit has been calibrated, since il 
was previously set. The calibrator is moved in turn from one tap to the 
next until all taps have been adjusted by the same procedure. The cidi 
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brator is then disconnected and can be used to calibrate another padder 
unit. The plus and minus terminals shown in Fig. 12-21 need not be 
connected to the plus and minus reference supply voltages. Instead, 
variable problem voltages y and —y can be connected to the plus and 
minus terminals, respectively. The output of the slider will be y fix). 
Multiplication and function generation will have been accomplished by 
the same servo potentiometer. This feature often permits economy of 
equipment and is one of the principal advantages of the pot-padder type 
of generator. A disadvantage is that the taps are permanently located 
on the tapped potentiometer, usually at equal spacing intervals, and 
that, even though 17 taps may be available in a particular situation, only 
two or three may fall in the range where they are most needed. 

Diode Straight-line-segment Function Generators. Any practical electric 
circuit element is actually a nonlinear device; in fact, many special circuit 
elements have been devised specifically to obtain nonlinear voltage- 
current characteristics. It might be thought that the nonlinear char¬ 
acteristics of such devices would lead to practical applications in the gen¬ 
eration of nonlinear functions and 
in function generators in general. 

However, few nonlinear circuit ele¬ 
ments have characteristics that can 
be reproduced with an accuracy of 
better than 1 per cent. For this 
reason it has been found that the 

use of nonlinear devices such as diodes as switching elements rather 
than as continuously variable nonlinear impedance elements is usually 
preferable. The common diode function generator, like the servo- 
driven tapped potentiometer, is based upon the concept of straight-line 
approximation to arbitrary functions. 

Figure 12-23 illustrates the properties of a vacuum diode. In the 
circuit shown the ideal diode would exhibit infinite resistance until the 
applied voltage is just equal to the bias voltage e b . When the applied 
voltage e becomes greater than the bias e b , the diode would exhibit zero 
resistance and the entire voltage drop due to diode current would appear 
across the resistance R } giving 

e ° = rr (12_47) 

Thus the curve in heavy lines in Fig. 12-236 would result; the output volt¬ 
age would be zero until e = e b) and, for larger values of e, e 0 would simply 
equal the difference between the applied voltage and the bias voltage. 
An actual diode luis neither infinite back resistance nor zero forward 
resistance and would result in a characteristic indicated by the dashed 




Fig. 12-23. Diode characteristics. 
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lines in Fig. 12-235. However, for values of R of 100 kilohms or less, 
a vacuum-tube diode or high-quality silicon diode would give a very close 
approximation of the ideal diode curve shown in Fig. 12-236. The ideal 
diode could act as a simple switch, allowing no current to flow until its 
bias voltage is exceeded. The use of this characteristic of diodes in the 
simulation of nonlinear phenomena is treated in Chap. 5. The same 
ideas can be expanded and applied to the design of general-purpose func¬ 
tion generators. In most applications the analysis of a circuit employing 
diodes can be made by assuming that the diode is ideal. 


fo 



Fig. 12-24. Straight-line function generation. 

Figure 12-24a shows the general case of a network N consisting of 

resistors, diodes, and bias-voltage sources. The following rules can be 
made concerning e a and 

1. At every break point shown in Fig. 12-246 at least one diode in N 
must change state. 

2. e Q is always a monotonic function of 

3. A two-terminal network is just a special case of N. 

As discussed in Chap. 5, diodes can be used as shunt, series, or feedback 
limiters. 

Figure 12-25 is an example of a series diode function-generator circuit. 

The load resistance Rl should be as large as possible, and in a practical 

case the output of the diode circuit would be connected to the grid of a 

high-gain amplifier, as shown in Fig. 12-256. Figure 12-25c is a sketch 

of the type of output that could be obtained with such a circuit. Note 

that there is one break point in the straight-line segments for each diode 
used in the circuit. 

A break point occurs whenever the voltage x becomes equal to one of 
the bias voltages Vi, and the slope is determined by 

s,0I)e - idnr* < 1M8 > 

for the basic circuit, • where R* is the parallel combination of all R asso¬ 
ciated with conducting diodes. A complication arises in the practical 
circuit, for the setting of the break points also affects the slopes. 

A simple shunt-diode function generator is shown in Fig. 12-20. A 
break point occurs in this circuit whenever f(x) is equal to the bias voltngn 







Fig. 12-25. Series diode circuit, (a) Basic. (6) Practical, (c) Results. 



Fig. 12-26. Shunt diode circuit, (a) Basic. (6) Practical, (c) Results. 


V{. If the load resistance Rl is large compared with the resistances R i, 
Ri } . . . , Ri, the slope of any straight-line segment except in a region 
where no diodes are conducting is given by 

S1 °p° - idrs* (1M9) 

whore /i* iN the parallel combination of all R< associated with conducting 
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diodes. A typical plot of f(x ) versus x is given in Fig. 12-26c. Again 
the settings of the break-point potentiometers will affect the slope, but 
the break-point settings do not affect each other. 

A function generator can also be constructed by placing diode circuits 
in the feedback loop of an operational amplifier. This is shown in the 
circuit of Fig. 12-27. The break points occur when f(x) is equal to one 
of the bias voltages V^ and the slopes are given by 
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binations of the three basic circuit types with operational amplifiers are 
possible. 

The various types of diode function generators discussed above share 
the difficulty that successive slopes depend upon previous slopes. The 
cumulative effects of change in diode characteristics may also be serious 
if solid-state diodes are used, and, even with vacuum-tube diodes, drift 
voltages will tend to accumulate as more and more diodes are turned on. 



(12-50) 


where R* is equal to the parallel combination of Rf and all Ri for which 
the diode is conducting. 



Fig. 12-27. Feedback diode circuit. 


The various basic function-generating circuits that have been pre¬ 
sented can generate only monotonic functions possessing a second deriva¬ 
tive that has a constant polarity in any one quadrant. As an example*, 
consider the function of Fig. 12-26c. In the first quadrant it is apparent 
that the function is monotonic; furthermore, it can be seen that, right 
after each break point, the slope must always decrease. Therefore, in 
the first quadrant the second derivative of f(x) with respect to x is always 
negative or zero. In the third quadrant the second derivative is always 
positive. Nonmonotonic functions can be generated by the subtraction 
of two monotonic functions. This is illustrated in Fig. 12-28. An 
operational amplifier can be used to sum component functions and huI> 
tract functions in order to obtain nonmonotonic functions. Many com- 



fi(x) f 2 (x) fi(x)+f 2 (x) 



Fig. 12-28. Generation of nonmonotonic function. 


To avoid the interaction of slopes it is possible to design a function gen¬ 
erator such that all slopes not being used become zero. The slopes then 
become independent of each other. Figure 12-29 shows a circuit in 
which the diodes appear in pairs. The diode pair can then be used to 
contribute one straight-line segment to a function and have zero slope 
before and after that particular line segment. That pair of diodes, 
therefore, will not interfere with the action of other diode pairs for other 
segments of the same function. 



Fig. 12-29. Self-isolating diode pair. 


The circuit of Fig. 12-29 can be used to form a general-purpose function 
generator of n channels by providing the additional n — 1 diode circuits, 
connecting the points a, b, and c, respectively, to each other in each 
channel, and connecting point c to the grid or summing junction of a 
summer. Figure 12-30 shows the schematic of a general series-type gen¬ 
erator utilizing a single diode per channel. Switches are provided to 
connect each diode channel to +x or — z and to the plus or minus ref¬ 
erence terminals. Another set of double-pole double-throw switches is 
provided to reverse the connection of the diode, resulting in all possible 
configurations of different polarities of diodes, input voltage, and bias 
voltage. A four-deck, four-position switch can be utilized to perform 
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the switching function in such a way that the diode break points can be 
selected along with the proper slope in any of the four quadrants, as 
shown in Fig. 12-305. 

Functions of Two Variables. The simple diode function generator can 
be used to obtain a function of two variables by connecting another 



Fig. 12-30. General series-type diode function generator. 

problem variable to the plus and minus bias terminals instead of connect¬ 
ing the plus and minus reference voltage to those points. Thus, if a 
variable voltage y replaces the constant reference voltage in the circuit 
of Fig. 12-30, the output voltage will be a broken-line function of x for 
each value of y , as shown in Fig. 12-31. Since the break-point voltage of 
the fth limiter channel will be Cixy , where c* is a constant, all break points 



Fig. 12-31. Function of two variables. Fig. 12-32. Diode selection circuits. 

generated by any nonlinear channel must lie on a straight line through 
the origin. These break-point loci bound segments of equal slope and 
are indicated by broken lines in Fig. 12-31. 

This procedure can be generalized by adding a function of x or y to 
the output voltage of the diode sections, and an even more general cIuhh 
of functions f(x,y) can be obtained by connecting suitable functions /<(//) 
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at the bias-voltage terminals in the various linear channels so that the 
break-point loci are no longer straight lines. Meissinger has developed 
a graphic method yielding the desired break-point voltages for special 
classes of functions f(x,y). 7 More general classes of functions f(x,y) can 
be generated by utilizing diode-selection circuits, such as that shown in 


+300 v 


X-Xi 

y-yi 


Slope 


-F, 


To summing 
amp 


-300v 

Fig. 12-33. Double-selection circuit 


Fig. 12-32. Philbrick’s diode function generator utilizes selection cir¬ 
cuits, as shown in Fig. 12-33, and can be used to produce functions 


Mx,y) 


max [min (x - x i} y - y i} 0)] 


(12-51) 


Here, f(x,y) is represented as a sum 'Lc i f i (x ) y) of such functions, which 
may be regarded as two-dimensional generalizations of the elementary 
line segments discussed earlier. The contour lines of Fig. 12-34a illus¬ 
trate the nature of a typical channel output fi(x,y). Figure 12-345 shows 
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(a) 

Fig. 12-34. (a) Contour lines of a function fi(x,y) = 
(6) Approximation of f(x,y) by a sum of fi(x,y ) of (a). 


(b) 

max [min (x - x iy y — y if 0)] 


a three-dimensional graph of the function f(x,y) generated by a Philbrick- 
type function generator. 

Functions of three or more variables can be generated as combinations 
of functions of two variables. A function f(x,y,z) can be expressed in the 
form / = fi[x f fi(y,z)]. The generation of a function of three or more 
variables will of course entail the use of a rather large number of diode 
function-generation channels. 

A versatile function generator for two independent variables utilizing 
simple single-variable diode function generators has been developed by 
L. Taback of the Bureau of Standards . 1 Basically, Taback’s function 
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generator employs a number of single-variable function generators and 
provides a nethod for interpolating linearly between them. The x 
variable drhes a number of function generators, as shown in Fig. 12-35, 
whereas the y variable drives a number of voltage-controlled attenuators. 
The output )f each function generator except for the first, whose output 
corresponds :o the value of the function y — 0, is fed through an electronic 


Fmction generators 



y y-k 

Fig. 12-35. NBS f(x,y) generator. 


attenuator. Each successive attenuator is adjusted to begin conducting 
when the previous one is almost fully on. The outputs of the attenuators 
are filtered and summed at the output amplifier. In order to balance out 
any residual voltage resulting from an attenuator when it is in the Ob 
condition, tie output of each function generator is subtracted from the 


output of the filter at the output amplifier. 

The voltage-controlled attenuators are of the type shown in Fig. 12-3f>. 
A triangular wave of constant frequency is generated and compared with 

the y input. Whenever the tri¬ 
angular wave plus the y input ex¬ 
ceeds zero, the comparator turns on 



Triangular 


input Comparator 



Fig. 12-36. The voltage-controlled 
attenuator. 


a gate to admit the output from one 
of the function generators. When¬ 
ever the triangular wave plus the // 
input is less than zero the gate is 
turned off. The output of the gale 
containing both x and y values is 
filtered to remove the triangular 
wave. It is then summed with tin- 
outputs of the other gates to pro 


duce linear interpolation between function generators, but nonlinear 
interpolatioi can be provided by using wave forms other than a simple 
triangular me at the input to the comparator. The system will accept 
the outputsof whatever type of function generator is available, and tin- 


number use! may bo chosen to moot tho requirements of the problem. 
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Accuracy. The accuracy of a diode function generator is usually not 
specified; instead, the frequency-response bandwidth is given. Diode 
function generators can be built with a bandwidth of the order of 10 kc, 
but most commercially available units have a useful frequency range of 
100 to 500 cps. Phase shift of 1° at 100 cps would be typical. A drift 
figure of 0.2 per cent of full scale per day would be typical, with some units 
being somewhat better on drift. The accuracy of a function generator 
could be specified or defined as the degree of conformity of the output 
to the functional relationship desired. Accuracy thus defined includes 
not only the capabilities of the generator itself but also the degree of 
conformity of the set of piecewise linear functions to the function 
desired and finally the care that has been used to instrument the function 

on the generator. 

If a function generator were set up simply by setting the desired break 
point and slope of each diode channel, relying on calibrated break-point 
and slope potentiometers, the accuracy of the function generator itself 
could be defined as the conformity of its output to the desired piecewise 
linear function. Because of interaction of the break-point and slope 
controls, a function generator based upon the circuit of Fig. 12-30 would 
not be at all accurate in this sense. 

The actual set-up procedure is not to set the control potentiometers by 
dial readings but rather to sweep the input x over its entire range in 
repetitive fashion and to monitor the output of the function generator on 
an oscilloscope or xy recorder. The dial settings can be used to obtain 
first approximations to the current break-point and slope settings, but 
the final adjustments are made by trial-and-error inspection of the func¬ 
tion-generator output. The only question of accuracy then remaining 
as far as the generator itself is concerned is its tolerance to repetition, 
that is, the ability of the function generator once set up to repeat the 
same function over and over again within prescribed limits. Such pre¬ 
scribed limits are again hard to set, for they will differ depending upon 
the type of function being generated. A figure of 0.2 per cent maximum 
error as an indication of accurate repeatability would be a reasonable 
figure. Many functions can be reproduced with better repeatability than 
this. If a function generator is designed around the circuit of Fig. 12-29, 
the controls will have little if any interaction upon one another, and drift 
due to the diodes will be largely canceled out by the use of diode pairs. 
A function generator based upon this design could theoretically be set 
up from the dial readings with fair accuracy. Function generators are 
available that can be set up from a keyboard, punched tape, or other 
digital indicating means. The slope- and gain-control potentiometers 
of the function generator are set to tho specified values by a servo-driven 
unit that accepts digital information, just as tho coefficient potenti- 
omotors are set up automatically from punched tape. 
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The EASE servo-set function generator incorporates 20 straight-line 
segments. Values of x and y coordinates to the nearest 0.1 volt are 
specified by a keyboard input for each of 21 points selected on the graph 
of a desired curve. Voltages selected for x and y coordinates at each 
step of the set-up operation are confirmed by a front panel meter, and 
the resultant functions can be reviewed on an oscilloscope monitor. 
The actual curve obtained will depart from the specified coordinates of 
the 21 points by 0.2 volt on the average. The output curve can, of 
course, be set more closely by inspection of the function-generator output 
if desired. 

Use of XY Plotters as Function Generators. An xy plotter (see Sec. 12-9) 
can be used to generate a single-valued function of one or two variables. 
The generation of functions of a single variable is quite straightforward 
using this common type of output equipment. The head of an xy 
recorder is normally driven in one direction proportional to the variable x 
and in a direction at right angles to the first by a second problem variable 
y. To use such a device as a function generator the desired curve is 
drawn with conducting ink on the graph paper used in the xy recorder. 
The head of the xy plotter is then driven in one direction proportional 
to an input variable x, and, by use of suitable feedback circuits, the 
motion of the head in the other direction can be made to follow the arbi¬ 
trary curve that has been inked upon the surface of the paper. The posi¬ 
tion of the head in the y direction can then be translated into a voltage 
by means of the linear-potentiometer pickoff. One method of causing 
the head to follow the drawn curve makes use of electromagnetic radi¬ 
ation. The curve is drawn in silver ink so that it will conduct along its 
path. A source of radio-frequency energy is then applied to one end of 
the curve while the other end is grounded. As a result, a magnetic field 
is set up surrounding the line. The normal inking head of the xy recorder 
is replaced by a small magnetic pickup coil, which senses the magnitude 
and phase of the r-f signal produced by the current flowing through the 
inked line. The output of the small magnetic pickup coil is passed 
through a phase-sensitive detector to produce an error signal; this signal 
then drives the servo in the y direction until the pickup coil is centered 
over the inked line. Commercial units will follow such a curve within 
the accuracy specifications of the unit used as a recorder for slopes of the 
inked line up to around 60° with respect to the x axis. Higher slopes 
up to 90° can be followed but with reduced accuracy and speed. A com¬ 
mon type of accuracy test for such units is to use a function that consists 
of three connected straight-line segments, the first segment parallel to 
the x axis, the second with a —45° slope and the third with a +46° 
slope. The maximum error will occur near the point at which the slope 
changes from —45° to +45°. With the arm driven in the x direction at 
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the rate of 2 in./sec, a typical unit will follow the specific curve with less 
than 0.1 per cent error along the straight-line portions, with a maximum 
error on the order of 0.5 per cent occurring near the critical break point. 
The same test run with an arm speed of 5 in./sec will result in a maximum 
error over the straight-line portions on the order of 0.2 per cent with a 
maximum error of about 4 per cent near the break point. 

When xy recorders are used for the generation of functions they are 
often referred to as curve followers. Special units have been built for this 
operation, but most computing installations use the more versatile gen¬ 
eral-purpose xy recorder for such uses. The generation of a function in 
this manner is quite easy and the only set-up procedure necessary is that 
of inking the desired curve on graph paper, inserting it into the xy 
recorder, and changing the function of the xy recorder over to that of a 
curve follower. This last requires replacement of the inking head by the 
magnetic coil and addition of the auxiliary curve-following chassis con¬ 
taining the r-f frequency source and required feedback circuitry. 

The generation of functions of more than one variable through the 
use of xy plotters can be obtained by using conducting sheets rather than 
ordinary graph paper for the recorder medium. This method makes use 
of a surface that is electrically conductive but has finite resistance. On 
the surface of the material, which has coordinates x and y ) are drawn low- 
impedance lines, which become essentially equal-potential contours when 
voltages are impressed on them. Ordinarily each conducting contour is 
energized from a source so that its voltage corresponds to the desired 
value of the output function along that contour. A sensitive electrical 
voltage probe can then be positioned on the sheet in accordance with 
x and y voltages. The resistive character of the surface serves to inter¬ 
polate between adjacent contours. If additional accuracy is needed 
more contours may be added between the existing ones. Several mate¬ 
rials have been used experimentally: conducting rubber, conducting or 
coated paper, conducting or coated plastic, and coated glass. It is 
difficult to find a material that has uniform resistance per unit area. The 
resistance value of the surface should be low to minimize error arising 
from loading of the pickoff circuit. On the other hand, a low-impedance 
surface requires more current from the driving source; in addition more 
power must be dissipated from the surface, and the likelihood of resistance 
changes due to temperature changes is increased. When an ordinary 
xy plotter is used, the inking device is replaced by a small voltage probe 
that rides on the conducting sheet, which is placed on the plotting surface 
in placo of the ordinary graph paper. The contours are drawn with 
silver ink and held to the proper voltages by means of a series of potenti¬ 
ometers similar to those used with the tapped servo-driven potentiometer. 
A pickoff probe is usually fed to an unloading circuit (high-input imped- 
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ance) such as that discussed in Appendix VI. Rather complicated 
functions can be generated by driving the equal-potential lines with 
combinations of the variables x and y or functions thereof. The electro¬ 
lytic tank may be regarded as a special case of the conductive-material 
method discussed above. 

XY plotters can also be used in a different way in order to obtain a 
function of two variables: instead of a conductive sheet, a three-dimen¬ 
sional cam or contour map is placed upon the mapping surface, and the 
inking pen is replaced by a probe that is free to move in the vertical 
direction. The probe is then driven in the x and y directions by the 
proper problem variables, and a voltage corresponding to the vertical 
position of the probe is obtained through a potentiometer pickup; this is 
the desired function f(x y y). Special two-variable function generators of 

this type have been used successfully at MIT: 9 in this case the cam is 
made of plaster of paris. 

1 he Photoformer. The photoformer is a function-generation device 
that was used quite widely at one time and in principle is quite simple. 

The simplified diagram of Fig. 12-37 indi¬ 
cates the way in which the photoformer 
works. The electron beam of a cathode-ray 
tube is deflected in the x direction in pro¬ 
portion to the problem variable x; the out¬ 
put is obtained from the ^/-direction deflec¬ 
tion voltage. A mask is made in accordance 
with the desired curve and placed over the 
face of the cathode-ray tube. A photo cell 
is placed in front of the face of the cathode- 
Fig. 12-37. Photoformer. ra y tube; it generates a voltage whenever 

the spot of light produced by the electron 
beam striking the phosphor on the face of the cathode-ray tube 
appears above the mask. The output of the photo cell and a bias voltage 
source are both connected to the input of the vertical deflection amplifier. 
The bias voltage is of such a polarity that the beam is forced to the top 
of the screen in the absence of the signal from the photo cell. However, 
when the spot appears above the opaque portion of a mask, the voltage 
from the photocell, which is opposite in polarity to the bias voltage, 
drives the electron beam downward. The result is that the spot of light, 
will ride on the edge of the opaque portion of the mask and the voltage 
out of the vertical-deflection amplifier will be proportional to the desired 
function f(x). Special-purpose units have been designed for this pur¬ 
pose, but it is a relatively simple matter to convert a high-quality stand 
ard laboratory oscilloscope to this use. The normal d-c horizontal and 
vertical deflection amplifiers of the oscilloscope are used for the amplifiers 
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shown in Fig. 12-37, and the bias voltage is obtained from the vertical 
position control. The output of the vertical deflection amplifier can 
usually be taken off terminals at the rear of the oscilloscope and 
summed with a suitable bias voltage at the input to an operational 
amplifier to obtain the desired function. The mask may be made by 
inking the area below the desired curve on any translucent material, or, 
if more accuracy is desired, a large-scale drawing may be made and 
reduced photographically. Functions can be generated in this manner 
with an accuracy of the order of 1 per cent for input voltages containing 
frequency components in excess of 10,000 cps. More accuracy can 
be obtained by trimming or otherwise adjusting the mask while inspecting 
the actual output of the function generator. It might be noted that the 
photoformer, like most other function generators, can be used to approxi¬ 
mate the square or logarithm of a function and, therefore, to serve as a 
quarter-square or logarithmic multiplier. 

It is also possible to use cathode-ray tubes to obtain functions of more 
than one variable. A translucent mask of variable density can be sub¬ 
stituted for the opaque mask and the output of the photo cell amplified 
and used as the function of two variables directly if desired. In this case 
the x and y deflection of the spot is positioned by two independent prob¬ 
lem variables x and y. Masks having opacity variations over a range 
of 200 to 1 can be reproduced by photographic means. The accuracy 
of such a function generator is limited to between 1 and 10 per cent by 
difficulty in positioning the beam accurately, by drift in the cathode-ray- 
tube circuits and in the amplifiers, by inaccuracies in the construction 
of the mask, by variation in intensity of the light spot due to variations 
in intensity of the beam or to nonuniform phosphor on the face of the 
tube, and by drift and nonlinear characteristics of the phototube and 
output circuits. Accuracy of this type of function generator can be 
improved by reproducing a reference gray scale as part of the variable- 
density mask. Read-out is by comparison of the density of the mask at 
the selected point with the gray scale. This method cancels the effect 
of variations in average density in the mask. 

Digital Function-generator Devices. Function-generation devices that 
make use of digital information have very good possibilities. Much 
work has been done on the development of equipment for analog-to- 
digital and digital-to-analog conversion. As such devices become less 
expensive and more reliable they can be put to a wide variety of uses in 
the computer field, including their use in the generation of functions of 
one or more variables. One such device could consist of a servomecha¬ 
nism-driven punched-tape reading unit in which the portion of the tape 
positioned under the reading head would be a function of a problem 
variable x. The desired function f(x) would bo stored on the tape in 
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digital form, and the output of the reading head would be fed to a digital- 
to-analog converter which would convert the digital information to an 
analog voltage/(x). A magnetic drum can be used for the same purpose, 
the only difference being that the problem variable x is used to determine 
the time during each revolution of the drum at which the signal is taken 
from the drum through the magnetic reading head. 

Noise and Time Function Generators. Standard laboratory signal gen¬ 
erators can be used to generate functions of time such as sinusoidal time 
functions. The magnitude and frequency of the output are usually 
adjustable over a wide range. The low-frequency signal generator found 
in most analog computing facilities usually provides for three types of 
time functions: sinusoidal, square-wave, and triangular-wave functions. 
These generators are used primarily as forcing functions in the solution of 
differential equations and as inputs to simulated systems of all types. 

Random-noise generators are required to handle problems involving 
random signals and processes and solutions involving Monte Carlo 
methods. For most purposes it is desired that the noise output be of 
Gaussian amplitude distribution, that the rms voltage be of a magnitude 
in the usual range of the computer variables, and that the spectrum be 
flat or “white” to some specified frequency. With such a signal available 
the operator can use filters and gain adjustments to simulate a variety 
of signals. 

A common type of noise generator uses a gas thyratron as a primary 
source of noise. The output of the noise source will lie in a frequency 
band extending from tens of cycles per second to several thousand. The 
output of the primary noise source is stabilized against long-term drift in 
level by an automatic gain-control circuit. The signal is then passed 
through a bandpass filter to produce a narrow spectrum centered about 
a frequency / 0 , often 400 cps. After amplification the noise is shifted 
in frequency by demodulating the signal at the center frequency by an 
electronic demodulator or an electromechanical chopper. As an example, 
with f 0 = 400 cps, original-signal components of either 405 or 395 cps 
will produce 5-cps signals after demodulation. A final low-pass filter 
removes the high-frequency components arising from the detection 
process and shapes the band around the desired square “spectrum.” A 
typical noise generator will have an output amplitude of the order of 
10 to 20 volts rms with a frequency spectrum that is flat within 0.1 db 
to about 35 cps. The frequency response falls at about 18 db/octave 
beyond that frequency. The amplitude probability distribution iH 
Gaussian (normal) within ± 1 per cent. 

Other types of noise generators make use of radioactive material 
as a primary source. The outputs of some generators then form pulses 
of random height or of random duration. Noise generators are also 
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available with very wide bandwidth for use with repetitive or other 
special-purpose computers. 

Noise generators can also be constructed by storing a digital repre¬ 
sentation of numbers from a table of random numbers on a medium such 
as punched or magnetic tape. This type of noise generator is useful 
especially if the random samples are needed only at discrete times or at 
the beginning of each problem run. The stored-number type of random 
noise generator has the advantage that the noise source can be exactly 
duplicated for more than one problem situation. This type, of course, 
requires the use of a digital-to-analog converter. 

12-7. Patching and Control Systems. There are as many different 
patch-panel layout designs and designs for specific computer control 
circuitry as there are manufacturers in the field and organizations that 
have designed their own computers. In fact, several manufacturers 
have different designs for different models of their basic computer. 
There is not space here to describe all the variations in computer patch- 
panel layout and control-circuit design; therefore, only one system will 
be described in detail. The purpose here is not to cover all possible ways 
of designing a general-purpose analog computer but rather to give the 
reader an idea of how a general-purpose analog-computer patching and 
control system is designed. The computer chosen as an example is the 
Electronic Associates type 131. This computer is chosen as an example 
not because its design is considered better than that of another organiza¬ 
tion but because it is in very wide use. The computer described here 
has provision on the patch panel for 60 operational amplifiers, 80 coeffi¬ 
cient potentiometers, 10 servo multipliers, 4 servo resolvers, 5 electronic 
multipliers, 6 diode function generators, and other miscellaneous com¬ 
ponents such as diodes, resistors, capacitors, and relays. The operational 
amplifiers are grouped in three categories: (1) combination amplifiers, 
which can be used for either summers or integrators, (2) summing ampli¬ 
fiers, and (3) inverting amplifiers, which have only one input and one 

output available. 

The patch-panel and relay-control-circuitry connections to a com¬ 
bination amplifier are shown in Fig. 12-38. These amplifiers have seven 


inputs with gains 1, 1, 1, 5, 5, 10, 10, respectively, an initial-condition 
jack, and six output jacks. The upper six jacks appearing on the patch- 
panel block for the amplifier provide the necessary connection points 
from which the amplifier can be made into an integrator or a summer. 
As shown in Fig. 12-38, one of the six jacks is connected directly to the 
grid of the amplifier and one to the output. Another jack is connected 
to the grid of the amplifier through a 1-megohm resistor. The 100-M/ff 
capacitor between the output of the amplifier and jack F is provided to 
help stabilize the amplifier in certain applications. Jack S is the summing 
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junction and is connected to G when the amplifier is used as a summer, in 
which case F is connected to 0. The H jack is connected to S when the 
amplifier is to be used as an integrator, and jack C is connected tc F. 



Relay-voltage J2_ 


Fig. 12-38. Combination amplifier terminations and control circuitry. (Reproduced 
by permission of Electronics Associates , Inc.) 


The relay-control circuitry consists of three relays labeled RESNT, 

HOLD, and POT SET. The control-switch position shown in Fig. 12-HN 

provides for the computer states of OPERATE, HOLD RESET POT 
SET, RATE TEST, and SLAVE. * ' 

Computer States. RESET. When the control switch is in the li ION NT 
position, both the HOLD and RESET relays are energized. One »#t 


THE BASIC ANALOG-COMPUTER 


COMPONENTS 



of contacts on the RESET relay connects the IC jack through an 0.1- 
megohm resistor to jack C, which is the grid connection to the amplifier 
when it is used as an integrator. The other 0.1-megohm resistor is then 
in the feedback loop of the amplifier. The RESET relay provides for 
charging the integrating capacitor to the initial value of voltage that is 
required. Since the HOLD relay is also energized, its single set of con¬ 
tacts disconnects the input network of resistors from the grid of the 
integrator and connects them to a read-out panel. The voltage con¬ 
nected to the read-out panel can be switched to the grid of a summing 
amplifier built into the monitoring system so that the input to the inte¬ 
grator can be monitored in the RESET state. 

HOLD. When the switch is in the HOLD position, only the HOLD 
relay is energized; this disconnects the inputs from the grid of the ampli¬ 
fier used as an integrator and again connects this summing point to the 
read-out circuit. Note that neither the RESET nor the HOLD state 
has any effect on the amplifier if it is connected as a summer. 

OPERATE. In this position of the switch all three relays are unener¬ 
gized, and, depending upon the connections made with the six top jacks 
in Fig. 12-38, the amplifier will operate either as a summer or as an 

integrator. 

POT SET. In the POT SET position the POT SET and RESET 
relays are both energized. The RESET relay performs the same func¬ 
tion described above, whereas the POT SET relay contact disconnects 
the summing junction of the input-resistor network from jack S and 
grounds this point. This is necessary in setting coefficient potentiometers 

in order to provide the proper load. 

RATE TEST. In the RATE TEST position the POT SET relay is 

energized, grounding the input network as above; in addition, a voltage 
is applied through a 1-megohm resistor to jack H from the reference 
potentiometer. This is used to check the operation of the integrator by 
applying simultaneously a single adjustable input voltage to each inte¬ 
grator in the unit. The integrators are allowed to run for a convenient 
interval. The outputs of the integrators are then monitored, and any 
integrator with an output different from the correct voltage is considered 
faulty. A similar CHECK state is described in Sec. 7-5. 

Summing Amplifiers. Twenty summing amplifiers are provided with 
five inputs each, as shown in Fig. 12-39, with gains of 1, 1, 1, 5, and 10, 
respectively. Five outputs, which are bussed together, are provided. 
The four jacks in the upper section of Fig. 12-39 provide for connections 
to convert the amplifier to a summer with a 1-megohm feedback resistor or 
with external feedback impedance elements. The four upper jacks are 
those associated respectively with the grid, the output of the amplifier, 
the Humming junction of the input-resistance network, and one end of the 
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1-megohm resistor attached permanently to the grid. For use as a 
normal summer, jacks S and G are bussed, and jacks 0 and F are bussed 
together. Contacts on the POT SET relay are the only relay circuitry 
needed to control the summer. In the POT SET and RATE TEST 
states, the POT SET relay is energized as in the case of the combination 



Fig. 12-39. Summing amplifier ter¬ 
minations and control circuitry. ( Re¬ 
produced by permission of Electronics 
Associates, Inc.) 


amplifier, and the single pair of 
contacts disconnect and ground the 
input network. 

Inverting Amplifiers . Twelve in¬ 
verting amplifiers are terminated on 
the patch bay in conjunction with 
the four resolvers. The inverters 
associated with these resolvers are 
available, depending upon the use of 
the resolvers. When the inverters 
are to be used separately from the 
resolvers, the resolver switch must 
be thrown to OFF as shown in Fig. 
12-40. 

Coejficient Potentiometers. Eighty 
coefficient potentiometers are pro¬ 
vided, of which 20 have associated 
with them three-position function 
switches that will connect the top 
of the attenuator to a + 100-volt 
reference, a patch-panel jack, or a 
— 100-volt reference. This switch¬ 
ing feature makes these attenuators 
convenient for applying initial con¬ 
ditions to integrators. These first 
20 attenuators are terminated on the* 


patch panel in the manner shown in Fig. 12-41a, except for four of them, 
which have the bottom of the coil windings brought out to the patch bay 
as well as the top of the winding and the slider, as shown in Fig. 12-416. 
The last 60 attenuators are used primarily as coefficient potentiometers 
and are terminated on the patch panel in the manner shown in Fig. 
12-41c and d, eight having the connections of Fig. 12-41d. The three 
position switches associated with these last 60 potentiometers are used 
to monitor the setting and the output. If the switch (which is spring 
loaded to the center position) is thrown to the left, the + 100-volt refer 
ence will be connected to the top of the potentiometer and the slider will 
be connected to the digital voltmeter. The digital voltmeter will now 
read the setting of the potentiometer. If the switch is moved to I he 


THE BASIC ANALOG-COMPUTER COMPONENTS 503 

Resolver switch 



Fig. 12-40. Sign-inverting amplifiers. (Reproduced by permission of Electronics Associ¬ 
ates, Inc.) 


+ 100 v 



Fig. 12-41. (a) Grounded attenuators, (b) Ungrounded attenuators, (c) Grounded 
coefficient attenuators, (d) Ungrounded coefficient attenuators. (Reproduced by 
permission of Electronics Associates, Inc.) 

right, the arm will be connected to the digital voltmeter and the output 
of the potentiometer will be read. This last feature is valuable in static- 

check procedures. 

Servo Multipliers . Ten servo multipliers are provided on the patch 
bay in the manner shown in Fig. 12-42. The top row of jacks provide 
± reference voltage and ground as well as the input to the servo multi- 
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plier. 


The second row of four jacks are connected to the top, bottom, 
center tap, and slider of the feedback potentiometer. The slider of the 
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follow-up potentiometer is con¬ 
nected permanently to the input 
of the servo multiplier. The jack 
labeled LD is provided in order 
that a loading resistor may be con¬ 
nected between that jack and 
ground. Five additional linear 
potentiometers ganged to the same 
shaft as the follow-up cup are 
brought out to the patch panel 
with the top, bottom, center tap, 
and slider connections appearing 
as shown. The models of servo 
multipliers incorporating tapped 
potentiometers are interchangeable 
with those not having tapped 


potentiometers. 


having tapped 
The connections 


l-—-J 1/32 amp 

fuse 

Fig. 12-42. Patch panel and circuit: 
Servo multiplier. (Reproduced by per - 
mission of Electronics Associates, Inc.) 


to the tapped-potentiometer ter¬ 
minals other than those shown in 
Fig. 12-42 are made on the multi¬ 
plier chassis itself. 

Resolvers. Four resolvers are 
provided on the patch panel, as 
shown in Fier. 12-43. Enoh rn- 


shown in Fig. 12-43. Each re¬ 
solver unit incorporates two sine-cosine potentiometers as well as four 
linear potentiometers ganged to the same shaft, one of which acts as n 
follow-up cup, the other three being available for multiplication as in an 


Polar inputs 


Rect. inputs 
/-Rect. outputs 


x 

§,? 
o o 


49 


R 

O 


so e 

) o 


51 


Ri 

O 

*2 

o 

o 

o 

AGC 

o 


o 

-r. 

o 

-x 2 

o 

g 


CT 

o o 


-A 

o 

-B 

O 


CT 

O 

CT 

O 


-c CT 

o o 


o 

+A 

o 

+ B 

O 

+c 

o 


LD 

O 

AO 

O 

B0 

O 

A0 

o 


Q. 

3 

£ 

O 


3 


Polar outputs 

Fig. 12-43. Patch-panel layout: Resolver. 
Associates, Inc.) 


(Reproduced by permission of Electronic « 
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ordinary servo multiplier. The jacks brought out to the patch panel 
from the sine-cosine potentiometers provide for either two inputs x and 
y with the two polar outputs R and 6 or for 

three inputs R i, R 2 , and 6 with the outputs —x u ( Resolver j 

— y 1 , — rr 2 , and —y 2 . Switches on the control \ Mult.^_Rect. ( 

panel of the resolver itself provide for four differ- f 0ff C / j Polar / 
ent modes: ^' / 

1. OFF. The servo input is grounded, and the Externa | | Norma( 

amplifiers are available as discussed above. j 

2. MULT. The servo acts as an ordinarv / y—v 


2. MULT. 


servo acts as an ordinary 


External I Normal 

Ei neg. ([)■. 1 Pos. 

E 2 neg. I Pos. 


servo multiplier with the restrictions that the 1 ' * / 

input may not exceed 90 volts and that the E neg /pj—j Pos J 

center tap of the follow-up potentiometer must 2 ] 

always be grounded. _ ^ . 

. Fig. 12-44. Portion of 

3. RECT. The servo accepts angular input 6 control _ panel resolver . 

and two voltages representing radius vectors Ri (Reproduced by permis - 
and R 2 to generate —R 1 cos 6, —R i sin 6, —R 2 sion of Electronics Asso- 

cos 0, and —R 2 sin 0; these are shown on the dates, Inc.) 

panel layout of Fig. 12-43. 

4. POLAR. The unit accepts inputs of the two components x and y 
to generate the resultant R and 0. 

The control switches are mounted on the resolver-chassis front panel, 
as indicated in Fig. 12-44. The polarity switches for E 1 and E 2 serve to 
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Fig. 12-45. Rectangular conversion. (Reproduced by permission of Electronics 
Associates , Inc.) 

reverse the polarity of the voltages fed to the respective sine-cosine 
potentiometers (the polarities shown in Fig. 12-43 are for the switches in 
the positive direction). A block diagram of the resolver connections 
made for rectangular conversion is shown in t ig. 12-45. The variable 0 
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is fed to the input of the servo resolver, which then positions the shaft in 
accordance with the variable 0. The variable R i is connected at the 
patch panel and, by means of a control switch on the resolver chassis, is 
connected to the inverter shown as 49 in Fig. 12-45. Thus the sine- 
cosine potentiometer is excited with ±R h and the resulting outputs are 
Xi = Ri cos 0 and y± == Ri sin 0. As mentioned above, the sign of the 
output can be reversed by the Ei switch shown in Fig. 12-44. The use 
of the resolver for polar conversion is shown in Fig. 12-46. The inputs 
x and y are introduced at the patch panel and, by means of the switches 



Fig. 12-46. Polar conversion. (Reproduced by 'permission of Electronics Associates t 
Inc.) 


shown, are fed to the inverters and used to supply the top sine-cosino 
potentiometer with ±x and the bottom sine-cosine potentiometer with 
± y. The inputs to the servo amplifier become y cos 0 and x sin 0, 
which should be equal if the conversion is correct. This quantity then 
serves as the error voltage for the servo, requiring the servo shaft to 
turn until the relationship 

x sin 0 — y cos 0 = 0 (12-52) 

is satisfied. The angular position of the shaft will then be proportional 
to 0, and a voltage corresponding to 0 can then be taken from the slider 
of the follow-up potentiometer. The variable R is obtained by solving 


x cos 0 + y sin 0 = R 


( 12 - 58 ) 
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The two appropriate outputs from the sine-cosine potentiometers are 
summed in an amplifier contained in the resolver chassis and appear at 
the output jack R on the patch panel. The same quantity is also used 
to drive an AGC circuit in the servo amplifier. 

Electronic Multiplier. Five electronic multipliers are provided on the 
patch panel with the connections shown in Fig. 12-47. Each multiplier 
accepts three inputs A , B , and C and obtains two outputs AB and AC. 

Miscellaneous Network Components. A number of silicon junction 
diodes are provided on the patch panel, as shown in Fig. 12-48a. Eight 
1-megohm and eight 0.1-megohm ..— ... 


resistors and two l-zff polystyrene 
cauacitors are provided on the 


capacitors are provided on _____ 

patch panel, as shown in Fig. 12345 

12-486. Six relays are provided O O O O O 

which can be used as differential ^ 

relays in conjunction with an JL JL JL SL 

operational amplifier, as indicated ^ ^ ^ ^ ^ 

in Fig. 12-48c and d. The patch- ab/ioo ab/ioo ab/iooab/ioo ab/ 100 

panel connection for the relay pro- O O O O O 

vides the connections to two ac/ 100 ac/ioo ac/ioo a c /100 ac/ioo 

double-throw double-pole relay O O O O O 

contacts per relay as well as a l—- 

limiter circuit which is prewired so F , 10 ' 12 f- Electronic multiplier section 

that only the connections shown in missim gf Electronics Associates> , nc . } 
Fig. 12-48c need be made in order 

to convert an operational amplifier to a relay amplifier. The relay arms 
make contact with the plus- or minus-designated contacts according to 
whether the net input to the amplifier is positive or negative. 

The complete patch-panel layout is shown in Chap. 2, Fig. 2-16. Pro¬ 
vision is made on the panel for recorder inputs, ± reference sources, 
straight-line function generators, boost connections, which are used to 
parallel additional tubes with an amplifier output stage, and ground 
busses, in addition to the items discussed above. 

12-8. Automatic Programming and Checking Systems. In addition to 
providing the operator with rather elaborate relay circuitry for checking 
purposes, as discussed in Secs. 7-2, 7-5, and 12-7, some machines provide 
more automatic checking procedures. One such system is the voltage 
scale check developed by Reeves. Problem accuracy can be seriously 
affected by incorrect scaling that allows problem variables to vary over a 
very small range during problem solution. The voltage scale-check 
system, suggested originally by Milton Warshawsky of Wright Air 
Development Center (WADC), provides a routine method of checking 
to make sure that all components are monitored continuously and com- 
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pared with a reference voltage. If a problem variable does not exceed 
the reference level in either the plus or the minus direction during a prob¬ 
lem run, a sensing device indicates this fact to the operator. The oper¬ 
ator will normally rescale that particular problem variable. 

Another automatic checking system, also suggested originally by 
Warshawsky of WADC, prototyped by him, and built by Reeves for the 
WADC Computer Center, is the patch-bay verifier , a device that accepts 
a wired patch panel, scans every patch-panel point to which a connection 



+100 v 



Fig. 12-48. (a) Diodes: Patch-panel terminations. (6) Resistors and capacitors, 

(c) Patch-panel layout: Relay amplifier, (d) Relay amplifier. (Reproduced by 
permission of Electronics Associates, Inc.) 


is made, and prints out on tape the designations of the computer elements 
represented by that point and the designations of any other computer 
elements to which that point is connected by means of the problem patch 
ing, using a suggestive English print-out. The patch-bay verifier 1ms 
the advantage of storing a problem setup for future use, for a complete 
record of all patch-bay connections can be stored on tape; also, since the 
designations are completely nontechnical, the patch-bay setup can be 
reproduced quickly at a later date even by nontechnical personnel. 

Although it does not fall under the heading of automatic checking 
systems, the patch-bay switching system of the REAC also help* to 
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eliminate the possibility of errors in problem setup. All switching asso¬ 
ciated with servo multipliers, servo resolvers, conversion of inverters to 
high-gain amplifiers, application of voltages to potentiometers, etc., is 
done through wiring on the patch panel itself. Another Reeves system 
that helps to eliminate operator error is a system designed for the auto¬ 
matic recording of recorder-calibration data. This system automatically 
records the following data at the beginning of each problem run: 

1. Mechanical zero for each channel 

2. Electrical off-set for each channel 

3. Attenuation setting for each channel 

4. Paper speed 

5. Numerical run designation in arabic numerals, available as an 
optional accessory 

Almost all medium- to large-size computers are now available with 
automatic digital control systems that accept data from punched tape 
or cards to set coefficient potentiometers, function generators, initial 
conditions, and even to control the states of the computer. In general, 
potentiometer settings and complete computer programs can be fed into 
the computer from an automatic typewriter or tape reader, or, alter¬ 
natively, the entire computer setup can be read out to the tape and then 
recorded so that the computer can be restored to its former condition 
merely by running the tape through again. In addition, the automatic 
control systems can perform a number of cyclical operations that have 
to be carried out over and over again in the operation of the computer. 
For example, a complete problem check involves the reading out of all 
the amplifier outputs in the computer and then all the integrators. 
Similarly, at the end of the computer day it is desirable to read out all 
the current potentiometer settings onto a tape so that they can easily and 
quickly be reinserted into the computer at the beginning of the next day. 
It is possible to preprogram complete computer runs in such a way that 
the problem is run for a specified length of time or until a specified variable 
or variables reach predetermined levels or, in some cases, remain at zero 
for a specified length of time, then recycle the computer to the RESET 
state automatically, insert a predetermined new set of parameters and/or 
initial conditions, set the computer to IC state and finally to COMPUTE 
state, and then repeat this set of operations over and over again. An 
automatic system that enables the computer to be recycled automatically 
can be quite helpful especially in problems involving random variables, 
the solutions of which must be analyzed statistically. Such automatic 
cycling systems, of course, are not restricted to the automatic digital 
control type mentioned above. Very useful systems are in use that 
have been designed utilizing timers, step relays and other commonly 
available items. Completely automatic programming systems for analog 
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computers are being worked on that will provide the proper connections 
to computer components as well as the setting of potentiometers, etc. 

12-9. Output Equipment. In order to observe and retain as desired 
the information represented by the voltage outputs of computer com¬ 
ponents during problem solution, output equipment is required. When 
such equipment is used for purposes of observation, it is often referred 
to as monitoring equipment. Equipment used to obtain a permanent 
record of computer outputs is classified as recorders; this category would 
include analog (continuous) devices as well as digital devices that pro¬ 
duce numerical data. 

Monitoring Equipment. During the operation of a problem it is 
repeatedly necessary for the operator to measure important voltages 
within the computer; in addition to examining problem variables he may 
wish occasionally to verify that all supply voltages are proper. Various 
types of voltmeters may be used for this purpose. They range from a 
simple laboratory multimeter to built-in vacuum-tube voltmeters and 
digital voltmeters supplied with the control console. Null circuits 
making use of precision voltage dividers and reference sources often serve 
the same purpose. Some form of digital voltmeter is commonly used 
with most large computers. The digital voltmeter provides a reading 
accuracy consistent with the precision of the computer operation—of 
the order of ±0.01 volt. Digital voltmeters are of two types: (1) electro¬ 
mechanical devices, using stepping relays, and (2) electronic analog-to- 
digital conversion devices. The typical electronic digital voltmeter has 
a conversion rate on the order of 200 cps and provides a decimal read-out 
of four digits with an accuracy of ±0.01 volt. Digital output lines aro 
usually provided so that a print-out device can be used to keep a con¬ 
tinuous record of the readings. It is interesting to note that the digital 
voltmeter is essentially an analog-to-digital converter which can be used 
to serve as a high-quality, high-speed multiplier. This is covered in more 
detail in Chap. 14. 

The common oscilloscope is a piece of monitoring equipment much 
used in the analog computer laboratory. The type of oscilloscope useful 
for analog computing work provides d-c amplifiers in both the x and y 
input channels, so that the oscilloscope may be used in the same manner 
as an xy plotter, as well as a time-swept device in which the x position 
of the spot is determined by a linear sweep circuit internal to the oscillo¬ 
scope. In conjunction with a camera, an oscilloscope could be used for 
permanent recordings, but the accuracies available are usually not sulli- 
cient. The oscilloscope has a very wide frequency range, much beyond 
that of the computing elements themselves, but the spot on the screen 
cannot in general be positioned with errors less than 2 per cent. 

Recorders. Recorders for use with analog computers fall into two main 
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categories: (1) the continuous type, using a steadily moving strip of chart 
paper on which graphic marks are produced by inking devices or by hot 
styluses, and (2) the two-dimensional xy plotter, which positions a pen 
on a graph in accordance with two variables x and y. A common type 
of strip-chart recorder makes use of D'Arsonval movements driving 
styluses which write on the moving paper by means of ink, electrical 
sparks, or heat. Several parallel recording channels—up to eight—are 
built into most commercial recorders. This type of recorder has a maxi¬ 
mum frequency range of 60 to 100 cps and an accuracy on the order of 
±0.5 per cent of full scale for deflections up to one-half full scale, ±2 
per cent of full scale for deflections up to three-quarters full scale, and 
± 5 per cent of full scale for deflections up to full scale in either direction. 
The common continuous type of recorder, because of its low accuracy, 
cannot in general be relied upon for extremely critical recordings but is 
sufficient for many applications. 

XY Plotters. The xy plotter utilizes dual servo drives to position the 
writing head in the x and y directions of a rectangular plot proportional 
to two input variables. The plotting surface is normally flat and accepts 
sheets of graph paper upon which the curves are traced. The pen holder 
is usually mounted upon a movable arm; the arm is positioned in pro¬ 
portion to an x input voltage, and the pen holder is positioned along the 
arm itself in proportion to a y input voltage. Table-top models of such 
plotters often make use of standard 11- by 17-in. graph sheets. Larger 
plotters are available to accept sheets to about 30 by 30 in. Two com¬ 
plete arm-and-pen assemblies are sometimes mounted on large plotters so 
that two curves may be plotted simultaneously on the same sheet; special 
cross over interchange accessories avoid interference between the two 
pen motions. Another variation of a plotter makes use of a portion of 
the interior of a cylindrical surface. The pen is positioned along the axis 
of the cylinder and is rotated about the axis in order to make the record¬ 
ings. Still another type makes use of a cylindrical drum on which the 
paper is fastened. Rotation of the drum provides motion in one direction 
while motion of the pen is controlled in the lateral direction. 

Static accuracy of such devices ranges from 0.075 to 0.05 per cent 
maximum error. The dynamic accuracy of a common type of 11- by 
17-in. xy plotter is on the order of: 

±0.1 per cent for plotting speeds up to 10 in./sec 
±0.2 per cent for plotting speeds up to 15 in./sec 
Less than 5° phase shift for ±4-in. deflection at 1 cps 
Less than 5° phase shift for ± 0.5-in. deflection at 5 cps 
Many of the xy plotters commercially available are equipped to perform 
the curve-following function required for function generation. This 
increases the utility of tho plotter. 
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CHAPTER 13 


OPERATIONAL AMPLIFIER DESIGN 


This chapter covers the basic design considerations of operational 
amplifiers to be used in analog computers, methods of achieving high 
gain in such amplifiers, including some of the possibilities of feedforward, 
and the effects of input and output loading upon amplifier performance. 
The discussion will be confined for the most part to vacuum-tube ampli¬ 
fiers, but the same analysis and synthesis techniques may be applied to 

transistorized operational amplifiers. 

Operational amplifier design is a challenging problem for people well 
versed in feedback control theory as well as feedback amplifier design. 
There is not room here for complete coverage of this subject nor even 
for complete derivations of the equations presented. Many concepts 
associated with s-plane analysis and synthesis must be assumed to bo 
part of the reader's background; this chapter assumes a thorough back¬ 
ground in such analysis on the part of the reader. This chapter will bo 
found to be remarkable for its brevity, but it is not the intention of this 
chapter to give the reader the answers to the many questions that arise 
in the design of operational amplifiers. On the contrary, this chapter is 
designed to stimulate thinking on the part of the reader, to provide a few 
guide posts, and to clarify some of the challenges of this very interest¬ 
ing problem. This chapter is not recommended for the casual reader. 

The use of the operational amplifier in analog computation is covens I 
briefly in Chap. 2 and in more detail in Chap. 12, where the errors arising 
from finite gain and bandwidth, grid current, finite output impedance, 
finite grid resistance, drift, noise, and leakage resistance of integrating 
capacitors are discussed. The discussion in Chap. 12 brought out some 
of the considerations that must apply for a good operational amplifier 
design. It is the purpose of this chapter to provide the reader with an 
equivalent model of the operational amplifier as used with input and 
feedback networks, which can be used in analysis and synthesis of such 
amplifiers and, furthermore, to point out some of the problems involved 

and possible solutions to some of them. 

Section 13-2 presents the derivation of a unity feedback equivalent 

model of the operational amplifier, which can be used to Htudy the proh 
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lem by the usual methods applicable to feedback-control-systems analysis 
and synthesis. Such a feedback control-model entails the use of transfer 
functions; therefore, the transfer function of a typical amplifier stage is 
of importance and is discussed in detail in Sec. 13-3; this section also 
includes a derivation of the transfer function for the input network for 
the equivalent model of the operational amplifier and includes a brief 
discussion for the cases of a summer and of an integrator. It was pointed 
out in Chap. 2 and brought out in some detail in Chap. 12 that a good 
operational amplifier must, in general, have a very high value of gain. 
It is easy enough to cascade enough amplifier stages together to obtain 
almost any gain figure desired; however, in the case of the operational 
amplifier, a feedback loop is used which, in the case of the sign changer, 
results in unity feedback. The problem is then to design the amplifier 
with the required large value of gain and still obtain a stable closed-loop 
system. The equivalent unity-feedback model for the operational 
amplifier is very helpful in this analysis and synthesis problem. 

Section 13-4 considers one method of obtaining high gain consistent 
with closed-loop stability, and Sec. 13-5 considers another method, which, 
to the author's knowledge, is novel in its general application. Section 
13-6 considers the possibility of cascaded a-c-d-c amplifiers for high gain 
consistent with stability. Section 13-7 considers the effect of input load¬ 
ing due to stray capacitive coupling, etc. Section 13-8 considers the 
effects of output loading on the operation of the closed-loop system. 
Finally, Sec. 13-9 discusses a particular type of output stage that can 
be used to minimize loading effects on the output, the cascode output 
stage. 

13-1. Basic Considerations. Perhaps the most important basic 
consideration is that of gain. In order for the approximate relationship 


E 0 (s) 

E<(s) 



(13-1) 


to hold, the gain of the amplifier must be very large, particularly for 
integration. For an integrator to be very successful the gain must be 
of the order of 10 6 . Actually most present-day amplifiers are designed 
for gains of the order of 10 8 . The problem here is not to design amplifier 
stages that have enough gain, for one can always cascade more stages 
together. Rather it is to obtain this very high gain while keeping the 
closed-loop system stable. This problem will be brought out in con¬ 
siderable detail in Secs. 13-4 to 13-6. The approximate relationship of 
Eq. (13-1) entails three other assumptions: (1) that the input impedance 
is largo, (2) that the output impedance is very small, and (3) that the 
grid current at the input of the amplifier is negligible. These conditions 
are fairly easy to obtain with vacuum-tube circuitry. Mothods of 
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achieving low output impedance will be discussed in some detail in Secs. 
13-8 and 13-9. Perhaps a more subtle assumption made with regard to 
Eq. (13-1) is that the transfer function of the open-loop amplifier is con¬ 
stant, that is, not frequency-dependent. The meaning of this restriction 
will be made clear by the discussion in the following section concerning 
the equivalent circuit of the operational amplifier considered as a feed¬ 
back-control system with unity feedback. 

Other factors that affect accuracy are drift, saturation or nonlinear 
effects, and noise. Drift is always a problem with a direct-coupled 
amplifier. The techniques used to correct for drift include use of differ¬ 
ential amplifiers, temperature-compensating resistors, regulated fila¬ 
ment, and high voltage supplies, as well as the use of a-c amplifiers 
operating on sampled data. Actually, an easy way to overcome drift 
problems is to build the operational amplifier with a-c amplifiers, that is, 
RC -coupled amplifiers, that operate on sampled data. The difficulty 
here is in obtaining good samplers that operate at a high enough fre¬ 
quency. This is discussed in detail in Sec. 13-6. 

Noise is always a problem in high-gain circuits, but noise effects can 
be minimized by proper shielding and by proper design of the input net¬ 
work. Nonlinear effects, chiefly saturation, play an important part in 
the design of operational amplifiers. In some amplifier designs, the 
usable (full output) bandwidth of the amplifier when it is used as a 
summer is less than one-hundredth of the bandwidth without saturation. 
That is, an amplifier with a small-signal frequency response with a band¬ 
width of 10 kc when it is used as a summer may have a bandwidth at 
large signals of 100 cps or less. This saturation trouble arises because 
the open-loop-amplifier frequency bandwidth must be very narrow for 
stability reasons. The required amplitude of the voltage at the various 
grids is, then, a function of frequency. The problem here is to choose 
the correct location for the lag-lead networks that are used to cut down 
the open-loop frequency response so that all the stages will saturate at 
nearly the same frequency. 

13-2. Unity-feedback Equivalent Model of the Operational Amplifier. 

The operational amplifier can be very conveniently studied by feedback 
control-system theory. The equivalent open-loop transfer function can 
be derived from the block diagram of Fig. 13-1, where provision has 
been made for studying the effects of an input network consisting of 
two-terminal networks with impedances Z u Z 2 , and Z 3 . The figure 
shows the general multiple-input case with n inputs. The interim! 
impedance of the output stage is denoted by Z 0 , and a fictitious voltage 
whose transform is E a is assumed to exist between the amplifier and this 
internal impedance Z 0 . The transform relating E a to E 0f i.e., EJE u , will 
be denoted by G ; this is the transfer function of the amplifier that would 
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be obtained with no load on the output or one with zero output imped¬ 
ance. Zn, Zi2, . . . , Zin, and Zf denote the impedances of the input and 
feedback networks, as shown in Fig. 13-1. These networks are, in gen¬ 
eral, three-terminal networks, and the impedances are short-circuit 
transfer impedances. Zl is the impedance of the external load con¬ 
nected to the amplifier; E x is the transform of the summing-point voltage; 
Eg is the transform of the voltage on the grid of the first stage; and I g is 



Fig. 13-1. General operational amplifier system. 


the grid-current transform. Let the subscript t denote the Th6venin 
impedance. 

The Laplace transforms of the nodal equations are 

Eii __ i Em _ E± _i_ . . . . Os* _ 4- _ El 

Z il Zilt Zi2 Zi2t Zin Zint Zf Z ft 

- = 0 (13-2) 

El ~ E ° - - /„ = 0 (13-3) 

Since the transform of the desired output is 



i-i 


the transform of the error of the closed-loop system can be expressed as 



Equation (13-2) then becomes 





(13-4) 


(13-5) 





























518 


ANALOG COMPUTATION 


Equation (13-5) can be interpreted as a nodal equation and would arise 
from the equivalent circuit indicated in Fig. 13-2, where the equivalent 
two-terminal networks indicated as Znt, . . . , Zi nt have impedances 
that are the Th6venin impedances of the actual three-terminal networks 
used with the amplifier as viewed from the summing junction. The 



Fig. 13-2. Equivalent input section. 


expression Eq. (13-4) for the transform of the error can be used to con¬ 
struct an equivalent unity-feedback model, as shown in Fig. 13-3, where 
Gi(s ) is the transfer function E g (s)/e($) that would result from writing 
the output of the network indicated in Fig. 13-2 as a function of the input 
c. Gi(s ) is part of the open-loop transfer function of the unity-feedback 
model and, therefore, must be taken into account in a study of the closed- 
loop system. The transfer function G a (s ) relates E 0 (s ) to E a (s ) and must 
include the impedances Z a (s) and Z L (s) of Fig. 13-1 as well as the loading 



Fig. 13-3. Unity-feedback model. 


effects of the input circuit of Fig. 13-2. This will be discussed in m 
moment. 

Input Stage. The transfer function (?»(s) of the input stage can bo 
found by solving for E\ from Eq. (13-3) and substituting into Eq. (13-5). 
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Assuming I 


0 , the transfer function of the input stage is 


Gi(s) 


E 0 (s ) 

«(•) 


*[(J 

;=i 


J_ + i 

z iit ^ z J 


^ + i)( 


1 + ft) + 1 


(13-7) 


Output Stage. From Fig. 13-1, the nodal equation at the output is 


E a — E 0 , Ei — E 0 E 0 n 

Zo + z, z L - u 


(13-8) 


E a is related to E„ by 


E. 


G(s) E, 


(13-9) 


Assume again that 1„ = 0. Solving for the ratio E 0 /E a in Eqs. (13-3), 
(13-8), and (13-9), the output transfer function is obtained: 


G 0 (s ) 


E 0 (s) 

E a (s) 


Z. 


+ ZjG G + £) 


J- + -L + JL 

Z 0 Zf t o Zl 


(13-10) 


As a check, Eqs. (13-2), (13-3), (13-4), (13-8), and (13-9) can be 
used to solve for the open-loop transfer function directly: 


E. 


is) 


y 0 + J ;( 1 + i 




Zf {t + 

G t GG 0 


j_ + i_ 

Zfto Zl 


)[Gi 

1 


%jt Zft z 


)( 


+ 


z 

z 


l) 


+ 


z 


(13-11) 


The transfer functions Gi and G 0 are considered in more detail below 
for the cases of a summer and of an integrator. The typical input stage 
could be assumed to be of the form 

of Fig. 13-4. The network com- If 1 

posed of Ri and Ci is often used --^ - > : —— -- 

for compensation. The capaci- e J X ** | 

tances C 2 and C 3 are usually stray 1 T c 3 2 r TQ 2 e ~ 

capacitance associated with shielded ^ -1- * -° 

cable, etc., but capacitance may be FlQ * 13 " 4 ‘ Ty P lcal in P ut network. 


R 


C .2 


Fig. 13-4. Typical input network. 


introduced purposefully at these two points to reduce changes in input 
loading and to roduoe the open-loop bandwidth. From Fig. 13-4, the 
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impedances are 


Ms) 


z,(«) 


Zi{s) 


Bi 

RiCiS + 

R 2 

R 2 C 2 S -f- 
RzCzs -f- 


Ri 

T,s + 
R 2 

T 2 S + 

T z s + 


Case I. Summer 


Let 


and 


Then 

where 


Z 


Z 


R 


Z{ — Zn — R 


n 

yj_+j 

Zy Rn ^ R 

j= 1 


_ + JL __L 

/ R Z R e 


Z L 


Gi 


Rl 

T ls + 1 

Eg _ R2Re(R\C\S 4~ 1) 

e as 2 + bs + c 


(13-12) 


R l R 2 ReR f [{C l + C 2 )C 3 + C 1 C 2 ] = R \R 2 R e R f C 2 C 3 
R f Re[Ct(Ri + ff 2 ) + RiC 1 + R 2 C 2 ] + RiR 2 (R e + R f )(C 1 + C 2 ) 
Rf(Ri + R 2 4* Re) + Re(R\ 4~ R-z) 


If R f ^>> R e and if C 1 <<< C 2 , C 1 « C 3j then 


Gi 


R 2 Re(RiCiS 4~ 1) 


Rf(R\ + R 2 ) 


C2C3S 2 + p— t *~7W (R2C2 + 

li 1 T *v2 /tl I *12 


R 2 C 3 4" RiCz)s + 1 


(13-12a) 


The lead network of R\Ci can be used to compensate for the lower- 
frequency pole introduced by the input-circuit stray capacitance. With¬ 
out the network, 


Ri = Ci 


and 


Gi 


RzRe 


Rf(R2 4" Re) 


R 2 Re 


R 2 4“ R, 


(C 2 + Cz)s + 1 


(13-126) 


Because of the high impedance necessary in the input circuit, tin* 
pole due to stray capacitance occurs at a rather low frequency (2,000 
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cps with the typical values of R 2 = 0.5 megohm, R e = 0.1 megohm, 
C 2 + Cz = 1,000 /x/xf). A value for R 1 C 1 can be found, as in the typical 
amplifier stage, such that the zero cancels the lower-frequency pole. 
The higher-frequency pole can be controlled somewhat by proper choice 
of Ri and C\. The bandwidth of the input circuit can be increased by 

decreasing R 3 ; however, this increases the errors due to grid current 
[see Eq. (13-6)]. 

The output transfer function becomes 


G. 


_ RfRL _ 

Z 0 (Rl 4~ R/) + RlR/ 


4- 


R\R 2 (C\ CI)s -f- Ri -f- R 


GR/R 2 


RiCis 4~ 1 


Z 0 R f R L 


Zo(Rl 4“ Rf) + RfRL 


Cls 4" 1 


(13-13) 


For frequencies up to the —-40-db point for G, this equation can be 
written with less than 0.1 per cent error as 


G, 


[Z g (Rl + Rf) 4- RlRA 


RfRL 


Z 0 R f R L 


(13-13a) 


Z 0 (Rl 4 ~ Rf) + RfRL 


Cls 4~ 1 


And, if Z t 


r Rf , 


G, 


Rl _ 

v 4~ Rl rR 


r + Rl 


Cls 4~ 1 


(13-136) 


This pole occurs at 16 kc for values of r = 1,000 ohms, Rl 


kilohms, and Cl = 0.01 /xf. 
tant in amplifier design. 

Case II. Integrator 


c for values of r = 1,000 ohms, R L = 10 
It will be seen that this pole is quite impor- 


Let 


Then 

where 


Gi 


Z 


Cs 


Zij = Rif 


u 


+ 


R 


R 


1 

E. 


R 2 ReC (RiC is 4~ 1)^ 
as 2 + bs + c 


(13-14) 


a - R x R t R.[(C + Ci) (Ci 4- C 2 ) + C X C 2 ] 

b - /e,[/e,Ci 4- R 2 C 2 4 - (Rl 4- Rt)(C + Cl)] 4- RiR 2 (C x + Cz) 
c ■■ Ri 4“ R% 4" R -0 
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Qi 


_ R 2 Re _ 

Ri + R 2 + R « 


(flxCiS + l)Cs 


R 1 R 2 R 

R\ “1“ R 2 ~ 


ht. c < c -+«*■+ ftf&+i c *+ 


(13-14a) 


Thus, C 3 has negligible effect upon an integrator. A value of R 1 C 1 
chosen to compensate for the input circuit capacitance when the amplifier 
is used as a summer no longer gives the correct leading break point 


when used in an integrator. In fact, as will be shown later, the factor 
R 1 C 1 S + 1 will be canceled by a term in the output transfer function G 0 . 


It may be desirable to let R 


C i = 0 for an integrator, resulting in 


Gi 


R^Re 

Ri 4 ~ R 


Cs 


R%Re 

Ri + R, 


(13-146) 


(C + C 2 + Cz)s + 


The pole should be as near the origin as possible, so as to require as 
little open-loop gain as possible to place the closed-loop pole near the 
origin, as desired. Thus R 2 and R e should be large. With an open-loop 
gain K of any appreciable magnitude, the low-frequency closed-loop pole 
will be at nearly 


1 R 2 4“ R, 

K R 2 R«C 


Kr 


The distance from the origin is inversely proportional to the timo 
constant r = R 2 R e C/(R 2 + Re)- The distance of this closed-loop polo 
from the origin represents the error of the system as an integrator. 
Instead of l/R x Cs, the system transfer function is nearly 


R 




S + 1/K 


-) 


The error to a unit step input is 


m = [t - Kt( 1 - e~‘ IKr )} 


( 13 - 15 ) 


and the per cent error is 


5(0 


100 


[ ! - ^ (1 - e~ ,IKr ) 


per cent 


( 13-1 Ha) 
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Thus Kt should be as large as possible. With Kr = 10 6 , the error 
to a step input is 0.1 per cent at the end of 100 sgc; with Kr reduced by a 
factor of 10, the corresponding error is 1 per cent. 

It may be of interest to note that a perfect integrator could be achieved 
only with infinite gain or with an open-loop pole at s = 0. Infinite gain 
is hard to achieve; however, an open-loop pole at s = 0 can be obtained 
by the proper adjustment of gain in a minor, positive feedback loop. 

The transfer function of the output stage for an integrator (case II) is 


G, 


jf 1 _j_ tCs RiRi^Ci -(- C 2 )s -j- R\ -f- R% 

L l G Rz(RiCis + 1 ) 


(Rl + r) 


Rlt(C + C L ) 

Rl + r 


s + 1 


for Z, 


(13-16) 


r. 


The second term in the numerator cannot be neglected as it can be in 

case I. The factors of the numerator can be obtained by the root-locus 
method. 


Let 

Then 


G(s) 


-K 

( T a s + 1 ){T h s + 1 ){T c s + 1) 


R 


a - _«* (?> + 1 )(T* + l)(T f s + 1)(T„8 + 1 )(T h s + 1) __ 

° r + \~R7r 1- (13-16a) 

(RxC lS + 1) \j~- r (C + Cl)s + lj 

where 1/T d , 1 /T e> . . . , 1 /T h are the five roots obtained from the root- 
locus plot of the numerator. The denominator term RtCis + 1 will be 

canceled by a term in G % (s). The five zeros are obtained by finding the 
roots of 


G 


Ri(RiCis -|- 1 ) 

rCs[i2x/2 2 (C'i -(- (^ 2)5 -j- Ri -(- 72 2 ] 


(13-17) 


If the compensating network at the input is not used (Ri 
then the open-loop transfer function is 


Ci = 0 ), 


G.GG, 


m + r)(R, + «.) (C + C i)s + 1 j Cs + lj 

(13-18) 

This open-loop transfer function has the same number of zeros as 
poles; therefore, the closed-loop function has zero phase shift at high 
frequencies. It, is at low frequencies that tho resulting integrator departs 
from tho ideal and for the reason that tho closed-loop polo nearest the 


RlR 2 Rc(G -j- rCs)Cs 


RlT 
Rl + r 


(C + C L )s + 1 


R 2 Re 


R 2 4 “ Re 
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origin is not at the origin. This pole approaches the zero at the origin as 
K is increased. The gain can be increased by moving two of the open- 
loop poles nearer the origin and moving all others out as far as possible. 
One of the poles near the origin will be that of Gi(s) at 

_ — (R 2 + Re) 

S ~ RiR'C 

(if = Ci = 0). 

The effects of the input network upon both summers and integrators 
will be discussed in more detail in Sec. 13-7. 

13-3. Transfer Function of the General RC -Coupled Amplifier Stage. 
For the analysis and design of amplifiers like the operational amplifiers 

used in electronic analog com¬ 
puters, the effects of stray capaci¬ 
tance and correction networks are 
critical. For this reason it is de¬ 
sired to have available a means of 
obtaining quickly the exact trans¬ 
fer function of each amplifier stage. 
Fig. 13-5. Equivalent circuit of amplifier Ag an aid to suc h wor k, the equa- 

stage * tions for a general amplifier stage 

are derived from which a digital computer program can be devised 
that will factor the resulting transfer function for given values of the 
parameters. Digital computation is indicated because of the rather 
large separations of “break points” often encountered. 

General Amplifier Stage. Consider the general amplifier stage of Fig. 
13-5 with the following parameters: 



r v = 
Rb = 
RuCx = 
R2,C 2 = 

Rz,C* = 
C 4 = 
R by C b — 


effective plate resistance of tube 
plate load resistance 
coupling network 

resistance and capacitance to ground at grid of following 
stage 

series compensating network from plate to ground 
plate-to-ground shunt capacitance 

series compensating network from grid to ground of follow¬ 
ing stage 


The tube is assumed to be operating in a linear region with ei = pe 0 . 

If the grid shunting network is omitted (C6 = 0), the stage transfer 
function is 


Eo = K(R jCiS + l)( RzC,s + 1) 

E\ as 3 + bs 2 + C8 + 1 


(13-IN) 
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where K = ^ 

A 

A = CRi + R 2 )(Rb + r p ) + Rtfp 

a = [Cl{Cl + Ci) + Ci C i \C i 

^ = A f ^iRiRb r p[Ci{Ci + Ci) + C 2 C 4 ] 

+ R.IR.R^R, + r P ) + R.r^R, + + Ci)] 

+ R 3 R b r p (R 1 + R^CzCi] 

c ~ A + r p ) + Rbr p ] + R 2 C 2 [Ri(R b + r p ) + R 2 r p ] 

+ [Rz(Ri + « 2 )(r p + R b ) + Btr p (Ri + R 2 + R*)]C Z 

+ R b r p (Ri + R 2 )C 4 ) 

This transfer function has two zeros that are readily computable, one 
contributed from the coupling network of R 1 C 1 and the other from the 
shunt network of R3C3. Therefore, the placement of the zeros where 
desired is an easy task. The three poles of the transfer function appear 
not in factored form but as the roots of a cubic equation in s. The effect 
of RC -compensation networks on the pole location is not self-evident. 

The more complete case includes the shunt network of R b and C 6 . The 
transfer function then is 

Eo = KiR^is + 1 )(R 2 C 2 s + 1)(R 3 C 3 s + 1 )(R 5 C 6 s + 1 ) . 

Ei ,4s 6 + Bs 4 + Cs 3 + Ds 2 + Es + 1 (15-lUa; 

where a, b, c, and K are the same as above, and 

A = aR 2 R b C 2 C b 

B = a[(R 2 + R b )C b + R 2 C 2 ] + bR 2 R b C 2 C b 

C = a + b(R 2 C 2 + R b C b + R 2 C b ) + cR 2 R b C 2 C b - KR^R^^.Ch 

D = b + c(R 2 C 2 + RsC b + R 2 C b ) + R 2 R 6 C 2 C b - KR^C^, 

E — c + R 2 C 2 + R b C b + R 2 C b (l — K) 

This transfer function has four zeros that are factored; it has five 
poles that are the roots of a fifth-order equation in s. The coefficients 
of the denominator are given in terms of the coefficients of Eq. (13-19) 
and the other parameters. 

Compensating Capacitance C\. For the special case of no series com¬ 
pensating networks ( C 3 = C b = 0), the equation was derived from which 
can be calculated the value of C\ that will just cancel the lower-order pole 
of the transfer function. Thus, for given values of r P) R b , R h R 2 , C 2 , and 
Gif there can bo obtained correctly the value of C x such that the zero 
introduced by the ooupling network R\ t C\ will just cancel the lower-order 
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pole. The result will be a transfer function with constant frequency 
response out to just one high-frequency break point. 

With C z = C 6 = 0 , Eq. (13-19) becomes 


E 0 (s) 

Ei(s) 


KjlhCtf + 1) 
bs 2 + cs + 1 


(13-196) 


It is desired to choose a value of C i such that the factors of the denomi¬ 


nator are 


bs 2 + cs + 1 


(.RiCiS + l)(Ts + 1) 


where T < RiCi. This can be done by solving 


dCS + eC 1 + / 


(13-20) 


for C i, where 


Ri 2 (Rb + r p ) 

-Ri[RzCz{R b + r p ) + R L r p Ci] 

RzRbVvC zC 4 


Input Network to Operational Amplifier. The effect of the input net¬ 
work of an operational amplifier, including the input and feedback com- 


R 


Summing 
junction . 


R 


Fig. 13-6. General input-stage equivalent circuit. 

puting impedances, upon the equivalent transfer function of the oper¬ 
ational amplifier can be found in the same way. The circuit of Fig. 
13-6 was used for the derivation, where 

e = transform of equivalent error of operational amplifier (sec 
Figs. 13-2 and 13-3) 

Eg = transform of grid voltage at first stage 
R,C = feedback computing impedance network 
Ri,Ci = summing j unction-to-grid compensating network 


R 

C 


grid-to-ground resistance 
grid shunt capacitance 


Ra = total resistance to ground at summing junction (parallel 

combination of input resistors) 

C 4 = shunt capacitance at summing junction, including capaci 
tance of input computing impedances 


E 0 (s) 

€(fi) 


G i («) 


Ki(RCs + l)(RiC { s + 1) 

gs 2 + 6* 4-1 


(13-21) 


where Ai 

K x 
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Ai 


-[(Ci + C 2 )(C + C 4 ) + CiC 2 ] 


Ai 


{RiRz(R + R*)(Ci -f* Cz) 


+ RRARiCi + RzCz + (Ri + Rz)(C + C 4 )]) 

This transfer function has two zeros, one introduced by the feedback 
impedance elements, R and C , and the other by the compensating net¬ 
work of R 1 and Ci. Two special cases are of interest. 

1. Summer C = 0 


Gi 


K\(R\C\S 4- 1) 

gs 2 + hs + 1 


(13-21a) 


This is identical with the transfer function of the typical amplifier 

stage with C 3 = C b = 0 of Fig. 13-5. If desired, Eq. (13-20) can be used 

to solve for the value of C\ such that the zero just cancels out the pole 
nearest the origin. 

2. Integrator R = 00 


Gi 


RzRaCs(RiC\S -f- 1 ) 

(/2i + -^2 + Ri)(gs 2 + hs + 1 ) 


(13-216) 


One of the two zeros occurs at the origin; one of the closed-loop poles 
will approach this zero for large open-loop gain. As pointed out pre¬ 
viously, the closed-loop pole will not lie at the origin unless the gain is 
infinite or positive feedback is used. Another possibility is to provide 
a zero of G(s) in the right half s plane. 

13-4. Designing for High Gain by Separation of Poles with Networks. 

As pointed out in Sec. 13-1, stability poses a real problem if an open-loop 
gain of the order of 10 8 is to be achieved. Two approaches to this prob¬ 
lem will be discussed in this and the next section. 

The most straightforward means of achieving a high open-loop gain 
consistent with stability is to separate the open-loop transfer poles by 
using networks at the input or between stages. Thus a lag-lead network 
could be used to produce a pole very near the origin in the $ plane. From 
a frequency-response viewpoint, this would produce a - 6 -db slope start¬ 
ing at a low frequency. The loop closure ( 0 -db crossover point) would 
have to occur at a frequency not much greater than the frequency at 
which the next break point occurred. For a gain of 10 8 , the separation 
between the low-frcquoncy break point and the next higher would have 
to be of the order of eight decades. This moans that if the second break 
point occurred at 50 kc, the lower-order break point would havo to be 
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placed at 0.05 cps, assuming that all other break points due to the more 
distant poles occurred at 100 kc or greater. 

One difficulty with this is that it is hard to achieve such large sepa¬ 
rations between the pole and zero of a lag-lead network. In calculating 
the values for such a network, the network cannot be considered alone, 
for, if it is used between stages, it will change the basic transfer function 
of the driving stage. Effective plate resistance and stray capacitances 
become critical and must be included. The complete equations given 
in Sec- 13-3 must be used. 

The input network for the amplifier can be and often is used for 
such purposes. Thus, the bandwidth of (?» in Fig. 13-3 is purposefully 
decreased to provide a low-frequency break point. This has the advan¬ 
tage that the effects of variable input loading can be minimized at the 
same time. It has the disadvantage that unwanted (noise) signals 


E 0 

Fig. 13-7. Unity-feedback model with noise voltage as input. 



injected at the first grid of the amplifier are amplified more than the 
error voltage. 

Assume that a noise voltage e d is superimposed on the grid voltage e oy 
as in Fig. 13-7. Let Z iX = Z f . Then, 


whereas 



(13-22) 


(13-23) 


Thus, the closed-loop transfer function for E 0 /E d has the same poles 
as Eo/En, but it has in addition zeros that are the poles of G t instead 
of the zeros of (? t present in E 0 /En. Assume that the closed-loop fre¬ 
quency response E 0 /En(jco) is flat to 10 kc and that (7, is of the form 



Kj 

T iS + 1 


(13-24) 


where Ki < 1. The closed-loop frequency response to the noise input is 
then of the form shown in Fig. 13-8, which is hardly what is desired. 

In general, it will be found that a compromise must be reached in the 
design of the input network between minimizing the effects of input* 
loading and minimizing noise at the input grid. It should bo noted that 
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use of an a-c amplifier with a mechanical chopper at the input can increase 
the noise appreciably. 

Separation of poles can also be obtained by utilizing minor positive 
feedback loops. The results of a positive feedback loop around a stage 
having two real poles are best understood by a study of the root-locus 
plot. The poles of the closed positive feedback loop move away from 
each other as the loop gain is increased, with one pole moving toward the 



Fig. 13-8. Frequency response of closed-loop system for noise input. 

right half plane. The one pole is just at the origin for a loop gain of 
unity. When the amplifier is used as an integrator, the over-all negative 
feedback through the capacitor results in an open-loop zero at the origin 
[see Eq. (13-18)]; therefore, if an open-loop pole has been placed at the 
origin using a minor positive feedback loop, a closed-loop pole will occur 

at the origin for any value of over-all loop gain, as is desired. 

Returning to the problem of simply increasing the pole separation with 
positive feedback, it can be shown that the gain at high frequencies of a 
stage with positive feedback remains the same as it would be without 
feedback, whereas the gain at low frequencies is K x /{1 — K X K 2 ), where 
Ki is the stage gain and K 2 is the 
gain in the feedback loop. The 
separation of the poles is propor¬ 
tional to the increase in gain; 
therefore, positive feedback sepa- Fig. 13-9. Unity feedforward loop. 

rates the poles, as needed for large 

open-loop gain, but it also increases the gain at the same time. Positive 
feedback can be used to increase the allowable open-loop gain by sepa¬ 
ration of poles, but this will not compensate for too large a value of gain 
for an existing amplifier since it automatically increases the gain by a 

corresponding amount. 

13-5. Use of Feedforward. The concept of feedforward can be quite 
useful in the design of feedback-control systems. Briefly, the method 
consists of providing paths by which a signal can be fed forward in a 
system, bypassing one or more of the system elements, and summed with 
the signal output of tho bypassed elements. A unity feedforward loop 

is shown in Fig. 13-0. 



































In general, the use of feedforward loops provides a means of adding 
zeros to a transfer function and, thereby, a powerful means of transfer- 
function synthesis. The summing junction shown in Fig. 13-9 will often 
present practical design difficulties, but since feedforward can be used to 
obtain zeros without the added pole that a physically realizable network 
would contribute, it can be extremely useful in the design of operational 
amplifiers. 

With K^> 1, the over-all transfer function is 


E, _ K[(T/K)s + 1] 
Ei~ Ts + 1 


(13-27a) 


The gain is K at low frequencies and unity at high frequencies, with no 
phase shift at extremes in either direction. This simple expedient can 
transform a stage of amplification with quite limited bandwidth (above 
0 db) to one with infinite bandwidth at no sacrifice in gain. 

The Stabilizing Amplifier . An obvious application of feedforward is 
to add to an existing d-c amplifier a stage of amplification with the trans¬ 
fer function of the form (13-26) with unity feedforward around it. If 
the time constant T is large, the resulting pole-zero configuration will lie 
very near the origin in the s plane, even for quite large values of K . The 
pole-zero combination (dipole) will then have very little effect upon tho 
closed-loop transfer function other than raising the open-loop gain by a 
factor of K. It will have little effect upon the closed-loop poles of tho 
system; therefore, one can obtain a substantial increase in gain without 
affecting stability. I 
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The usual implementation of this method consists of adding an extra 
amplifier of transfer function G a with a gain on the order of 3,000 as the 
first stage of amplification, as shown in Fig. 13-10. In order to reduce 
drift, an a-c amplifier is used. The input e g is transformed to an a-c 
voltage by a sampling switch, amplified, demodulated, and smoothed 
by a large-time-constant RC network. The resulting transfer function 
of the amplifier is approximately 

ft - ^ (13-28, 

The summation of the a-c-amplifier output with the input e a is accom¬ 
plished by using a differential amplifier 
as the first stage of the d-c amplifier, 
as shown in Fig. 13-11; a demodulating 
circuit is included in the box labeled e e 

-K a . 


Fig. 13-11. Differential amplifier 
as a summing junction. 

A basic restriction upon the gain that can be used results from the fact 
that the input signal is sampled. In order to prevent distortion due to 
sampling, the gain should be down to 0 db at a frequency somewhat less 
than half the sampling frequency. If the sampling frequency is 100 cps, 
the 0-db intersection should occur in the neighborhood of 25 cps. Inci¬ 
dentally, the zero obtained by unity feedforward around the amplifier 
occurs at the frequency of the 0-db intersection. The restriction on the 
0 -db crossover frequency, combined with the practical difficulties of 
obtaining and using an RC filter with a time constant greater than 20 to 
30 sec, sets a very definite limit upon the gain that can be used. If a 
0-db crossover of 25 cps is used, a gain of 1,000 would require a 7-sec 
time constant for T and a gain of 3,000 would require T = 21 sec. 
Larger time constants can be used, but if the amplifier inadvertently 
becomes overloaded during a problem solution, a correspondingly longer 
time would then be required for the output of the a-c amplifier to return 
to normal. It would be well to investigate the use of diode or transistor 
switches to discharge the filter after overloads. This would permit much 
larger time constants and correspondingly higher gains. 

Tho alternative way of increasing allowable gain is to increase the 
sampling frequency. Mechanical samplers (rotary switches or choppers) 
have a very limited range of sampling frequency. Electronic sampling 



Fig. 13-10. Use of stabilizing amplifier. 
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holds very definite promise, although, if drift voltages are introduced into 
the sampler, some of the advantage of using an a-c amplifier is lost. Both 
transistor and photoconductive switches have been tried in this applica¬ 
tion with some success. If a sampling frequency of 50 kc were used, the 
gain K a could be of the order of 10 6 . This is discussed more fully in the 
next section. 

Feedforward to Last Stage. Referring to Fig. 13-3, note that the open- 
loop transfer function consists of the transfer function of the input net¬ 
work, Gi, that of the amplifier itself, G, and that of the output, G 0 . Feed¬ 
forward could be used not merely around the first stage of G, but around 
the entire amplifier with the exception of the last stage, the signals being 
summed at the input to the output stage. 

It is impractical in most cases simply to provide a unity feedforward 
loop from the input e g to the grid of the output stage, for this grid is not, 
in general, a good summing point. An active element will usually have 
to be provided in the feedforward channel, perhaps a cathode follower or 

even a separate amplifier. The 
summing point would normally be 
the grid of the output stage. 

Now it is quite clear what hap- 

Fig. 13-12. Multiple-Stage feedforward. P ens when unity feedforward is 

used around a single stage of 
amplification. It is not quite so easy to predict the effect of feedforward 
around a number of stages. Suppose unity feedforward is to be used 
around three stages of amplification, as shown in Fig. 13-12. Assume 
that each stage is of the form 

r _ Kj 

Gi T iS + 1 

Then 




1 + GiG/jz 


1 + 


tfiMs 

(T lS + 1 )(T 2 s + 1 )( 7 > + 1 ) 


T 1 T 2 T 3 s 3 + 


[T,{T 2 + T t ) + T 2 T 3 ]s* 

_ + {T i + Ti + T 3 )s + 

(T lS + 1 )(7V+ 1)(T 3 s + 1) 


1 + K 1 K i K l 


(13-29) 


Thus, as expected, unity feedforward has added three zeros that, at 
high frequencies, cancel out the effects of the three poles. The numerator 
cubic in s could be solved directly for the zeros if the values of the gains 
and time constants are known. The procedure of plotting the loci of 
the roots on the s plane by the root-locus method provides moro insight 
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into the problem, however, and aids greatly in synthesis. The roots of 


GiG 2 Gz 


(13-30) 


are the zeros of EJE,, and their loci may be plotted directly. Note that 
the zeros produced by unity feedforward are the same as the closed-loop 
poles that would be formed by the application of unity feedback. This 
fact leads to a generalization: unity feedforward will normally be effective 

only when the gain is such that s-plane 

good performance could have y ju 

been achieved by unity feedback / 

instead of feedforward. I 

Suppose the poles of Et/E a are o 0( _ | _ J a 

spaced as in Fig. 13-13. The loci Ti l -jf 1 

of the zeros resulting from unity ^ ^ ^ of zerog produced by ‘ feed . 
feedforward are indicated in the f orwar d. 
same figure. To be very useful, 

the zeros should be real or at least well damped. The loci are obtained 
from 


i i 

tJt 3 


l 


Fig. 13-13. Loci of zeros produced by feed¬ 
forward. 


__ 

TiT 2 T 3 (s + 1/Ti)(s + 1 /T,)(s + 1/T.) 


(13-30a) 


The point on the real axis at which the roots become complex conju- 


gate is nearly 


i(i 

2 \T 


(13-31) 


3 T 


The gain at this point, if T 2 


KiK.Ks 


Tt, is 


( 


T 


) 


T X T 


±Ti 

27 To 


(13-32) 


This determines the value of T i for given values of To = T 3 and of 
KiKoK 3 if two of the zeros are to appear on the real axis at l/37' 2 . Thus, 
if = T 3 = l/2x (100 kc) and if = 100,000, the value of T 1 

for real and nearly equal zeros must be 


Tx 


27 

4(2r) 

1.075 


2ir(0.1 IH) 


(13-33) 
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If KiK 2 Kz = 10 8 , the time constant must be 1,075 sec if the two zeros 
are to appear as above. Of course, the zeros may be picked anywhere on 
the loci shown in Fig. 13-13 and the necessary value of Ti calculated in 
the same manner. 

In order to see the effects of the added zeros, the transfer functions 
Gi and G 0 must be taken into account. Suppose these are both of the 
form 



Kj 

TiS + 1 


If the poles of these two functions are assumed to lie between the 
origin and the higher-order poles of the amplifier, the loci of the closed-loop 

poles will appear as in Fig. 13-14a. 
The attainable bandwidth of the 
closed-loop operational amplifier 
must be considerably less than 
the break-point frequencies due to 
G{ and G 0 . Furthermore, the 
stability of the system is quite 
sensitive to the placement of the 
poles of Gi and G Q , and so the 
effects of input and output load- 
( b y ~t q ~f t ing may be severe. 

~ iq ia t • f i i / \ Figure 13-146 shows the result- 

Fig. 13-14. Loci of closed-loop poles, (a) ® , . . _ . . _ 

Without feedforward. (6) With feedfor- in ^> closed-loop-pole loci after the 

ward loop. zeros have been introduced by 

unity feedforward. The resulting 

closed-loop bandwidth is much greater and the effects of Gi and G 0 are 

less. 

Other configurations of the three poles may be chosen. If two of the 
poles are placed very near the origin, two of the resulting zeros will appear 
high in the s plane near the imaginary axis or in the right half plane. At 
first thought, this would not seem to be a very good idea, but it has some 
possibilities. The loci of the zeros would be of the form of Fig. 13-15a. 
Near the origin, the equation would become 



K 

2V(s + 1/TJ 2 



(13-34) 


where K = KJKJKt. 

The real part of the zeros will be very small compared to the imaginary 
part, denoted by co. Then, 



(13-35) 
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If K = 10 8 and T\ = 20 sec, the imaginary part of the zeros will be 
approximately 


co = 500 radians/sec 

On the real axis, far from the origin, the equation is: 


K 

TVTVs + l/Ws + l/Tz) 


Let the distance of the zero near 
the pole at — 1/Ta be denoted by 
p. Then, 


KT 

TV 


(13-37) 


K 

TVTVl/Ws + l/Tz) 


A 


(a) 


(13-36) 


ju 


I 


fa 


Thus the third zero will effectively 


cancel out the pole at 


1/7Y 


The form of the resulting closed- 
loop-pole loci is shown in Fig. 
13-155. The two complex-conju¬ 
gate poles nearest the origin will 
have negligible effect only if they 
are very near the zeros. The 


3 (b) 0 

Fig. 13-15. Effect of placing two of open- 
loop poles near the origin, (a) Loci 
of zeros produced by feedforward. (6) 
Closed-loop pole loci. 


equation being solved for the closed-loop poles is 

KKiK 0 (s 2 + as + co 2 ) 

Ti 2 T o Ti 0 ) 2 (s + l/Ti)(s + l/To)(s + l/T 1 ) 2 


(13-38) 


In the vicinity of the zeros (and the origin) the relationship obtained is 


KKiK 0 (s 2 + as + co 2 ) 
co 2 7V(s + \/T 1 ) 2 


KKiKM 2co - x) 
co 2 7V(co - x) 2 


(13-39 a) 


where x is the distance of the root from the zero near the imaginary axis. 
Using relationship (13-35), Eq. (13-39a) becomes 


Whence, 


K 0.293co 

& 0.087 u) 


KiKoX (2co - x) 

(co - X ) 2 

( KiK 0 V*1 

Vl + KiKo) J 


(13-395) 


if KiK 
if KiK 
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Thus the complex poles near the origin will very nearly be canceled out 
by the zeros introduced by the unity feedforward loop. The effect upon 
the closed-loop frequency response will be a dip at co: — 6 db if K { K 0 = 1 
and about — 1 db if KiK 0 = 5. 

Where are the other two closed-loop poles? The equation there 
becomes 

KKiKo _ 

«*2vr.r<(« + i /ms + i /T 0 ) - 


KiKo 

T 0 Ti(s + 1 /Ti)(s + 1 /To) 


(13-40) 


Let R be the distance from the poles at — 1 /Ti and — \/T 0 to the com¬ 
plex roots on the locus. Then, 


R 2 


KiKc 

ToT { 


The complex roots will be well placed with a per-unit critical damping 
of about 0.7 (critically damped). The closed-loop bandwidth will be 
about the frequency of the higher break point: 1/2ttT 0 from Fig. 13-156. 
The resultant closed-loop bandwidth will be less than for the system of 
Fig. 13-14, but the two poles need not be placed nearly so close to the 
origin as the single lower-order pole of Fig. 13-14. 

The above analysis has been carried out on the assumption that the 
amplifier transfer function simply has three poles. If feedforward is 
used around the first stage (the stabilizing amplifier), this assumption 
means that a pole of the d-c amplifier is placed at the zero introduced by 
the first-stage feedforward loop and that the pole introduced by the a-c- 
amplifier output filter is the pole at s = — l/T x near the origin. 

13-6. Cascaded AC-DC Amplifiers. Operational amplifiers require 
very high open-loop gain at very low frequencies; therefore, the amplifi¬ 
cation of drift voltages occurring in the amplifier itself is a very real 
problem. One solution to this problem is to use amplifiers that have 
little if any gain at low frequencies. The conventional a-c amplifier can 
be used successfully if the d-c signal voltage can be converted to an a-c 
signal without introduction of spurious d-c drift signals. The usual 
means of conversion is by sampling the signal voltage with a periodic 
sampling switch, usually a mechanical chopper. The so-called stabilizing 
amplifier discussed earlier is just such an amplifier utilizing a mechanical 
sampling switch for both modulation and demodulation and with a unity 
feedforward loop around it in most cases. 

If desired, a d-c amplifier could be constructed by using only a periodic 
sampling switch, an a-c amplifier, a zero-order hold circuit, and a smooth¬ 
ing filter at the output. If the sampling frequency were high, an RLC- 
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• •% ^ 

coupled amplifier could be used with tuned stages, thus obtaining high 
gain and high frequency response. For practical reasons, the output 
stage would probably be direct-coupled, but the rest of the amplifier 
could certainly be .RLC-coupled. 

Such an ac-dc cascaded amplifier is limited according to the avail¬ 
ability of good high-frequency samplers. The mechanical chopper can¬ 
not be used much above 100 cps and even then has a rather short life, is 


K 


3x10' 
3X10 6 
3X10 5 
3X10 4 
3,000 
300 



10 


100 


Fig. 13-16. Approximate maximum 
forward around an a-c amplifier. 


1 kc 10 kc 100 kc 
Sampling frequency 

gain versus sampling frequency for unity feed 


- Gate 


e o 


4-Gate 





(a) 


(b) 


Fig. 13-17. Electronic samplers, (a) Diode sampler, (b) Transistor sampler. 

expensive, and introduces considerable noise signal. As brought out in 
Sec. 13-5, the practical limitation upon gain for an a-c amplifier using a 
100-cps chopper is about 3,000. For a good operational amplifier, the 
d-c section following the a-c section would have to have a gain of the order 
of 10 4 to 10 6 . 

The RC -coupled amplifier could be used to much greater advantage if 
good electronic samplers were available. Figure 13-16 shows an approxi¬ 
mate curve for the gain usable in the i?(7-coupled section as a function 
of sampling frequency. For example, a gain of 3 X 10 5 could be used in 
the RC -coupled section if the sampling frequency were 10 kc. 

At the present time, available electronic samplers introduce consider¬ 


able drift signal. 


Two electronic samplers are shown in Fig. 13-17, one 
lie other transistors. The effects of drift in such sam- 


using diodes and the other transistors. 
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piers could be reduced considerably by using as a first stage a mechanical 
chopper and EC-coupled amplifier, as a second stage an electronic sam¬ 
pler and EC-coupled amplifier, and a direct-coupled output stage. 
Consider the block diagram of Fig. 13-18. G a and Gb are transfer func¬ 
tions of EC-coupled amplifiers, and G 0 is that of the direct-coupled output 


c 2 


A 


—Gn -- 








1 to 100 cps 


A 


c 3 


10 to 100 kc 

Fig. 13-18. Cascaded a-c amplifiers 


stage. The three possible feedforward loops are shown with gain con¬ 
stants ci, c 2 , and c 3 . The following relationships are observed to hold:* 


or 


E 2 

Ez 

Ez 


[Cl + Ga]E 1 

c 2 E\ + [cz + Gb]E 2 

[c 2 + (Cz + Gb)(Ci + G a )]E\ 


jjT' ~ l C 2 + C\Cz + CzG a + C\Gb + G a Gb ] 


(13-41) 


For purposes of illustration, assume that the transfer functions can be 


approximated by 


Ga 


Gi 


K a 

TgS l 

K b 

TbS + 1 


Now consider a number of special cases. 


1. 


E 3 

E~i 


Cl = Cz = 0 

— 1 + G a Gb 


C 2 


1 + 


K a K b 


( T a s + l)(T b S + 1) 


(13-4 la) 


The zeros of Ez/Ei will lie on the perpendicular bisector between the 
two poles for large gains, with an imaginary component [±T a T b K a K h - 

Eb) 2 ]^ l /2T a Tb. This situation is similar to that of feedforward to 

* A more complete treatment could be made by using the z transform instead of the 
Laplace transform used here. For the type of demodulation and filtering being con¬ 
sidered, use of the Laplace transform as if the system were continuous is sufficient 
for most design requirements. 
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the last stage discussed in Sec. 13-5. Even though the zeros are poorly 
placed, the least damped closed-loop poles will be very near the two 
zeros and, therefore, will have little effect upon the closed-loop response. 



C 2 = 0 Ci = C 3 = 1 

E , (£ * + 0 (e • +0 

El ( TaS+ 1 )(T b s+ 1) 


(13-416) 


Success of this method depends upon placing the additional poles due 
to Gi and G 0 far from the zero nearest the origin, preferably beyond the 
second zero. 

This method requires a summing junction at the input to the second 
EC-coupled amplifier ahead of the electronic sampler as well as one at the 
input to the direct-coupled output stage. 



Ez 

El 


Cl 


c 2 — C 3 


[2 + Ga + Gb + GaGb] 


2 + 


2 + 


K a (T b s + 1) + K b (T a s + 1) + KaK b 

(TaS + 1 xn» + 1) 

(K a T b + K b T a )s + K a K b 

(■TaS + l)(n* + 1 ) 


(: 2T a T b )s 2 + (K a T b + K b T a )s + K 

(T a s + 1 )(T b s + 1) 


aKj, j 


(13-41c) 


The two zeros will occur at very nearly the same place as in the previous 
example. Therefore, the addition of the feedforward loop through C 2 
has little effect. 

4. ci = c 2 = c 3 — 0 

f 5 = G a G b (13-41 d) 

Jit l 


This case has little practical value, because the poles of G a and G b must 
be placed quite near the origin for the gains K a and K b to be appreciable. 
This is because sampling imposes the restriction that the gain of the 
EC-coupled amplifier must be less than unity in the neighborhood of one- 
fourth of the sampling frequency. Without zeros added by feedforward 
the closed-loop system will be unstable for the range of gains necessary. 
This is due to the additional poles introduced by Gi and G 0 . 

Summary . Cascaded ac-dc amplifiers offer a good possibility of achiev¬ 
ing largo bandwidth and high open-loop gains with very low drift, pro¬ 
vided the proper feedforward loops are usod. The sampler of the first 
amplifier could bo a rotating switch working at a relatively low frequency. 
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The first amplifier could then be time-shared through the same switch 
with 12, 24, or even more other operational amplifiers. The second 
amplifier uses an electronic switch gated at a frequency of 10 kc or 
greater. The output stage could be a cascode stage with feedback, with 
the grid serving as a summing junction. 



Fig. 13-19. Equivalent input network. 


13-7. Effects of Input Loading. Loading effects at both the input and 
output of an operational amplifier are often very serious. Capacitive 
loading causes the most stability trouble; the capacitance is due to physi¬ 
cal layout of the computer as well as to computing impedances. Load¬ 
ing not only deteriorates system performance but also, if it varies from 
one problem setup to another, changes the closed-loop transfer function 



Fig. 13-20. A general input network. 


of the amplifier. The designer 
must seek to minimize loading, the 
effects of loading, or both. 

The equivalent network for the 
error voltage e is shown in Fig. 
13-19. Here the impedance Zi is 
not inherent in the use of the 


operational amplifier but is often included as a compensating network. 
The grid voltage is related to the error voltage by 



A general input network is shown in Fig. 13-20, where 


R, C = feedback elements 

RhCi = compensating network 

= resistance to ground at grid (equivalent resistance to ground 
through chopper contacts) 

C 2 = fixed plus stray capacitance at grid. (Shielded cabling 

capacitance could be a large part of this.) 

R\jCa = parallel combination of all input computing elements. A 

substantial part of C\ is the shielded cable capacitance to 
the summing junction. 
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Summer C = 0 

Consider first the case of the simplest input network, with R 


C i = 0. 


The transfer function becomes 


Gi (s) 


[/?(/? 2 + -R4) + R2R4] 


R2R4 

RR2R4 

RR 2 + RR\ 4" R 2 R 4 


(C 2 4- C*)s 4- 1 


(13-42o) 

Table 13-1 gives the break-point frequencies and gain for a number of 
typical values of the parameters. Note that the pole of Gi lies quite close 
to the origin for most cases. It also varies over a range of 10:1 between 


the case of Rf = Rn = 1 megohm and the case of Rf = 0.1 megohm with 
two inputs of Rn = Rn = 0.1 megohm. Even with a total capacity of 
only 500 nni, the break point will occur at a relatively low frequency. 
The gain constant should not be overlooked either. It also varies over 
a wide range and, in some cases, reduces the total open-loop gain by more 
than a factor of 10. The gain varies much more as a function of the num¬ 
ber of inputs and the size of Ri when Rf = 1.0 megohm. It would be 
expected, from inspection of Table 13-1, that the closed-loop response of 
a summer would be dependent upon the values of the input and feedback 
resistors chosen. 

Table 13-1 


R, 

megohms 


Rir 

megohms 


R^y 

megohms 


C 2 4- Ci, 

MM f 


Break point, 
cps 


Ki 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 
17 


1 

1 

1 

0.1 

0.1 

0.1 

1 

1 

0.1 

0.1 

1 

1 

1 

0.1 

0.1 

0.1 

L 


1 

0.1 

0.05 

1 

0.1 

0.05 

1 

0.1 

1 

0.1 

1 

1 

1 

0.1 

0.1 

0.1 

0.1 


0.5 

0.5 

0.5 

0.5 

0.5 

0.5 

1 

1 

1 

1 

0.5 

0.5 

0.5 

0.5 

0.5 

0.5 

0.5 


1,000 

1,000 

1,000 

1,000 

1,000 

1,000 

1,000 

1,000 

1,000 

1,000 

500 

2,000 

3,000 

500 

2,000 

3,000 

3,000 


637 

2,070 

3,660 

2,070 

3,500 

5,150 

478 

1,920 

1,920 

3,350 

1,275 

318 

210 

7,000 

1,750 

1,170 

690 


0.24 

0.077 

0.044 

0.77 

0.46 

0.31 

0.33 

0.083 

0.83 

0.476 

0.25 

0.25 

0.25 

0.455 

0.455 

0.455 

0.077 


Linos I, f>, and 11 to 10 show the effect upon G { of capacitance loading. 
The frequency at which the break point oocurH is directly proportional 
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to the total capacitance and is quite low for typical values of 1,000 to 
3,000 /x/xf- Most of the capacitance will be that of the shielded cable and 
will not vary appreciably as the feedback and input resistors are varied 
or changed in number. The choice of whether 1 - or 0.1-megohm resistors 
are to be used and the number of inputs has much more effect. Atten¬ 
tion should be given to the feasibility of grounding all input resistors that 
are not being used at a given moment. This would fix the parameters, 

and thus (?,($) and the amplifier could be designed for near-optimum 
performance. 

Now consider the use of the network Ri,C±. The summing junction 
will no longer be at the grid. The capacitance C 2 will now remain fixed 
for a given installation, but C\ may depend upon the number of inputs. 
The transfer function is 


where 



Kj(R\C\s -f- 1) 

62s 2 -f“ 61s -j- 1 


(13-426) 


A — R(R\ + R 2) + R\(Ri + R 2 + R) 

T7- R2R4 

Ki = T~ 

bi = [Ct(Ci + Ci) + CiC2] 

61 = ^ {RyR 2 (R + R<)(Cy + C 2 ) + RRt[(R! + R 2 )C i + RyCy + fl 2 C 2 ]} 


A zero can now be placed where needed merely by choosing the proper 
value of R 1 C 1 . Two approaches may be taken here. (1) The zero may 
be used to cancel the lower-order pole and thereby increase the over-all 
bandwidth, or ( 2 ) the zero may be placed far from the origin in such a 
way that it almost coincides with the second pole and leaves the first polo 
much nearer the origin. The first approach requires that C 1 be of about 

the same value as C 2 + C 4 . The second approach requires much smaller 
values of C\. 

The first approach may in some cases help to minimize noise at the grid 
whereas the second will increase the noise output, because (?, is the feed¬ 
back element for an input at the grid. Table 13-2 gives the results of 
both approaches compared with no R\C\ network for several typical canon, 

The column labeled Ci in Table 13-2 is the proper value for which tlm 
zero just equals the lower-order pole. The resulting G t has but ono polo, 
as listed. It can be seen that the R\C\ network does not increase I ho 
bandwidth of G* appreciably in any case, except perhaps when R and It 4 
are small and C 2 is much larger than C 4 . Note that the R\C\ network 
reduces the gain considerably. This fact alone would result in improve 
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ment in closed-loop response if the gain of the amplifier were too high. 
The same improvement would be noted if the amplifier gain were merely 
decreased, and the output noise level due to noise on the grid would be 
decreased by the same factor instead of being increased by that factor as 
it is if the R 1 C 1 network is used. Use of the RiC 1 network to increase 
the bandwidth of G* is, then, of questionable value. 


Table 13-2 



The second approach in the use of the RiC 1 network is deliberately to 
decrease the bandwidth of G*. The value C\ = 47 fi/xi used in Table 13-2 
was chosen so that the zero introduced almost cancels the higher-order 
pole for one typical set of parameters. The result is that the lower-order 
pole occurs at roughly one-fifth of the frequency resulting from Ri = 0 . 
This would not seem desirable at first thought, but, as discussed earlier, 
one or two of the open-loop poles must lie near the origin for stability 
reasons. Thus, since the input network has a pole fairly close to the 
origin anyway, it may sometimes be advantageous to add the R\C 1 net¬ 
work to place two poles near the origin and, at the same time, place a 
zero at a strategic location. This procedure does have the disadvantage 
that, although the signal-to-noise ratio occurring at the summing junc¬ 
tion is not changed, the ratio of noise occurring at the grid or inside the 
amplifier is made worse. 

Another way of compensating for the effects of varied loading on the 
input is to put permanent loading elements there of such size that effects 
due to changes in number of inputs, amplifier location, etc., are negligi¬ 
ble. Thus, a shunt resistor to ground could be placed at the summing 
point. Table 13-1 shows that the basic frequency response of G< could be 
improved somewhat but at the expense of a loss in gain. If the same 
system is to be used for integration also, the lowered resistance will affect 
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the result adversely. The effect of resistance loading on bandwidth of 
Gi can be seen from Fig. 13-21. The break-point frequency has been 
plotted as a function of R 4 for three cases. The value of Ci required for 
the zero just to cancel the lower-order pole was used in each calculation. 
It can be seen that changing Ra from 1 megohm to 50 kilohms increases 
the bandwidth by a decade for a 1 -megohm feedback resistor. 


*4 



The effect of padding C 2 or C 4 will be to decrease the effects of capaci¬ 
tance change due to changing the length of shielded cable, etc., but the 
bandwidth of Gi is decreased accordingly. 

Note that, if an amplifier has been designed for use with a 1-megohm 
feedback resistor, the use of a 0 . 1 -megohm feedback resistor increases 
simultaneously the gain and the bandwidth of Gi, which may result in 
poor system stability. 

Integrator R = 00 

The transfer function becomes 


where 



R 2 RiC{R\C\S 4- l)s 
as 2 + bs + c 


(13-42 c) 




a — R1R2R4KC + C\){C\ + C 2) + C1C2] 

b = Rt[RiCi + R 2 C 2 + (Ri + R 2 ){C + Ca)] + RiR 2 (C 1 + C f ) 
c = R\ -f- R 2 Ra 

Since C is usually 0.1 or 1.0 yf, Ca will have no effect upon an into 
grator. If the R\C\ network is not used, the transfer function become* 



OPERATIONAL AMPLIFIER DESIGN 



approximately 


where 


Gi(s) 


TS 


TS + 1 



R 2 Ra 
R 2 4" R\ 



(13-43) 


m m 

The effect of C 2 or Ca is negligible, but the gain and placement of the 
pole are dependent on the resistive loading at the grid. For a typical 
value of R 2 Ra/(R 2 + Ra) =0.1 megohm and C = 1 /xf, the pole occurs 
at 10 radians/sec or 1.59 cps. Now the error of integration is due to not 
having a closed-loop pole at the origin. When the loop is closed around 
the operational amplifier through the capacitor C the pole of the open- 
loop transfer function nearest the origin approaches the zero at the origin 
due to G{(s) as the gain is increased. Suppose the open-loop transfer 
function is of the form 


G l GG l 


TS 


K 


1 


ts + 1 (T lS + 1 )(T 2 S + 1 )(T 3 s + 1) ToS + 1 


(13-44) 


Near the origin, 



TS 

and the pole lies very nearly at 



Therefore, both the open-loop gain and r must be as large as possible. 
This means that the R\Ci network should not be used for an integrator 
and that R 2 and Ra should be kept as large as possible. Note that 
using an integrator as a summer (multiple inputs) increases the error 
of integration. 

Summary . The effect of G { on the closed-loop response must always be 
taken into account. Compensating for changes due to multiple inputs, 
etc., is no easy job. An amplifier designed for use as a summer should 
incorporate the poles and zeros of G { (s) in such a way that changes in num¬ 
ber of inputs will cancel the effects of the corresponding changes in band¬ 
width and gain. The use of an R 1 C 1 network is of questionable advan¬ 
tage, even for a summer. Certainly, an optimum design would probably 
involve separate input networks for summer and integrator connections 
of the same amplifier. 

13-8. Effects of Output Loading. The effects of output loading are 
twofold: (1) the transfer function of G 0 is changed, and (2) the output 
stage is loaded in a very real sense, resulting in saturation of the output 
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stage if the output load impedance is too small. The nonlinear effects 
caused by loading will be ignored here for the most part, and the discus¬ 
sion will be concerned with the effect on the transfer function of the out¬ 
put stage. 

Let the output impedance of the output stage be represented by r, a 
resistance. The output transfer function including a load impedance Z L 
is given by 





(13-45) 


where G(s) is the unloaded open-loop amplifier transfer function. 

If the amplifier is used as a summer and the load impedance is of the 
form 

1 

RlClS + 1 



then the transfer function is approximately 




r ^ L r ^ L 

r + R l 


ClS + 1 


(13-45a) 


for r <3C Rf. 

Figure 13-22 shows a plot of the break-point frequencies of G 0 versus r 
for several values of C L with r « R L . It can be seen that, if the ampli¬ 
fier is designed for a gain of any appreciable magnitude, the pole of G 0 
often occurs near enough to the origin to cause trouble with stability. 
The answer to this is to make r as small as possible. Now r, the output 
impedance of the output stage, is not to be confused with the effective 
output impedance of the closed-loop system, which, for a gain of any 
appreciable size, is very, very small. The combination of output loading 
and a finite value of r results in an additional pole in the open-loop sys¬ 
tem. Not only that, but this pole is not fixed at the time of design, as 

are those of the amplifier; its location is dependent upon the actual load¬ 
ing of the output. 

If it were not for considerations of saturation of the output stage, the 
approach indicated as a possibility for the input network could bo 
taken here; i.e., the output could be deliberately loaded down to the point 
where additional loading during problem solution would not change the 
open-loop transfer function appreciably. However, the only effective 
course here is to make r very small so as to place the pole of G 0 as far from 
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the origin as possible. One approach to solving this problem is discussed 
in the next section. 

13-9. The Cascode Output Stage. The cascode output stage offers 
several advantages over the use of cathode followers or of conventional 
amplifiers for the output stage. It has inherently a low output imped¬ 
ance and, by means of feedback, can be made even lower. At the same 


r 



V 2 -Vi (a) (b) (c) 


Fig. 13-23. Cascode output stage. 

time the quiescent current requirements are much smaller than those for 
a cathode follower of the same output capabilities. 

Consider the circuit of Fig. 13-23a. This is the general circuit of a 
cascode output stage, including feedback from the output and the bias 
resistor necessary to bias tho lower stage. The equivalent circuit is 
shown in Fig. 13-235 and includes tho output load impedance Z L . The 
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(rx + 72 + Z L )h - Z L I 2 

+ (y 2 + Zl)I2 


Rh 


—fiiEi 

—^2(^2 ~ Ez ) 

E 2 — E% 


(13-46) 

(13-47) 

(13-48) 


Substituting Eq. (13-48) in (13-47), 


(h 2 R — Zl)Ii + (y 2 + Zl)I 2 


Letting 


(13-49) 


7 * 2 ( 7 *! + 72) + Zz,[(l + \i 2 )72 + Ti + r 2 ] 


the currents are given by 


h 


7*2 + Zl 

A 


HiE 


Z 


M 2 72 


A 


Mi7?i 


(13-50) 


and the output voltage as a function of grid voltage is 


E 


_ Ml(M 2 fi 4“ 7*2)^L _ 

^ 2(^1 + 72) + Zz,[(l + p2)72 + ri + r 2 ] 


Ei 


(13-51) 


No Feedback. Now consider the general case with no feedback, that 
is, 72 2 = 00 . Then 


Ei 


where 


Z; 

c 


Zz 

Ri + Z 3 

72 3 


Ei 


(13-52) 


RzCzs ~b 1 
stray capacitance 


The output voltage may be expressed in the form 


E 


HeZL 

r e 4- Z L 


Ei 


(13-53) 


The effective gain and output resistance, then, are 


Me = mi 


Z 


H2R 4 ” r2 


72 1 4" Zz (1 4" M2)72 4~ ri 4” 7*2 
7 * 2 ( 7 *! 4- 72) 


(13-54) 


(1 4” M2)72 4" T\ 4" r 2 


(13-55) 


The value of 72 that can be used depends upon the characteristics ol 
the particular tube being used. If a tube can be found (or designed) foi 
which m is large, r is small, and a large value of 72 can be used, the result 
ing effective output impedance can be quite small. 

With Feedback. The cascode output stage with feedback offers a 
means of reducing the effective output impedance even further. Ahnuiii 
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ing that the grid current is zero, the equivalent open-loop circuit becomes 
that of Fig. 13-23c, where 


R 2 

Ri 


Then, 


E\ 


Ei 4" E 3 
RiZ 


Let 


A 


R1R2 4 ” ^ 3 ( 72 i. 4 “ R2) 

_ RiZz _ 

R\R 2 4“ Zz(R\ 4" R 2 ) 


(13-56) 


Then, using Eq. (13-51), 


E 


_ — mi(m272 4~ t 2 )ZlA(R 2 /R\)Ej _ 

r 2 (ri 4- 72) 4- Z L [{ 1 4- M2)72 4" T\ 4- r 2 ] 4- mi(m272 4- r 2 )AZ L 


Z 


|_ mi(m 2 72 4~ r 2 )AR 2 _ 

(mi(m272 4~ r 2 )AR\ 4~ [(1 4~ M2)72 4~ T\ 4~ r 2 ]Ri 

7 ,_ r 2 (yi 4- 72) _ 

L Mi(M272 4" t<l)A 4" (1 4" M2)72 4~ t\ 4~ 7* 2 


Ei 


— H/Zl 
Tf 4” Z L 


Ei 


where the effective gain and output resistance are given by 

_ mi(m272 4- t*2)A72 2 

” mi(m 2 72 + r 2 )ARi 4- [(1 4- m 2 )72 4- r t 4- r 2 ]72"i 


1 4- 


R 2 / 72 1 

[(1 4" M2)72 4~ T\ 4~ 7* 2 ][72i72 2 4~ Zz(R\ 4~ 722)] 

Mi(M272 4 " r 2 )R\Zz 

m«72 2 


m«72i 4 - [R 1 R 2 4~ Zz(R\ 4- 72 2 )]/(72i + Z 3 ) 


and 


r/ 


_ 7 * 2 ( 7 *! 4- 72) _ 

iii(ii 2 R 4" 7*2)A 4” (1 + M 2 )72 4- ri 4- 7-2 


(13-57) 


(13-58) 


i+A+J^ 

^3 


1 + 


72i(72i 4~ Zz)ne 
R 1 R 2 4" Zz(Ri 4“ R 2 ) 


To obtain the correct bias, 


R 1 R 2 / (72i 4~ 722) 

72a 4~ 72 i72 2 /(72i 4” 722) 


Note that 


72 2 - 

72 a c.-o 


7i 


II 

Fa 


(13-59) 


(13-60) 
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As an illustration of what can be accomplished by feedback, let 

V\ = 300 volts 
Vi = 500 volts 



Me = 

= 6 



(1) 

r - Te 

f 1 + 0.2/Ie 

r e 

2.2 

if 

c* 

0$ 

II 

rH 

as 

(2) 

r e 

r/ 1 + 0.267a. 

r e 

2.6 

if 

R\ — 2Ri 


Feedback around the cascode stage can reduce the output resistance 
substantially. 

13-10. Discussion. £-plane methods of analysis and synthesis offer a 
valuable means of operational-amplifier design. This chapter has 
included rather brief discussions of some of the many problems and avail¬ 
able techniques. The use of an equivalent unity-feedback model has been 
shown to be of great aid in such work. The problems of designing for 
the rather large gain desired for the operational amplifier have been indi¬ 
cated through use of the unity-feedback model, and some methods of 
achieving the required high gain consistent with closed-loop system 
stability have been discussed. The use of feedforward compensation is 
a valuable tool for synthesis of such systems. This chapter has been 
intended to stimulate interest and ideas rather than to provide handbook- 
type answers for the designer of operational amplifiers. It does, however, 
indicate the problems involved and ways in which some of the difficulties 
can be circumvented. 


CHAPTER 14 


DIGITAL TECHNIQUES APPLIED TO 

ANALOG COMPUTATION 

By William J. Schart and Stanley Rogers* 


Today it is necessary to include in any book on analog computers a 
chapter on digital devices. There are several reasons for this need. 
The first is that for some large problems analog computers have been 
combined with digital computers, both operating simultaneously. The 
second is that there is a special class of digital computers, called digital 
differential analyzers (DDA), that behave functionally like analog com¬ 
puters. Thirdly, there are methods of multiplying, dividing, etc., that 
involve the use of combined analog and digital devices. 

This chapter gives a brief treatment of binary arithmetic and methods 
of instrumenting it, the process of conversion from analog to digital form, 
combined analog-digital computation, the mechanical differential ana¬ 
lyzer, and the digital differential analyzer. A discussion of the mechan¬ 
ical differential analyzer does not fit into the category of digital devices, 
but it serves as an introduction to the detailed treatment of digital 
differential analyzers. 

14-1. Binary Arithmetic and Methods of Instrumenting It. Much of 
the operation of digital devices is based on the electronic instrumentation 
of binary arithmetic. Hence, a knowledge of binary arithmetic and 
methods of instrumenting it is a requirement for understanding analog- 
to-digital converters, digital differential analyzers, and similar devices to 
be described later in this chapter. 

In the decimal number system there are ten symbols called digits, that 
is, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, and a symbol called a decimal point. In this 
system, each of the digits of a number is assigned a weight factor, the 
so-called place value, in accordance with the following scheme: the digit 
in the first place to the left of the decimal point has a place value of 1, the 
digit in the second place to the left of the decimal point has the place 

* Computer Laboratory, CONVAIR, San Diogo. Their work on this chapter was 
supported under the Convair Writing Award. All of Chap. 14 except Sec. 14-5 was 
writton by Sohart and Rogers. 
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value of 10; the next digit to the left has a place value of 100, and so on. 
The digit in the first place to the right of the decimal point has the place 
value of KoJ the next digit to the right has a place value of Koo> and so 
on. In other words, the decimal number 347.86 has the value 

3 X 100 + 4 X 10 + 7 X 1 + 8 X Ko + 6 X Koo 

Such a number system is said to have the base 10. 

The binary number system has a base of 2. Only two digits are 
required in such a number system. It is customary to use the digits 0 
and 1, and the point that separates the integral and fractional parts of a 
binary number is called the binary point. In this system, the place value 
of the digit in the place to the left of the binary point is 1, the next 
place to the left has a place value of 2, the next place the value of 4, and 
so on. The place values to the right of the binary point are, in order, 

y&j etc. For example, the binary number 1101.01 has the value 

1X8 + 1X4 + 0X2+1X1+0XK + 1X34 

Or, in the decimal system, it is 13.25. 

The following table shows how binary numbers can be used to represent 
the decimal numbers from 1 to 10. 


Decimal number. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Equivalent binary number.i 

1 

10 

11 

100 

101 

110 

111 

1000, 

1001 i 

1010 


Consider now the following binary addition problem: 


10111 

11010 

110001 \ 

The sum of the digits in the least significant place is the binary number 1 ; 
so the result is 1 with a carry 0. The sum of the next digits is the binary 
number 10; so the result for that place is 0 with a carry of 1. The sum 
for the next place, incorporating the carry, is also 0 with a carry of 1. 
The same applies to the next place. In the last place, the sum incor¬ 
porating the carry is the binary number 11, that is, a result of 1 and a 
carry of 1. Hence, the desired sum in binary form is 110001. To check, 
the conversion of the addend to decimal form gives 

1X16 + 0X8 + 1X4 + 1X2 + 1X1=23 

the conversion of the augend gives 26, and the conversion of the sum 
gives 49, which is the correct sum. 

Although it is possible to subtract in binary arithmetic using the 11 bor 
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row” concept, it is customary in electronic computers to effect the sub¬ 
traction by adding the complement of the subtrahend. For example, in 
decimal arithmetic the subtraction problem 789 — 234 can be accom¬ 
plished in the following fashion. 

1 . Take the thousand's complement of the minuend 234; that is, sub¬ 
tract the subtrahend from 1,000, getting 766. 

2. Add the result to the minuend, getting 1,555. 

3. Discard the extra place generated by this process. The result is 
555, which is the correct answer. 

Consider now the binary subtraction problem 11001 — 1101(25 — 13). 
In a fashion similar to the decimal technique outlined above, take 32's 
complement of 13, which in binary form is 10011; add this number to 
11001 , obtaining 101100; discard the extra place at the left end of the 
number, obtaining 01100, which is the binary representation of the 
decimal number 12. There is another way of obtaining the same result, 
better adapted to electronic methods. It is as follows: 

1. Take the dual of the subtrahend (replace l's by 0's and 0's by l's, 
not forgetting the implied 0 in the 16's place). 

2. Add the resulting number to the minuend. 

3. Add an extra 1 in the least significant place of the result of step 2. 

The virtue of the binary number system is that it can be instrumented 

with devices that have two states, such as switches, relays, and the elec¬ 
tronic circuits such as flip-flops. In the subsequent description, these 
devices will be described functionally, with no concern for their exact 
construction, be they made from relays, vacuum tubes, transistors, or 
even more modern elements. The reader who is interested in such details 
can find them in the references at the end of the chapter. 

The first device to be described is a flip-flop. Such a device will have 
two output lines. On either line will exist a high or a low voltage, but 
when one line is high, the other is low. Thus, either side can be used to 
represent a binary digit, high corresponding to 1, low corresponding to 0. 
If one line is chosen to represent a binary digit, the other line will repre¬ 
sent what is called its dual. (Zero and one are duals of each other.) 

There will be three input lines to a flip-flop, one called SET ONE, 
another called SET ZERO, the third called CHANGE OF STATE. The 
appearance of a high voltage (either fixed or a pulse of sufficient duration) 
on the SET ONE line will cause the line representing the binary number 
to assume a high voltage level. Hence, SET ONE. Of course, the other 
output line will assume a low voltage level. The appearance of a high 
voltage (either fixed or a pulse of suitable duration) on the SET ZERO 
line will cause the output line representing the binary number to assume 
a low voltage. The existence of a high voltage on the CHANGE OF 
STATE line will chuho each output lino to assume the state opposite to 
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what it was in before the high voltage appeared on the CHANGE OF 
STATE line. 

The next device to be described is a gate. In its simplest form a gate 
has two input lines and one output. There are two basic types of gates. 
One is such that the appearance of two high voltages on the input line 
will produce a high voltage on the output line. Any other combination 
of high and low voltages on the input lines will produce a low voltage on 
the output line. Such a gate is called an AND gate, since high voltages 
must appear on input line 1 and on input line 2, for a high voltage to 
appear on the output line. 

The other basic type of gate that is used in digital apparatus is the 
so-called OR gate. In this device, the appearance of a high voltage on 


Dual of 



(d) 

Fig. 14-1. Functional units for binary arithmetic, 
(c) OR gate. ( d ) Inverter, (e) Half-adder. 



(e) 

(a) Flip-flop. ( b ) AND gate. 


either of the input lines will produce a high voltage on the output line. 
In other words, a high voltage on either input line 1 or input line 2 will 
produce a high voltage on the output line. 

Another device is an inverter , with single input and output line, whoso 
output is the dual of the input. See Fig. 14-1 for functional symbols for 
these devices. With such a collection of devices, it is now possible to 
store and manipulate binary numbers by electronic methods. 

For simplicity, a so-called half-adder will be instrumented (see Figs, 
14-le and 14-2). This is a device that accepts two signals representing 
the addend and augend digits of a binary number and produces the mini 
and carry digits. 

If x and y are available from a flip-flop, the inverters are not necessary, 
for the flip-flop provides both the number and its dual. This device im 
called a half-adder since it completes only half of the addition task; it 
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cannot accommodate a carry that has been generated in the previous 
place. 

In binary arithmetic, we have storage devices in which we put the num¬ 
bers on which we wish to perform the operations of arithmetic. The 
element of a storage device that contains a single number (and its alge¬ 
braic sign) is called a register. There are essentially two kinds of regis¬ 
ters: static and dynamic. In the first kind, all the digits of the number 
are available simultaneously. In the second kind, the digits are available 
serially, one at a time, starting with the least-significant digit. 

One way of instrumenting a serial register is on a magnetic drum. 
Such a drum is a cylinder covered with a thin film of magnetic material. 
Mounted close to the drum are specially designed electromagnets. As 

x y x y x y 

x =addend digit 
y =augend digit 
c=carry digit 
s=»sum digit 


Fig. 14-2. Half-adder. 

the drum rotates, pulses are fed to one of the electromagnets, called the 
writing head. These pulses magnetize portions of the magnetic film, a 
magnetized portion corresponding to a 1, an unmagnetized portion cor¬ 
responding to a 0. Such a band of magnetized and unmagnetized 
material is called a track. If another electromagnet is mounted above 
the track, the magnetic “marks” can be “read.” Hence, the second 
electromagnet is called a read head. When a magnetized spot (a 1) 
passes under it, an electric signal appears across its output terminals. 

Usually, there is also a permanently recorded time track consisting of 
a set of uniformly spaced alternating Us and 0’s, which is used to identify 
the positions of the digits in the number tracks. 

We shall now show how a drum, in conjunction with suitable external 
functional units, can be used to add two numbers that have been recorded 
on the drum and place the sum on the drum. The external functional 
unit must bo what is called a full-adder. For each digit position there 
will bo an addend digit X, an augend digit //, and a carry digit c x (from the 
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previous addition of digits) as inputs. The outputs will consist of a 
digit for the sum $ and a carry digit c 2 to be added in next place. Table 
14-1 indicates what has to be instrumented: The table can be instru¬ 
mented with two half-adders and an OR gate, as shown in Fig. 14-3. 

Table 14-1. Binary Addition 


Previous carry Ci 

0 

0 

0 

1 

1 

Input x 

0 

1 

1 

1 

1 

Input y 

0 

0 

1 

0 

1 

Sum s 

0 

1 

0 

0 

1 

Carry c 2 

0 

0 

1 

1 

1 


With the magnetic drum the sum digit will be directed as a pulse to a 
suitable write head, which will either place the sum digit on another track 
or replace the digits on the augend track with the new digits of the sum. 
The carry c 2 will be placed in a flip-flop to await the appearance of the 
next digit of the augend and sum, then the flip-flop will be switched to 
the Ci input of the full-adder. This switching is done, of course, by the 


x~ addend digit 
y-augend digit 
carry from 
previous place 
e«*sum digit 
c 2 «= carry to 
next place 


Fig. 14-3. Full-adder. 

pulses on the timing channel. Thus, the full-adder is moved from place 
to place of the binary number, starting with the least-significant binary 
digit, forming the sum digit associated with that place and the carry 
to be incorporated in the sum and carry for the next place. For the case 
in which the digits of the augend register are replaced by the digits of 
the sum, the resulting register is termed an accumulator. In fact, any 
register in which the previous sum becomes the augend for a new addition 
problem is termed an accumulator. 

A slight modification of the above technique provides a method for 
subtraction. If x is considered to be the minuend and y the subtrahend, 
y is passed through an inverter before going into the top half-adder. I n 
addition, a 1 is stored in the carry flip-flop at the start of the problem 
The circuits will then perform the subtraction using the dual plus our 
method previously described. 



It is also possible to store the two numbers for an addition problem in 
two sets of flip-flops and to perform the addition in such a way that it is 
not necessary to propagate the carries through each successive integer. 
Such a method of addition is called parallel addition, and, of course, pro¬ 
vides much greater speed of operation. 

The discussion of methods of parallel addition is outside the objectives 
of this chapter. The student is referred to Ref. 1 at the end of this 
chapter for details. 

14-2. The Problem of Sampling. When digital and analog methods 
are used together, it is generally necessary to sample the analog signals 
before converting them to digital form. Unfortunately, the process of 
sampling can be the source of much unsuspected trouble unless the conse¬ 
quences of sampling are understood. The following brief discussion of 
sampled-data systems provides essential background for the discussion 
of analog-digital converters (Sec. 14-3) and points out pitfalls in combined 
simulation. 

Possibly the most treacherous of the errors that can arise from improper 
sampling is “aliasing” or “folding” accordion-style of all frequencies 
above 1/2 T cps into the band below this frequency (T is the sampling 
interval). Folds occur at successive multiples of 1/2T. Thus, fre¬ 
quencies above 1/2 T cps take on falsely, but irremediably, the identity of 
frequencies not greater than 1/2 T cps. To avoid aliasing, sampling 
must occur at least twice per cycle of the highest frequency present (with 
significant power) in the signal being sampled. If all the meaningful 
information lies below some frequency /,, the higher frequencies may be 
filtered out before sampling. Sampling rates may then be based on the 
highest frequency remaining in the filtered signal. * 

For practical reasons, sampling must be more frequent than twice per 
cycle of the highest frequency. Consider two sinusoidal signals of the 
same frequency but of different phase and amplitude. If they are sam¬ 
pled twice per cycle at the points where they have the same instantaneous 
values, the samples of the two will be identical, although the two signals 
are not. Similar situations can arise when the signal is the sum of two or 
more sinusoids. In these cases, information is irretrievably lost. Also, 
sampling must be continued long enough so that at least one full cycle of 
the lowest frequency of interest is sampled. Clearly, if sampling is for a 
shorter period, the presence of the lowest frequency cannot be detected 
in the sampled data. 

It is obvious that, in sampling a time-varying signal, the amplitude of 

* Sampled-data systems form a sophisticated subject with a rapidly expanding 
literature. For an excellent introduction to this field, see A. K. Susskind, “Notes on 
Analog-Digital Conversion Techniques,” chap. 2, Technology Press, MIT, Cambridge, 
Mass., 11)57. 
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the sample depends on the time of sampling. Thus, error in determining 
the time of sampling results in an error in the amplitude of the sample. 
Time errors can be produced by variation or uncertainty of sampling time, 
which cannot be controlled with absolute accuracy. They can also arise 
from using samples of greater than zero duration. If the signal is 
averaged during the sampling process, not much harm is done. With 
most digitizers, however, the digital output represents the input value at 
some instant during the sampling process (conversion). If the signal is 
changing so rapidly that it increases by one least-significant digit (i.e., 
by the resolution of the converter) during the conversion, the accuracy 
of conversion is degraded by a factor of 2. The relationship among the 
accuracy or resolution of the converter, the time required for conversion, 
and the rate of change of the input analog signal is 

Rate of change of input signal (for an _ (full scale of input) (resolution) 
error of one least-significant digit) conversion time 


For example, in a system with an input range of - 
a digitization range of —1,000 to +1,000, and a 
50 /nsec, this rate is 


100 to +100 volts, 
3onversion time of 


200 ( 1 / 2 , 000 ) 

50 X 10- 6 


2,000 volts/sec 


For a full-scale sinusoidal input, a maximum velocity of 2,000 volts/sec 
is reached at 9 


/ 


2,000 

2tt(100) 


3.18 cps 


Thus, astounding though it seems, an instantaneous error of 1 per cent of 
full scale can be made in spite of taking 2,000 readings per cycle in this 
particular case. A sample-and-hold circuit ahead of the converter can 
greatly increase the frequency for a one-least-significant-digit error by 
shortening the sampling process. Such a circuit also makes it easier to 
determine the time at which the sample was taken. 

The foregoing discussion of sampling rates has touched only a few 
high spots. For most practical applications, sampling rates of 10 per 
cycle of the highest frequency present are often considered adequate. I n 
particular cases, as few as 3 may be satisfactory. For sampled data 
that are to be used as inputs to systems with limited bandwidth, the sam¬ 
pling rate must be high enough so the data pulses do not degrade system 
performance. It will be necessary to filter the data pulses or otherwise 
reduce their high-frequency content if the system can respond to tlio 
pulse frequency or its harmonics (filtering is likely to be needed in com¬ 
bined analog-digital simulation). Finally, it should be pointed out Unit 
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it is impossible to recover the original signal from sampled data. Some 
delay and distortion are inevitable; the amount can be reduced by high 
sampling rates and short-duration sampling. 

14-3. Analog-Digital Converters. Analog-digital converters used in 
connection with analog computers fall into two main classes: shaft-posi¬ 
tion converters and voltage (or current) converters. Their inputs are 
continuously variable (analog) quantities, and their outputs are discrete 
(digital) quantities or codes representing, usually, binary or decimal num¬ 
bers. Many analog-digital converters are capable of acting as digital- 
analog converters. Some converters are capable of acting in one direc¬ 
tion only. 

This section contains a discussion of digital codes used in converters. 
Knowledge of these codes is helpful in understanding the principles of 
operation of the main types of converters. 

Digital Codes . Digital codes are ways of expressing numbers by means 
of discrete electrical states. In most general use are decimal and binary 
codes. For many purposes it is convenient to use the decimal number 
system. It is possible to build devices with ten discrete states that can 
be used directly to instrument the numbers 0 to 9. But it is general 
practice, especially in the analog-digital converter and computer fields, 
to use one of a number of binary-coded decimal schemes rather than a 
“pure” decimal code. These schemes commonly use a combination of 
four devices that are basically binary to produce ten discrete states. A 
few of these are illustrated by Table 14-2. Also shown in the table are 
three binary codes and the octal code. 

Binary-coded-decimal schemes are widely used where human beings 
are to read the output of the converter, whereas binary codes are popular 
where data are to be processed by a large-scale scientific computer. 
Most of these use straight binary notation internally, translating to and 
from decimal form for outputs and inputs, respectively. Straight binary 
code is sometimes displayed in octal form (digits 0 to 7) by combining 
binary digits in groups of three starting from the binary point. The 
great advantages of straight binary (or octal) code are the ease of instru¬ 
menting it and the efficiency with which it uses components. For exam¬ 
ple, the number 1,023 can be represented by ten binary digits (all Ts), 
whereas 999 requires three sets of four binary digits in any of the binary- 
coded-decimal codes shown in the table. 

Shaft-Position-to-Digital Converters. Most familiar of the shaft-posi¬ 
tion converters is the Veeder-Root type of counter. In a common form, 
the input number wheel of the counter is driven directly by the shaft. 
Its motion is, therefore, continuous. It can be calibrated with any con¬ 
venient markings. The remaining number wheels are coupled by Geneva 
movements, which transmit one unit of angular motion for each full rovo- 
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lution of the preceding wheel. The automobile odometer is this type of 
device; its input wheel is, of course, driven through step-down gears. It 
converts the continuous motion of the drive shaft into a digital display of 
mileage driven. The output of this type of digitizer is useful only for 
visual reading. It is of no use to a computer, which is the usual destina¬ 
tion of automatically collected data. 

Table 14-2 


Octal 

code 

Binary codes 

Decimal 

number 

Binary codes for 
decimal numbers 

Straight 

Gray* 

Lucalf 

8-4-2-It 
(straight 
binary) 

Excess-3 

2-4-2-1H 

0 

0 . . . 0000 

0 . . . 0000 

0 . . . 00000 

0 

0000 

0011 

0000 

1 

0 . . . 0001 

0 . . . 0001 

0 . . . 00011 

1 

0001 

0100 

0001 

2 

0 . . . 0010 

0 . . . 0011 

0 . . . 00110 

2 

0010 

0101 

0010 

3 

0 ... 0011 

0 . . . 0010 

0 . . . 00101 

3 

0011 

0110 

0011 

4 

0 . . . 0100 

0 . . . 0110 

0 . . . 01100 

4 

0100 

0111 

0100 

5 

0 . . . 0101 

0 . . . 0111 

0 . . . 01111 

5 

0101 

1000 

0101 

6 

0 . . . 0110 

0 . . . 0101 

0 . . . 01010 

6 

0110 

1001 

0110 

7 

0 . . . 0111 

0 . . . 0100 

0 . . . 01001 

7 

0111 

1010 

0111 

10 

0 . . . 1000 

0 . . . 1100 

0 . . . 11000 

8 

1000 

1011 

1110 

11 

0 . . . 1001 

0 . . . 1101 

0 . . . 11011 

9 

1001 

1100 

mi 

etc. 

etc. 

etc. 

etc. 






* Adjacent codes differ by only one digit. This code is not suitable for arithmetic. 

f A modified Gray code. It adds an “even parity” digit to the right of the least significant digit of 
the Gray code (so that an even number of l’s appear in each code). This code is suitable for arithmetic 
if the Lucal adder is used. 

t Requires special circuitry to cause 9 to be followed by zero, bypassing codes for 10 through 15. 

§ The feature of this code is that numbers that are 9’s complements of each other have complementary 
codes, which simplifies arithmetic processes. 

If This decimal code has only ten possible states. 


The output can, however, be made suitable for use with a computer. 
What must be added to each wheel is a set of coded electrical contacts. 
The most common form for these contacts is the code wheel. The con 
tacts can report the position of the shaft only in discrete increments. 

In its simplest form, the code wheel consists of conducting and non¬ 
conducting areas that pass under reading brushes. The areas arc so 
arranged as to represent binary fractions of a full revolution. The princi 
pie can be shown by an example. Suppose it is necessary to read out 
electrically the position of rotatable shaft with a resolution of 90°. A code 
wheel (pictured in Fig. 14-4) is attached to the shaft. It has (1) an on! pi 
band of alternating conducting and nonconductive areas, each covering 
90 degrees and (2) an inner band with 180 degrees of nonconducting area. 
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Two brushes (A and B) contact the two bands, and a third brush ( C ) 
contacts the central part of the code wheel, which is all conducting. 

Whenever brush A or brush B is in contact with a conducting area, a 
voltage appears between it and ground. As the code wheel rotates in a 
counterclockwise direction, voltages will appear on brushes A and B as 
follows: 


z? /m/1 f Z. Z? 


z? /M/1 I A 1 1 \ 


0 

0 

1 

1 


0 

1 

0 

1 


where 0 means no voltage (open circuit) and 1 means V volts with respect 


Nonconducting areas 
in black, conducting 
areas in white, and all 
connected electrically 


Fig. 14-4. Code wheel. 

Brush A represents the least-significant binary digit or bit and brush 
B the next-more-significant digit. Thus interpreted, the numbers in 
the table above represent the binary numbers: 

. 00 (zero) 

.01 (one quarter of a turn) 

. 10 (two quarters of a turn) 

. 11 (three quarters of a turn) 

By adding more bands and brushes to the code wheel, a single revolu¬ 
tion of the code wheel can be subdivided more finely. With ten bands, 
for instance, the outer (least significant) band has 512 conducting and 
512 nonconducting areas, all of the same angular width. The circle is 
thus divided into 1,024 parts, each identified by a binary number between 
.000 000 000 0 and .111 111 111 1 (octal code: .7771). 

For still finer subdivision of a single turn, a second code wheel may be 
geared to the first one with a ratio that is a power of 2. A practical limit 
to the number of bands that can be used is imposed by such factors as 
backlash, eccentricity, and desired speed of operation. Binary-coded- 
decimal schemes may be used in place of binary code. One turn is, in 
this case, divided into tenths, hundredths, or thousandths, and gear 
ratios are powers of 10. 




to ground. 
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The scheme outlined above is mathematically satisfactory, but it suf¬ 
fers from a serious disadvantage: At points of transition from conducting 
to nonconducting areas (or vice versa) the brushes cannot be made to cross 
the boundaries in exact unison. This can lead to very large numerical 
errors. To illustrate, refer again to Fig. 14-4. Assume that brushes A 
and B are in conducting areas. As the wheel turns slowly counterclock¬ 
wise, they will both enter nonconducting areas, but the times of entry are 
not precisely predictable. Hence, during the transition, any of the four 
binary fractions .11, .10, .01, and .00 may appear on the brushes. This 
ambiguity can be avoided in two general ways: by tricks to prevent 
reading during transitions or by using the code devised by Gray (refer to 
Table 14-2) or a similar code. 

Conversion by Interval Counting. The essence of all voltage-to-digital 
(and current-to-digital) converters is a comparison. It is the basis of 



both interval-counting and feedback converters. One way of measuring 
voltage digitally is to convert the voltage into a time interval and meas¬ 
ure the length of the interval. The attraction of this method is that it is 
much easier to measure time accurately than to measure voltage accu¬ 
rately. Conversion is accomplished by the principle illustrated in Fig. 
14-5. When the input voltage is to be measured, a reference ramp volt¬ 
age is started from zero, and a counter starts counting evenly spaced 
pulses. The ramp rises at a uniform rate until it reaches the value of the 
unknown voltage. At this instant a coincidence detector senses the 
equality and stops the counting of pulses. The number in the pulse 
counter is, therefore, proportional to the voltage. By properly selecting 
the pulse repetition frequency and the rate of rise of the reference ramp, 
the number held in the counter can be made numerically equal to tho 
unknown voltage. 

This method of conversion has an inherent error of one count (it nm.v 
have barely missed the next pulse when the counting stopped), and ii 
depends on the linearity of the reference ramp voltage. The actual 
moment of measurement (during tho counting interval) depends upon I In- 
voltage being measured; the higher the voltage, the later if is mejisured 
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(This difficulty can be overcome by a sample-and-hold circuit that estab¬ 
lishes the time at which the unknown voltage had the measured value.) 
Another limitation of this method is that more accurate measurement 
requires counting larger numbers of pulses, and this takes more time or 
faster pulse counting. Consequently, at a given pulse rate, fewer con¬ 
versions can be made per second. Thus, for any particular converter, 
accuracy and bandwidth are reciprocally related. The method is not 
suitable for high-speed, high-accuracy converters. When the voltage is 
to be measured may have either positive or negative values, the reference 
ramp must start at a voltage no higher than the unknown voltage and 
must extend at least to the highest positive voltage the unknown can 
reach. The zero voltage point is somewhere between. Where the meas¬ 
uring system is operating in the vicinity of zero, whatever errors it has 
made will represent relatively large percentage errors. 

Control signal 


Digital 

output 


Fig. 14-6. Functional diagram of a feedback converter. 

To illustrate, a system for measuring voltage from —100 to +100 volts 
with a ramp linearity of 0.1 per cent and a counting range of 2,000 would 
measure a positive voltage of 1 volt with an error of 101/1,000 + 1/2,000, 
or a little more than 0.1 volt—a 10 per cent error. At +100 volts the 
error would be 200/1,000 + 1/2,000 = 0.2 volt, an error of 0.2 per cent. 

The feedback type of converter, to be discussed next, has advantages 
over time-interval measuring or “count up” converters. For most 
applications it is faster, and its accuracy near zero is little affected by its 

linearity. 

Feedback Converters. All converters of this class work on the same 
principle. They make a trial digitization, convert the trial digital num¬ 
ber back into analog form, and compare the resulting analog signal with 
the input signal. The output of the comparator controls the next step 
in digitization (see Fig. 14-6). Details of the digitizing process vary 
considerably among tho many analog-digital converters on the market. 

To illustrate the general operation of the digitizer, suppose that initially 
the number in tho digitizer is zero and that tho input signal is a positive 
voltage. Tho feedback signal is then zero, and tho comparator senses 
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that a more positive number in the digitizer is called for. It puts out a 
control signal instructing the digitizer to produce a more positive number, 
and the digitizer does so. If the digitizer goes too far, the comparator 
puts out a reversed control signal, telling the digitizer that a more nega¬ 
tive number is needed. Digitization is complete when the feedback sig¬ 
nal equals the input signal. The digital output may be displayed for the 
information of human beings or may be transmitted in coded form to a 
data-storage or data-processing system such as a digital computer. 

There are two types of feedback digitizers that exemplify the extremes 
of possible design approaches. One is the forward-backward or bidirec¬ 
tional counter, which controls a set of switches; the other is the ripple- 
down or successive-trial digitizer. 



Fig. 14-7. Analog-to-digital converter using a forward-backward counter. 

Forward-Backward Counters. The forward-backward counter 
responds to changes in the input signal by counting in the direction of the 
change in the input. As it counts, the feedback voltage changes. 
Counting stops when feedback and input voltages are equal. This typo 
of digitizer is, thus, an input follower. As long as the input signal does 
not change too rapidly, the counter contains a number that represents 
the value of the input. For a step change in the input, the best the conn 
ter can do is to count at its maximum speed until it reads correctly. 

An analog-to-digital converter using a forward-backward counter is 
shown in Fig. 14-7. For simplicity, the counter is presumed to Im 
binary. With each binary digit is associated a switch. If the digit is 
a zero, the switch connects its resistor to ground; if the digit is a one, I ho 
switch connects its resistor to the reference voltage. Each switch ropio 
sents a digit in the binary number held in the connector The combina 


tion of the counter, switch matrix, and resistor matrix forms a digital-to- 
analog converter. To analyze its behavior, it is most convenient to use 
Millman’s theorem. According to this theorem, the voltage at any 
point in a network of resistances (such as F in Fig. 14-7) is the summation 
of the products of the conductances connected to that point each multi¬ 
plied by the voltage applied to it, the sum being divided by the sum of all 
the conductances connected to the point. 

In other words, for the circuit of Fig. 14-7, 

hiF — -j- 

Qi + Qj 

For E f to be proportional to the binary number in the counter, the 
denominator of this fraction must be constant. For the circuit shown in 
Fig. 14-7 it is constant, since one end of each resistor is permanently con¬ 
nected to point F. If E is properly chosen, the voltage E F is numerically 
equal to the number in the forward-backward counter. 

The converter just described uses one type of resistance network. 
Other networks, including ladders composed of identical resistors, are 
also used in commercially available converters. 

The forward-backward-counter type of converter works best in applica¬ 
tions in which the input signal changes slowly enough to permit the 
counter to follow it. It is not suitable, however, for use with commutated 
signals nor in most other applications that involve rapid or step changes 
in the input signal. For these the ripple-down converter is preferable. 

Ripple-down Converters. In contrast to the forward-backward- 
counter type of converter, the ripple-down converter makes a complete 
determination of the numerical value of the input voltage each time it 
makes a conversion. It always starts from scratch. 

A straight binary ripple-down converter is shown in Fig. 14-8. This 
figure differs from Fig. 14-7 in two essentials: 

1. The forward-backward counter is replaced by a programmed 
register. 

2. A circuit, which changes the form of the input signal from a signed 
voltage into a sign and an analog magnitude, precedes the programmed 
register. 

The sign detector puts out a digital indication of the sign, and the 
magnitude circuit delivers a voltage of zero or more volts to one input 
of the comparator. The programmed register then turns on its most sig¬ 
nificant digit. This causes the digital-to-analog converter to deliver to the 
second input of the comparator a feedback voltage proportional to this 
digit. The comparator determines whether the feedback voltage is more 
posit-ivo than the input (magnitude) signal. If the feedback voltage is 
more positive, the comparator's output tells the programmed register to 
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turn off the most significant digit; if the feedback voltage is not more 
positive, the most significant digit remains switched on. The pro¬ 
grammed register then switches in the next most significant digit, the 
comparator again determines whether the new feedback voltage is more 
positive than the magnitude signal, and, depending as before on the result 
of the comparison, this digit is either allowed to remain or is switched off. 
This process continues until the least-significant digit has been allowed 
to remain on or is turned off. Each binary digit that remains on in the 
programmed register represents a 1, and those turned off are 0’s. If the 
reference voltage is properly chosen, the numerical value of the input 


Input 



Fig. 14-8. Ripple-down converter. 


voltage is the combination of the sign indicated by the sign detector and 
the number held in the programmed register.* 

The foregoing explanation covers the basic working of the ripple-down 
converter. A number of companies produce equipment of this type, 
differing in many respects. Speeds vary from a second to a few tens 
of microseconds per conversion, and accuracies range from 1 to about 
0.01 per cent. Although the above description has been based on com¬ 
parisons of voltages, currents may be compared instead. Converters 
for use with a-c signals are available; they may employ phase-sensitive 
rectifiers ahead of d-c analog-digital converters or may switch a-c voltages 
or currents obtained from high-quality transformers with multiple wind 
ings instead of switching resistors as described above. Switching de¬ 
ments in use include stepping switches, relays, vacuum tubes, gas tubes, 
diodes, and transistors. 

Two variations in logical organization merit notice. One is a com 
bination of counting and ripple-down techniques. This is used in at lean!, 

* This statement is qualified by factors discussed in Sec. 1-1-2. 


two decimal converters. Each decimal stage counts up until the proper 
number for it is found. The less significant stages are each set to 9. The 
most significant stage counts up—0, 1, 2, etc.—until the comparator indi¬ 
cates that the feedback voltage is too great. The counting then shifts 
to the next most significant decimal stage, where the process is repeated. 

A second variation gives the ripple-down converter some of the proper¬ 
ties of a following converter (forward-backward-counter type). This is 
done by starting the rippling process with the least significant end of the 
register. Once the converter has made its initial determination, it can 
adjust to most small changes very quickly by changing its less significant 
digits. 

Digital-to-Analog Converters. The feedback type of analog-to-digital 
converters contains a digital-to-analog converter to provide the feedback 
voltage. In normal use, these digital-analog converters switch one digit 
at a time. Most of them can be set to any desired value by a set of 
parallel control lines. The fastest converters are capable of converting 
parallel digital inputs to an analog voltage in a very few microseconds, 
and higher speeds seem certain in the near future. 

Choosing Analog-Digital Converters for an Analog-computer Installation. 
The first step in selecting a converter for use with an analog computer is 
to clarify the purposes for which it will be used. If it is to be used prima¬ 
rily as an aid in setting potentiometers in a small computer installation, 
high speed is unimportant. The accuracy of the converter will depend 
on the accuracy desired in setting potentiometers. Converters that are 
to be used as read-out devices for changing voltage must be fast, for the 
reasons cited in Sec. 14-2. It may, in fact, be worthwhile to incorporate 
a sample-and-hold feature to shorten sampling time. 

In large analog-computer installations it is becoming popular to read 
out digitally the problem parameters at the end of each shift. With a 
slow converter and a slow printer, this can be a time-consuming process 
unless several converter-printer combinations work in parallel. For this 
application consideration should be given to using one high-speed con¬ 
verter plus an electronic commutator to enable it to feed data to a group 
of line-at-a-time printers (one per operating station). An extra benefit 
of this approach is to furnish each operating station in the computer 
installation with a digital display unit connected to the converter via the 
electronic commutator. One fast ripple-down converter could serve the 
largest existing installations with no noticeable delay in supplying digital 
data to any of them. Operators at each station would hardly be aware 
that one converter was being shared by several operators. 

Feedback Converters as Computing Devices. In the preceding sections 
there has been no discussion of the precise relation among the input volt¬ 
age, the reference voltage, and the number in the digital register of a food- 
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back converter. That relationship will now be derived, together with 
methods of exploiting it to create computing devices. Assuming that 
the two inputs to the comparator have the same gain (see Fig. 14-9), the 
“proper” reference voltage should be equal to the largest number that 
the digital register can hold. Most analog computers have a signal range 
of —100 to +100 volts. The reference voltage should then be 100 volts, 



x*= input voltage 
y= reference voltage 
2 = voltage output of 
converter 

N= number in digital 
register 


Fig. 14-9. Feedback converter used for division. 


its sign depending upon the polarity of the input voltage. The resulting 
device is a digital voltmeter. Suppose, however, that the reference volt¬ 
age is allowed to vary. For example, let the reference voltage be twice 
that defined above as “proper.” Then the input voltage will be matched 
when the number in the digital register is one-half its value for the 
“proper” reference case. That is, 



(analog) 


Analog to 
digital 
converter 


and the system performs division. The novel feature is that the two 

inputs are analog and the output is 
digital. It is also possible to com¬ 
bine an analog-to-digital converter 
with a digital-to-analog converter 

x (digital) * n or der to perform multiplication. 

Such a device is depicted in Fig. 14-10. 

14-4. Combined Analog-Digital 
Computation. Although the use of 
analog and digital computers simul 
taneously to solve complex problems 
in real time is relatively new (only 
two large-scale installations have 
seriously attempted it to date*), the use of both types of computers on 
the same problem is well established. The earliest analog solutionM 


Digital to 
analog 
converter 


Fig. 14-10. Multiplication by means 
of converters. 


* The installations are at Convair-Astronautics, a Division of General l)ymmu« „ 

Corporation, and at Space Technology Laboratories (Thompson-Ramo- Wooldridge 

Corp.). The National Bureau of Standards has a smaller installation for studying 

man-machine systems as does the Federal Aviation Agency for studying air tmllli 
control systems. 
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obtained at Project Cyclone (operated by Reeves Instrument Company 
for the U.S. Navy) were checked by comparison with digital solutions of 
the same equations. This practice has continued there since and is in 
widespread use. Since digital check solutions are relatively expensive, 
only a few are ordinarily obtained. If the corresponding analog solutions 
agree with the digital check solutions, one may presume that unchecked 
but reasonable-looking analog solutions are also credible. If the solu¬ 
tions do not agree, it is often a nice question which is in error. 

Problems that can be subdivided into analog and digital phases are, of 
course, suitable for both analog and digital computation. For example, 
the motions of an airframe in a long trajectory may be subdivided into a 
stability problem, a control-system problem, and a trajectory problem. 
These can be treated as independent problems, the first two being solved 
on an analog computer and the last on a digital computer. 

There is a growing demand for digital outputs for analog computers to 
enable the operator to read outputs more precisely. Conversely, there 
is a great need for analog outputs for digital computers, especially for 
large, fast machines used for engineering and scientific calculations. * The 
standard output of this class of machines is a tabulation of numerical 
results that may cover hundreds or thousands of pages. High-speed 
digital-to-analog converters feeding data to cathode-ray plotters can 
supplement or replace these tabulations with graphs, f In most cases 
the graphs are more meaningful than tabulations. It is, however, the 
solution of problems requiring the interaction of analog and digital com¬ 
puters with which this section is primarily concerned. 

Combined Analog-Digital Simulation. This type of problem can be 
illustrated by a simplified and somewhat synthetic weapon system. 3,4 
Suppose that a guided missile is in flight and is being directed against an 
attacking airplane by guidance signals transmitted from the ground. On 
the ground are (1) radars that track both the attacking airplane and the 
missile, (2) a digital computer that accepts position data from the radars 
and accurately computes steering commands for the missile, and (3) a 
radio transmitter that sends these commands to the missile. The digital 
computer samples the radar data periodically (say, once a second), com¬ 
putes the course the missile should follow, compares this with its actual 
course, and computes steering signals to correct any errors it finds in the 

actual course. Missile, radars, computer, and radio link form a closed- 
loop system. 

* One medium-sized digital computer, the RW-300 (Thompson-Ramo-Wooldridge 
Corp.), has built-in analog-to-digital and digital-to-analog converters. 

t Such as the IBM 740 cathode-ray display tube or the Stromberg-Carlson high¬ 
speed microfilm printer-plotter. By I960, throe companies offered ay-plotters that 
accept input data from digital-computer magnetic tapes. 
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This air-defense system is to be studied theoretically, at the beginning 
of the weapon-system program, by complete simulation (that is, by 
studying the behavior of an electrical model of it) and, later, by including 
portions of the physical hardware (such as the actual hydraulic control 
system and autopilot) in the simulation. Since simulation usually 
involves ignoring inconvenient secondary characteristics of hardware, to 
incorporate the hardware as it becomes available improves the quality of 
the representation of the system. Hardware, however, operates real¬ 
istically only in “real” time. This means that the simulator must be 
fast enough to operate in real time, which, in general, demands analog 
simulation of major portions of the system. (Analog computers attain 
their high speed by carrying out all phases of computation simultane¬ 
ously; that is, they are fully parallel.) But digital computation is 
necessary to achieve the great precision needed to make this guidance 
system effective or to simulate it usefully. (Even the fastest general- 
purpose computers are slow compared with analog computers, because 
digital computers solve problems one step at a time, or serially. The 
parallel DDA discussed in Sec. 14-6 is an exception.) Thus, for simula¬ 
tion of the system, an analog computer is needed to solve the equations 
of acceleration, velocity, and position, both angular and translatory, and 
a digital computer is needed to solve the guidance equations. 

In crude form, the combined simulation consists of an analog computer 
simulating the dynamics of the missile, the motion of the attacking aii- 
craft, and the tracking radars. The analog outputs of the radars are 
sampled simultaneously once a second and digitized. These data go to 
the digital computer, which computes steering (pitch and yaw) correc¬ 
tions step by step. The corrections (in digital form) are stored in digit al 
registers. At a chosen moment, they are converted to analog voltages 
and applied to the appropriate points in the analog computer. . 1 ho 
analog computer computes the response of the missile to the corrections. 

Techniques of Analog-Digital Simulation. The system just described 
uses the digital computer in the computer facility to simulate the guidance 
computer in the weapon system and uses the analog computer to simulate 
the rest of the system. In practice, it may be necessary to use a more 
sophisticated simulation. The main reason is that analog computers 
have limited accuracy; their errors increase with the time required to 
complete a single solution, or run, and with the quantity of analog equip¬ 
ment needed in the simulation. These errors can easily mask the ofTootn 
of small changes in the parameters of a simulation, and in very large 
problems they may make exact repetition of runs nearly impossible. 

Ordinarily, the accuracy needed in various parts of a simulation is the 
greatest for slowly changing variables. For example, to determine the 
course of the missile accurately, the computation must be done digitally! 
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On the other hand, control-surface movements and aerodynamic stability 
involve much higher frequencies but. need not be computed as accurately 
since the higher frequencies produce no long-term effects. 

In practical analog-digital simulation, some mathematical operations 
can often be done better and more easily by digital methods than by 
analog. Two such operations are evaluating complicated expressions 
(involving multiplication, division, powers, roots, logarithms, etc.) and 
“looking up” functions of two or more variables. Doing arithmetic 
operations accurately is routine for a digital computer. Logarithms, 
trigonometric functions, etc., are nearly as straightforward; typically, they 
involve summing the first few terms of an infinite series. 

Whereas storing functions of one variable is relatively easy for analog 
computers, analog equipment for storing or generating functions of two 
variables is limited in several ways. The Meissinger technique 5 of using 
a group of one-independent-variable function generators for certain 
functions of two variables is often, but not universally, applicable. The 
underlying principle of new equipment produced by Analog Specialities 
Co. of Richland, Mich.,* is the use of a uniformly conductive surface 
to interpolate among equipotential lines in a set of such lines that describe 
a function of two variables. Several other companies described memories 
for functions of two independent variables in 1957. f These were based 
on storing the values of the function 2 = f(x,y) at points representing 
the intersections of a square grid in the xy plane and interpolating from 
the four “corner” values to obtain the value of 2 within any one square 
of the grid. In general, none of these function memories is capable of 
accuracy much better than 1 per cent, and none is easily applicable to 

functions of more than two variables. 

Digital computers can cope with the problem of storing functions of 
two or more variables relatively easily. A set of points in multidimen¬ 
sional space (corresponding to the intersections of the square grid men¬ 
tioned in the previous paragraph) is chosen and, for each of them, the 
values of the function and its partial derivatives in each of the orthogonol 
directions are stored in the computer's memory. By means of standard 
techniques, these derivatives enable the computer to make approxima¬ 
tions to the value of the function in the vicinity of any of the points. 

If operations best done digitally occur naturally in the analog portion 
of a simulation, the data can be converted to digital form by an analog- 
to-digital converter and operated on digitally. The digitally computed 
result can then be translated back to analog form by the inverse process. 

* A 40-channol memory of this type was delivered to Convair-San Diego in 1958. 
Tho electrolytic tank, and function generators using Teledoltos paper, use the same 
principle. 

t At the 1957 National Simulation Conference, Houston, Tex. 

















































572 ANALOG COMPUTATION 

Obviously, the conversions and the digital computations take time. The 
extent to which these digital operations can be incorporated in a com¬ 
bined analog-digital simulation depends upon the time available for 
calculation, the speed of the converters and of the computer, and the 
accuracy required. 

With computers like the ERA 1103 and IBM 704 and with practical 
sampling rates of 2 to 10 times a second, there is little time for anything 
but the minimum digital calculations. The newer machines (Reming¬ 
ton-Rand M-460, Control Data 1604, IBM 7090, and Philco Transac 
2000, for example) have speed enough to provide greatly increased capac¬ 
ity for digital handling of computations that fall naturally in the analog 
area. Presumably, still faster machines will become available. 

There are special types of calculations in which digital and analog 
machines can be interconnected through converters in such a way as to 
cancel each other's limitations. Consider, for example, the problem of 
an integrator that must be virtually drift-free and yet must respond to 
high frequencies. 

A method proposed by Leger and Greenstein 4 involves sampling the 
input, digitizing it, and integrating digitally, using a rectangular approxi¬ 
mation. At the same time, the digital approximation of the input is 
reconverted to analog form and subtracted from the analog input, and 
the analog difference is fed to an analog integrator, which integrates this 
difference. The resulting analog integral is the error in the digital inte¬ 
gration; it is digitized and added by the digital computer to the approxi¬ 
mation already obtained, greatly improving the approximation. Because 
the analog integration can handle high frequencies accurately, this 
method gives excellent results even when the sampling rate is lower than 
the highest frequencies in the input. The analog integrator operates 
only on the error in the digital integration; hence, the effects of analog 
drifts are scaled down by one or two orders of magnitude. The 
same principle can be applied to operations more complicated than 
integration. 

Practical Problems of Analog-Digital Simulation. The foregoing dis¬ 
cussion has glossed over a number of practical problems. Some of these 
are covered in the references cited at the end of this chapter. A note¬ 
worthy problem is that of communicating with computers that lack suit 
able input-output systems. This calls for the design of special auxiliary 
equipment and, sometimes, for modifying the computer. Also, control 
circuits must be provided to mesh the operation of the converters with 
that of the analog and digital computers. Another problem is that ol 
debugging a combined simulation without tying up both the analog and 
digital computers for extended periods, which is so costly as to be iinpmc 
tical. For this, it is useful to have a simulator to stand in for I he 
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digital computer so that the digital computer can work on its regular 
pioblems except when it is actually needed in the combined simulation. 

no results can be obtained unless the digital 
computer, the analog computer, and the multichannel analog-to-digital 
and digital-to-analog converters are all working without fault. In the 
past, this has not been easy to achieve in large systems. Even with all 
the equipment working, useful results cannot be obtained unless all the 
people operating the three sets of equipment do the right things at the 
right times. For these reasons, large-scale combined simulation has been 
limited so far to problems that can be solved in no other way. Sufficient 
experience has now been accumulated so that it is becoming possible to 
use combined simulation as a routine technique, especially for small-scale 
problems. Future developments promise to improve the reliability of 
electronic equipment and to eliminate many of the pitfalls that have 
beset the pioneers in this type of simulation. With the development of 
improved input-output systems for large high-speed digital computers, 
great progress in combined simulation can be expected. 

The parallel digital differential analyzer offers challenging possibilities 
in the field of combined analog-digital computation. Since it has speeds 
comparable with those of many analog computers, there appears to be 
no reason why it cannot replace the analog computer in a combined 
simulation, eliminating the need for analog-digital and digital-analog 
converters, except as input and output devices. On the other hand, the 
parallel DDA can carry out arithmetic operations such as addition, sub¬ 
traction, and multiplication. It can, therefore, take over at least some 
and possibly all operations assigned to the digital computer in a com¬ 
bined simulation. Consequently, it seems highly probable that this 
type of machine alone will prove capable of solving problems now requir¬ 
ing combined analog-digital simulation. 

14-5. The Mechanical Differential Analyzer. Before considering the 
digital differential analyzer, it will be worth while to consider briefly the 
mechanical differential analyzer. The mechanical differential analyzer 
was the direct predecessor of the electronic analog computer, in concept, 
if not in form. 6 This device is used in the same way as the general-pur¬ 
pose electronic analog computer, but problem variables are represented 
by shaft rotations rather than by voltages or currents. The one basic 
difference is that the mechanical differential analyzer has the ability to 
integrate with respect to any problem variable including time. Summa¬ 
tion of shaft rotations can be accomplished by means of a gear differen¬ 
tial. Multiplication by a constant of either sign can be performed by a 
gear train. The fundamental unit of the analyzer is the wheel-and-disk 

integrator (sometimes reforred to us the Kolvin-disk integrator) or some 
variation of it. 
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Figure 14-11 shows schematically 
shaft position of the disk represents 
tor. The distance the wheel center 



Fig. 14-11. Wheel-and-disk integrator, 
of the disk through an infinitesimal 


the wheel-and-disk integrator. The 
the variable £ to a suitable scale fac- 
is displaced from the axis of the disk 
represents the integrand y , again to 
some suitable scale factor. These 
are the two inputs to the integrator. 
The turns of the integrating wheel 
represent the value 2 of the integral, 
to a scale factor predetermined by 
the two input scale factors and the 
actual structural details of the unit. 
This is the output of the integrator. 
If the wheel is of radius r, a rotation 
fraction of a turn dx causes the wheel 


to turn through a correspondingly small fraction dz 



During a finite time interval the disk will have turned one or more revolu¬ 
tions in either direction, with the distance y varying as the problem is 
run. The total number of terms registered by the integrating wheel 
will be 


1 

z — - 
r 


y dx 


xo 


where Xo is the initial value of x, the initial displacement of the disk shaft. 
Note that the wheel-and-disk integrator obtains the integral of one vari¬ 
able y with respect to a second variable x. If the z x 

integral of a variable with respect to time is required, i i i 

the disk need only be turned at a constant rate such J_ JL 

that the angular position of the disk is proportional 
to time through a suitable scale factor driven by dz=ydx 

the variable x. The position of the wheel shaft is 
shown representing 2 , the output. The symbol used Fig ; ! 4 ' 12 ; ^yml)ol 

, ,. . . , . t - v used for wheel-ami- 

for the wheel-and-disk integrator is shown in lug. disk integrator 
14-12. 


dz=y dx 

Fig. 14-12. Symbol 
used for wheel-and 
disk integrator. 


For proper operation of the mechanical integrator, the wheel must not 
slip on the disk and yet must be capable of being positioned easily in I lie 
lateral direction across the face of the disk while the disk is moving. In 
order to locate the plane of the wheel accurately, the rim of the wheel 
should be as sharp as possible. Successful units have been built using 11 
hardened steel wheel with a very sharp rim and a polished glass disk I n 
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order to keep the disk from slipping, a torque amplifier is usually needed 
to couple the shaft rotation of the wheel to other elements of the analyzer. 
Some relatively low-accuracy machines have been built without torque 
amplifiers and used with some success. However, for best results a 
torque amplifier is needed, and the common servo-motor-driven system 
such as that used for the servo multiplier can be used in this application. 

Various error-sensing devices for the servo drive have been used, includ¬ 
ing systems based upon magnetic field coupling, capacitive coupling, and 
polarized light. The servo will then drive a system of shafts and gears 
absorbing considerable power with negligible torque reaction on the 
wheel of the mechanical integrator. In most systems, there is no direct 
mechanical connection at all between the wheel and the input to the servo 
driving unit. The wheel must be capable of being positioned accurately 
in the lateral direction across the face of the disk. This can be accom¬ 
plished with a lead screw or other device producing lateral motion. 
Here—as throughout the design of the mechanical differential analyzer— 
extreme care must be taken to eliminate backlash, misalignment, and 
inaccuracies in gear trains. 

In some cases the wheel of the wheel-and-disk integrator has been 
replaced by a ball or set of two balls in what is known as a ball-and-disk 
integrator. A ball-and-disk integrator has the advantage that consider¬ 
able pressure can be applied to the balls without developing undue resist¬ 
ance to radial movement along the turntable. This increases the torque- 
transmitting capability of the integrator and permits elimination of 
torque amplifiers in many instances. The ball-and-disk integrator can¬ 
not be made as accurate as the wheel-and-disk unit, but successful units 
have been built with a nominal accuracy of ±1.0 per cent. Wheel-and- 
disk units have been built with accuracies of ±0.1 to ±0.01 per cent. 

The gear box in the mechanical differential analyzer is analogous to 
the coefficient potentiometer in the electronic machine. Coefficients of 
greater than unity can be obtained, but in most cases the problem is 
scaled so that only coefficients of less than unity are required. The gear 
boxes of the mechanical differential analyzer are usually arranged in a 
decade system. By appropriate shifting of the gear-box counter shaft, 
gear turns ratios of 0.1, 0.2, . . . , 1.0 are obtainable at the output. Two 
decade gear boxes can be coupled through a 10:1 reducer gear and a 
differential to provide 100 steps in gear ratios from 0.01 to 1.0. Three 
decades and two differential units will yield 1,000 steps from 0.001 to 1.0. 

Multiplication of two variables is accomplished by using integrators to 
instrument either 

z m xy - f V x dy + / y dx 

J I/O J *0 

4 * - 4 xy - (* + vY — (* — yY 


or 


(14-la) 
(14-1 b) 
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The first method is an implicit-function-generation approach and 
requires two integrators and one differential unit, as shown in Fig. 14-13. 
The second method is the familiar quarter-square method of multiplica¬ 
tion and requires two integrators and three differential units. The 
square of a variable may, of course, be obtained by simply integrating 
the variable with respect to itself, resulting in 



The resulting setup is shown in Fig. 14-14. Two sign changers are 
required and are obtained by simply coupling through a 1:1 gear ratio. 

Units using specially ground cams may also be used for multiplication. 
Thus, a cam ground to form a logarithmic function could be used for 


z=2xy 



Fig. 14-13. Multiplication Fig. 14-14. Quarter-square mul- 

by integration. tiplication. 


multiplication. This would require three logarithmic cams and one 
differential unit. Contour cams can also be used to generate the square 
of a variable, and quarter-square multipliers have been developed along 
these lines, requiring two sets of cams and three differential units. A 
cylinder and cone can be coupled together so that the number of turns of 
the cylinder is proportional to the square of the number of turns of the 
cone. Such a unit can also be used in a quarter-square multiplier. 

Division can be achieved either by generating the reciprocal of ono 
variable and multiplying or by using regenerative feedback around each 
of two integrators. Two integrators are required to develop the recipro¬ 
cal of a variable from either of the relationships 



To mechanize the relationship (14-2a), the wheel lead screw of ono 
integrator is driven by the variable x and the disk of that integrator by 
— 1/x 2 , as shown in Fig. 14-15. The output of the integrator will I lien 
be l/x , which can be used to drive both the lead screw and the clink oi 
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the second integrator. The wheel of the second integrator is then the 

quantity 1/a: 2 , which, after change of sign (direction), is used to drive the 

disk of the first integrator. The quantities l/x and y are then used as 

inputs to a multiplier or multiplying circuit (such as Fig. 14-14) to obtain 
the desired quotient y/x. 


+1 


-l 


l-x 


•1 

*2 


w+y 


-1 


-I 


Mb yj* 

Fig. 14-15. Reciprocal 


Fig. 14-16. Division 


In the regenerative scheme, the integrator output is used to contribute 
to its own disk rotation. The circuit of Fig. 14-16 can be used to obtain 

division with only two integrators. The relations between the differen- 
tial inputs and outputs of the integrators are 


dw 


z dx 


from which 


dz — dw + dy (1 — x) dz 

dy = z dx + x dz 
v = xz 


and, finally, 


(14-3a) 

(14-35) 

(14-4a) 

(14-45) 

(14-5) 


Differentiation can be accomplished with an integrator by mechanizing 
the equation 


dz = K(dy — z dx) 


(14-6 a) 


This can be rewritten as 


dy — z dx 


If K is very large, 
which results in 


dz 

K 


(14-65) 


dy — z dx 


(14-6c) 


dy 

dx 


(14-7) 


This can be accomplished as shown in Fig. 14-17. A very large scale fac¬ 
tor must be used for the lead-screw input so that the lead screw makes 
many turns for slight changes in the adder output. 

Wheel-and-disk integrators can be built to have an accuracy on the 
order ol I part in 10,000, with resulting over-all accuracies on the order 
of 0.1 per cent for a 15-integrator machine. A number of relatively 
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small machines have been built with integrators having accuracies of 1 
part in 1,000 and over-all accuracies of 1 to 2 per cent. 

Mechanical differential analyzers are useful machines, although their 
large physical size and complexity have restricted them to a relatively 

small numbed of integrators, compared with the 
electronic analog computer. Quite a number of 
machines have been built with less than 10 integra¬ 
tors and a few with 15 integrators, very few being 
planned for more than 20 integrators. Many of the 
principles now used with the electronic computer 
were originated for the mechanical differential 
FlG * , 14 : 17 * analyzer. The equivalent of high-gain circuits was 

established by means of regenerative coupling to per¬ 
form such operations as division. The basic methods of implicit- 
function generation were also developed using the mechanical differential 
analyzer. 

As an example of the application of the mechanical differential analyzer, 
consider the equation 



d 2 y . 

w + sm v 


(14-8) 


with 


y( 0 ) = 1 m = 0 


The quantity sin y can be generated from the variable y by using two 
integrators and a sign changer. Let 


Then, 

hence 


z = sin y 
w = cos y 

dz = cos y dy — w dy 
dw = — sin y dy = —zdy 
z — sin y = J w dy 

= /(/ - sin y dy) dy 


(14-9) 

(14-10) 

(14-11) 


Thus, sin y can be generated by inter¬ 
connecting two integrators, as shown 
in Fig. 14-18. Note that the time 
variable is not used to drive either 
integrator. The complete computer 
diagram for Eq. (14-8) is shown in 
Fig. 14-19. The solution of Eq. 

(14-8) with the electronic analog 
computer would require the use of 
a servo-driven sine potentiometer. 

14-6. Digital Differential Analyzers. In Sec. 14-5 the reader linn been 
introduced to the mechanical differential analyzer, the basic compound 
of which is the wheel-and-disk integrator. There is unother computci 
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analogous to the mechanical differential analyzer, called the digital 
differential analyzer. As the name implies, it does the same job, but 
performs its internal operations digitally. 


-1 


-1 


. y 


t --— y 0 =1 

Fig. 14-19. Diagram for y + sin y — 0, y( 0) = 1. 

The digital differential analyzer contains a functional equivalent of 
the wheel-and-disk integrator, which will now be described. 

A Digital Equivalent of a Kelvin-disk Integrator. For simplicity, it will 
be assumed that we have a monotonically increasing function y(t ), which 
is represented by a sequence of pulses on a line, i-—, 


y register 
(counter) 


Ax 


Gate 


each pulse (symbol Ay) denoting a unit increase m Ay —► y re g'ster 

£ ,. ° (counter) 

the function. L 

If the sequence of Ay pulses is fed into a (binary) 

register, which we shall call the y register, the . \ 

register will contain the current value of the Ax _► Gate 

function. ~ 

Suppose, also, that we have another monoton- I 

ically increasing function x(t), also represented by t 

a sequence of pulses (symbol A X{ for the ith pulse). r register 

We shall use these pulses to gate the contents of (accumulator) 

the register into an accumulator, which we shall I 

call the r register (see Fig. 14-20). Of course, we Az 

must avoid trying to count a new pulse on the Ay Fig. 14-20. Digital 

line and reading the y register into the r register at equivalent of a Kel- 
the same time. vin-disk integrator. 

Let yi be the contents of the y register when the ith. Ax pulse comes 

along. If the r register has sufficient capacity, after the nth Ax pulse it 
will contain the sum 


r register 
(accumulator) 


Az 

Fig. 14-20. Digital 
equivalent of a Kel¬ 
vin-disk integrator. 


n 

^ yi Axi 

t=i 


(14-12) 


which is an approximation of 


r v dx 


where 


<•1 
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However, suppose that the r register is the same length as the y register 
and that a 1-bit (binary) register, termed the A z register, is appended to 
the v register. This A z register will be used to store the carries generated 
in the r register, as follows: A^ = 1 if a carry has been generated by add¬ 
ing yi to the contents of r, and A Zi = 0 if no carry has been so generated, 
where A Zi is the contents of the Az register after the ith x pulse has added 

yi into r. 

We then have 

A Zi + Ri = fit-1 + Vi (14-13) 

where Ri is the number in the r register after the ith Ax pulse has added yi 
into the r register. Therefore, 

n n 

y A zi = y yi AXi + Rq — R n (14-14) 

i =1 i =1 

and the sum of the A z { binary bits is an approximation to 


2 ^ Vi& x i 
»=i 

with a round-off error R o — Rn- 

Considering the form of the result, the device just described can bo 
classed as an approximate integrator. It has a flaw, however, in that it 
cannot accommodate nonmonotonic functions. This weakness can bo 

eliminated as follows. 

Let x(t) be represented by two sets of pulses, each pulse in one sot 
denoting a unit increase in x(t) and each pulse in the other set denoting 
a unit decrease in x(t), the two sets of pulses interlaced in such a way that 
the algebraic sum of the pulses represents the current value of x(t). Ill 

other words, we now have A Xi = ±1. 

Instead of adding y, into r whenever a Ax pulse appears (this, ot course, 

is equivalent to adding yi Ax, for the monotonic case), we shall add 



(1 + y { AXj) 

^I——I ■■■!■ ’■ ■■ ■ 

2 


(14-1 A) 


Carries will still be generated in the r register and stored in the Az regiMei 
exactly as before. However, we shall treat Az t = 0 as — I and A* v , I 
as +1. In other words, we have 


A Ui = 2 A Zi — 1 


(14* l«) 
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We will now show that 


is an approximation to 



hence, that we have devised a system capable of accommodating functions 
y(t) and x{t) that are either increasing or decreasing, of providing an out¬ 
put that can either increase or decrease, and yet of representing an 
approximation of fy dx. 

With the method just described, we have 


A Zi + Ri — Ri— i + Wi 




(14-17) 


n 


x 

*=i 


y% A Xi + 2(fi 0 - R n ) 


(14-18) 


Therefore, the sum of the Au’s will approximate 

yi A Xi 

with an error 2 (R 0 — R n ). 

Since we assign the weight factor of ± 1 to Az t -, this implies that a 
binary point is at the left end of the y register. Hence, the number in 
the y register is (1 + yi)/ 2. Because of custom and for convenience, we 
call the register containing (1 + yi)/ 2 the y register and the other register 
of the same length the r register. 

As stated before, we wish to add (1 + yi Axi)/2 into the r register. 
Hence, when Ax,- = 1, we will add (1 + yi)/ 2 = (1 + yiAxi)/2 into the 
register. This, of course, is effected by adding the contents of the y 
register into the r register. When Ax, is negative, we shall add half of 
the 2 ; s complement of 1 + ?/, into the r register. That is, we shall add 
2 - (1 + yd /2 + Vi - (1 — yi)/ 2 - (1 + Vi Axi) /2 into the r register, 
which in exactly what wo doniro. 
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At this point, we shall demonstrate the kind of arithmetic that is in¬ 
volved in several of the current DDA’s. For simplicity, we shall assume 
that y(t) is a constant equal to 0.4, and that x(t) = t (i.e., Ax { = +1). 
The y register will contain (1 + yf)/ 2, which will be represented as 0.14. 
The first digit is binary, hence The carries from the second (decimal) 
digit are also treated as binary numbers and, hence, have a weight factor 
of producing in effect (1 + yf)/ 2. We shall also assume that the r 
register contains the number 0.10, with the r register treated the same 
way as the y register; that is, the first digit is a binary digit, and carries 
generated in the second place are treated as binary numbers. 

Successive “additions” of the 0.14 will produce the following contents 
of the r and A z registers: 


Az* 

1 

0 

1 

i 

1 

0 

1 

1 

0 

1 

r 

0.04 

0.18 

0.12 

0.06 

0.00 

0.14 

0.08 

0.02 

0.16 

0.10 


* Recall that the zeros will be treated as — l’s. 


Of course, if yj 2 is represented as a binary number, the confusion that 
may arise from this mixed binary-and-decimal notation would be elimi¬ 
nated. The mixed notation was deliberately chosen to emphasize the 
difference in the nature of the numbers in the two columns of digits 
representing r. 

The sum of the successive contents of the A z register (treating zeros as 
— 1, and ones as +1) is 4. However, since each step has Ax = 1, we 
have approximated 

r 10 

/ 0.4 dt = 4 


Similarly, if we take x(t) = t (that is, A Xi = 1), y{t) = —0.4, and 
(1 + yf )/2 represented as 0.06, we have 


Az 

0 

1 

0 

0 

1 

% 

0 

0 

0 

1 

0 

r 

0.16 

0.02 

0.08 

0.14 

0.00 

0.06 

0.12 

0.18 

0.04 

0. 10 


From this we see that the sum of the Az’s is —4. 

Description of a Synthetic DDA. Our next task is to show the rea<l« i 
how integrators like those just described are interconnected to solve 
differential-equation systems. 

For simplicity, we shall depict a machine system with only limn 
integrators. Although the differential-equation system is rather nrlili 
cial, it can be used to explain the principles of operation of a 1)1 >A. 
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Imagine three people, each seated at a desk. Each desk will have on it 
a set of five sheets of paper. On two sheets of each set will be recorded 
the current contents of the y and r registers. On the third sheet of each 
set the contents of the Az register or the current value of the carry from 
the r register will be recorded. The other two sheets will contain what 
will be called the dx and dy codes. The dx and dy codes may be regarded 
as binary registers, each place corresponding to an integrator in the DDA 
under consideration. For the simple machine we are describing in this 


Integrator 
no. 1 


A z register fo] 


Integrator 
no. 2 


□ 


Integrator 
no. 3 


0 


r register 


o 4 


o 1 


l 5 


y register 


18 


0 9 


0 6 


dy register 


oil 


110 


0 0 1 


dx register | o | l o 


A z register [TJ 
r register [~o 
y register [ 1 1 8 | 


ooi 


(a) 


0 


i o 


li 


(b) 


10 0 


□ 


0 0 


0 5 


Fig. 14-21. Three-integrator DDA: Contents of registers, (a) Initial state of regis¬ 
ters in the three integrators. (6) Updated state of Az, r, and y registers in the three 
integrators. 


section, the dx and dy codes each have three places. The l’s in the dy 
code denote those integrators whose last Az outputs must be added to the 
y register of the integrator associated with the dy code being examined. 
The 1 in the dx code denotes the integrator whose Az register must be 
examined to determine if (1 + y)/2 or (1 - y)/2 will be added to the r 
register.. Zeros in these code registers denote no interconnection. 

In Fig. 14-21a, which depicts the three-integrator machine being 
esci ibed, the dy code indicates that the latest Az outputs from integrators 
2 and 3 will be added to the y register of integrator 1. The dx code indi¬ 
cates that (1 + y )/2 or (1 - y)/2 will be added to the r register of inte¬ 
grator 1, depending on whether the latest Az output from integrator 2 is 
1 or 0. 
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We shall now show how the differential-equation system, depicted by 
the dx and dy codes of the three integrators of Fig. 14-21a, is solved, step 
by step. The r and y registers contain the initial values, and the A z 
registers contain some arbitrary values, which at the start are meaning¬ 
less. The result of the first three operations is shown in Fig. 14-216. 

Step 1: Read the dy code for integrator 1. We add the Az register of 
integrators 2 and 3, getting A y = 0. (Recall that 0 in the dz register 


means 


1 .) 


Step 2: Add the resulting Ay to the y register of integrator 1. The y 
register now contains 1 | 8 . 

Step 3: Read the dx code for integrator 1. In this case, since the Az of 
integrator 2 is 1, Ax = +1. 

Step 4: Add (1 + y)/2 to the register. In this case, the r register will 


then contain 



, and a carry will be generated. 


Step 5: Place the carry in the Az register. The Az register becomes 1. 

This completes the “updating” of integrator 1. 

Step 6: Turn now to integrator 2. Read the dy code for integrator 2. 

In the case under discussion, we add the contents of the Az registers for 

integrators 1 and 2. The result is Ay = 2. 

Step 7: Add the resulting Ay to the y register. The y register will then 

contain [ill! 


1, the 



Step 8: Read the dx code for integrator 2. For this case, Ax 
value of Az in integrator 3. 


Step 9: Add (1 


y)/ 2 to the register. Since the y register contains 


0.11, the current value of y must be 0.1. 1 here!ore, (1 


y)/2 is repre¬ 


sented as 0.09, and, if we add this to the r register, it will contain 0.10. 
No carry will be generated; so the Az register, for integrator 2, will bo 

changed to zero. 

Step 10: Read the dy code for integrator 3. The result is Ay = — 1. 
Step 11: Add the Ay to the y register. The y register will then contain 



Step 12: Read the dx code. Since the Az register of integrator 1 is now 

1 , Ax = + 1 . 

Step 13: Add (1 + y )/2 to the r register. The register then contains 
T|7)l and a carry will be generated. Hence, the Az register for integrator 

3 will be changed to 1. 

This process is continued, cycling through the integrators 1 , 2 , 3 , 1 , 2 , 
3, 1, 2, 3, etc. The values of the accumulated Ay’s in any one integrat or 
may be read out every 100th or 1,000th cycle and recorded on an mere 

mental analog recorder, which draws a graph of y = f(x). 

The machine just described is called a serial DDA, for the integral m u 

are processed serially and brought up to date one by one. Such miielmii* 
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are usually instrumented on a magnetic drum, the y, r, dx, dy, and dz 

registers being magnetic marks on the drum, with external circuits to 

decode, provide temporary storage, and perform the necessary arithmetic 
operations. 

The result of “passing through” the three integrators will be found in 
Fig. 14-216. 

This process is continued, cycling through the integrators 1, 2, 3, 1, 2 , 
3, 1, 2, 3, etc., until the stop signal is given. 

The original DDA’s, called the MADDIDA, the CRC-105, the Bendix 
D-12, the Bendix DA-1, and the Litton 20, are all examples of such serial 
magnetic-drum machines. The virtue of such machines is that very sim¬ 
ple circuits are required for decoding, temporary storage, and arithmetic, 
and that the drum registers are relatively inexpensive. 

The serial machines are relatively slow, hence are not capable of oper¬ 
ating in conjunction with real-time electronic analog computers. To fill 
the need for faster DDA’s, there has been developed a parallel DDA. In 
such a DDA there must be provided an r and a y register, as well as the 
arithmetic circuits, for each integrator. In this way, all the integrators 
can be processed simultaneously, that is, in parallel. With such a method 
of instrumenting a DDA, the overflows that create the Az’s can be con¬ 
verted to trains of signed pulses and fed by wires to the other integrators 
in the problem. In other words, such a DDA can have its integrators 

patched” together as they would be an electronic analog computer. 

It must not be assumed, however, that all the operations are simul¬ 
taneous. During each integration cycle there will be essentially three 
operations, which must be carried out serially. They are (1) DECODE, 
creating Ay and Ax, (2) ADD Ay to y (this addition can be done in parallel 
to increase the speed of the operation), and (3) ADD y to r, creating Az 
(again, for speed, the addition can be done in parallel). 

The first parallel DDA to be marketed is the Packard-Bell TRICE. 

It is capable of operating in conjunction with many real-time devices, 
including active analog computers. 

Since a parallel machine must provide a full complement of registers 
and arithmetic circuitry for each integrator, such equipment becomes 
expensive. Therefore, the classic method of multiplication using two 
integrators [see Eq. (14-la)] is too costly. In the TRICE computer, for 
example, a special set of registers and arithmetic circuits enable one to 
perform multiplication not only with less apparatus but also more precisely 
than by the classical method. 

1 o effect such a multiplication, say the product xy, three accumulating 

registers are required: one to contain the current value of x, another to 

contain the current value of y, and a third to contain the current value 
of xy. 
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If the changes in x and y are denoted by Ax and Ay, respectively, the 
change in xy is (y + Ay) Ax + x Ay. From this formula we see that the 

xy register is brought up to date as follows: 

1 Bring the y register up to date, and add x into the xy register if 

Ay = +1, or subtract x from the xy register if Ay = - 1. 

2. Bring the contents of the x register up to date, and add the contents 
of the y register (now y + Ay) to the xy register if Ax = +1, or subtract 

y + Ay from the xy register if Ax = — 1. 

The classical method, using two integrators, gives 

A (xy) = (y + Ay) Ax + (x + Ax) Ay 


which is in error by Ax Ay. 

There are some other features of DDA’s, both serial and parallel, that 
provide refinements of their basic mode of operation, just described. For 
example, there may be additional registers in which to store the initial 
values of the variables, so that they may be ready for repeated use. Dis¬ 
cussion of other such features can be found in the description of a par¬ 
ticular DDA or in various articles describing their use, listed in the ref¬ 
erences at the end of the chapter. 7-10 

14-7. Combined Analog-Digital Solution of Partial Differential 

Equations. Another concept relevant to this chapter on combined 
digital-analog methods is a method conceived by Dr. Lawrence Wain- 
wright for solving partial differential equations using an active analog 

computer and some tape recorders. 

The following simple example will show the essence of the method, 
which is an alternative to the one depicted in Sec. 8-4. 

Consider the equation 


dV _ d 2 V 

dx dt 2 


(14-19) 


and change it to a system of ordinary differential equations by replacing 
the partial with respect to x with an approximating finite-difference 

quotient. 

Equation (14-19) becomes 


Vn(f) 


Tn-lW 


Ax 


d*Vn(t ) 

dt 2 


(14-19a) 


If we rewrite this last equation in the form 




Ax 


it can be seen that, if 7»_i(<) is a known function of t, then V„(i) nu\ b< 
created by the analog-computer hookup of Fig. 14-22. Hence, if l «(/) 


DIGITAL TECHNIQUES APPLIED TO ANALOG COMPUTATION 587 


is known, we can create Vi(t) ; from V i (t) we can create V 2 (t) ; and so on. 
Of course, some initial conditions are required for each V n (t), n > 0. The 
conditions will be in the form 


r»(o) 


VnO = const 


dV n 

dt t =o 


VnO = const 


These initial conditions plus the starting function Vo(t) imply that this 
method can solve partial differential equations with values of the function 


V(x,t) given along the x 


0 axis, and along the t 
= 0 axis. 


0 axis, as well as 


with dV/dt given along the t = 0 axis. 

— Vo(t) is considered to be known and available as an analog voltage 
from a tape recorder. The output V\ (t) is recorded on a tape recorder, 
either another tape or another track on the same tape that contains Vo(t). 


Ax 


dVn 

dt 


V n (t) 


V»-l W-U* 


Fig. 14-22. Diagram for iterative solution of partial differential equation 


Next, the track containing Vi(t) is switched to the input of the analog 
hookup, and V 2 (t) is recorded on another track. 

The method of generalizing this method can be seen from consideration 
of the following equation: 


d 2 V d 2 V 


dx 2 


dt 2 


(14-20) 


If we replace the partial with respect to x by a suitable finite-difference 
approximation, we obtain 


d 2 V n 

dt 2 


Vn 

(Ax) 


2 Fn-X 

(. Ax ) 2 


+ 


Vn -2 

(A.r) 2 


(14-20a) 


From this equation, it can be seen that Vo(t) and V\(t) must be known 
and available in the form of voltages on two tape tracks and that initial 
values of V 2 (t) and its derivative must be supplied as initial conditions 
on the two integrators involved in the solution of the problem. 

In the first step in the solution of the partial differential equation, V 2 {t) 
is recorded in analog form on a tape track. In the next step, Vi(t) and 
V 2 (t) are used as inputs together with initial values for V%{t) and its deriv¬ 
ative. The output V 8 (t) will be recorded on another tape track. This 
iteration process continues until an approximate solution of the partial 
differential equation over the desirod (x t t) region is obtained. 
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PROBLEM SETS 


CHAPTER 1 


1 - 1 . 


Obtain the Laplace transform of the following equations 

(a) a,^+a 2 ^+a 1 ^ + «„,=/(<) 


dt* ' dt 2 ' ~ l dt 
Initial conditions: At t = 0, y 


dy 

dt 


= Vo 


y o, 

d 2 y 
dt 2 


= y o 


0 b ) 17 ^ + 4 ^ + 8y = 


dt 3 ' * dt* 

Initial conditions: At t 


0, y = 15 ft, 


dy 

dt 

(«) + y = “-j (t) 


2 ft/sec 


d 2 y 

dt 2 


10 ft/sec 


Initial conditions: At t = 0, y = 10 ft, 


dy 

dt 


= 0 


d 2 y 

dt 2 


= 0 


d 3 y 
dt 3 


0 


1-2. (a) Show that the transform pair lb in Table 1-2 is true. 

(b) Obtain the transform of f(t) = sin (c ot -f <f>). Show this is the transform 
of item 2 in Table 1-2 when </» = 0 and of item 3 when <f> = 90°. 

(c) Obtain the transform of f(t) = sine wave of amplitude A and angular fre¬ 
quency co beginning at t x and ending at t 2 . 

(d) Obtain the transform of f(t) — 1 — e~ tlT . 

( e ) Obtain the transform of / (t) = e~ at sin cot. 

1-3. Expand the following in partial fractions and use Table 1-2 to obtain the 
inverse transform: 

(a) 


(b) 

(c) 


(d) 


s(s -f a) 

1 

s 2 (s -f a) 

1 


s(s + a) (s -f b) 

1 


s 2 (s -f a)(s -f b) 

M r/ + a 


(/) 


8 2 (8 + b) 

8 -f fl 


(« + 6)>(« -j- c) 
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1-4. If x(f) is related to y(t) by the following equation, obtain the transfer function 
for each case: 


(а) 

( б ) 
(c) 


X(s) 

Y{s) 

ffo(s) 

Bi(s) 

Y(s) 

X(s) 


if Tm S + If + KiX + Ki I xdt = y{t) 

if J § +fik + Ke ° - - «.) + ^4<* 


0o) 


if 10 4 + 102 (*S _ 8 ** \ + 103 *1 

U dt* ^ \dt dt) ^ dt 2 


d 2 y 


+ j (x - y) dt = y(t) 


1-5. List the poles and zeros of Prob. 1-46. Show their location on the s plane. 
1-6. Given 

a S +b a +cy=Au - i(t) 

with initial conditions at t = 0, y = 0, dy/dt = 0. Solve for Y(s) and y(t). 

1-7. Consider the second-order system 

d 2 x . dx . . y.v 

Jt r + 2fw » di + UnX = y{t) 

t \ i j. _ r _i?__(^) 


(a) Obtain its transfer function tftt - 

F(s) 


(6) If cOn — 10 radians/sec, show the location on the s plane of the poles and 
zeros of the transfer function for the following: 

(1) r = i.o. 

(2) r = 0.707. 

(3) r = 0.4. 

(4) r = 0.1. 

1-8. For the system in Prob. 1-7, use the s-plane geometry to obtain an expression 
of the oscillation frequency as a function of the natural frequency and the per-unit 
critical-damping coefficient £. 

1-9. In Prob. 1-7 let y{t) = F m cos cot, with all initial conditions zero. 

(a) Find X(s). 

( b ) Solve for x (t). 

(c) Write the expression for amplitude versus frequency in a closed form. 


CHAPTER 2 

2-1. Let the integrating network of Fig. 2-lc be “loaded” by placing a resistor /»*/. 
between the output terminal and ground. Derive the resulting expression for F„(ji) 
and compare with Eq. (2-3c). Discuss the effect of Rl • 

2-2. Calculate the minimum value of the amplifier gain required to make the poi 
cent error in using the approximation of Eq. (2-5c) equal to or less than 0.01 per cent il 

(a) Ri = Rf 
(i b ) Ri = 0.1 R f 
(c) Ri = 10 R f 

2-3. Assume an operational-amplifier transfer function of 

®<*> - (iffii 

Substitute into Eq. (2-16a) and solve for E 0 (s)/Ei(s). Make the necoNsniy 
tions to obtain Eq. (2-16c) and check against those listed in the text. 
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2 - 4 . Determine the short-circuit transfer impedance of the given circuits. 
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R 

(a) (b) (c) (d) 



(e) (f) 

Fig. P2-4. 



2-5. Obtain the expressions for the output as a function of the input for each of the 
diagrams shown. Values of the resistors and capacitors are listed in megohms and 
microfarads. 


1 1 



to (f) 

Fig. P2-5. 


2-6. Plot a loading correction curve for a 50,000-ohm potentiometer loaded by a 
0.1-megohm resistor. 

2-7. In Prob. 2-3 make all necessary assumptions except that the grid current is 
zero. Show the resulting expression for E 0 . Discuss the effect of finite grid current. 
Which computing impedance, input or feedback, is more critical with respect to the 
effects of grid current? 

2-8. Assuming the variables w, y, and z are available, show both schematic and 
symbolic computer diagrams for the following operations: 

(a) x — ay + bz + cw 

(b) x - - r (ay -f bw) dt 
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(c) — »=j! + a 


( d ) x 


aw 


Wh 2l GWeT a function''generator which will produce /(x) for an input x, draw the 
symbolic computer diagram for 

y = ax 2 4 - bx -{■ cf{x) 

f0r 80lVing the f0ll0Wi H g mathematiCal m ° del3 
and state in each case which method of solution has been used. 


/c 


where x = x(t). 

(b) z = Ae~ at 
, , dx rv/ - 


Assume that dx/dt is available. 


(<0 


dt 


ax = B( 1 


ai 


(d) z 


/, 


x(<) dy(0 


Assume that x and dy/dt are available. 


/. 


(cos cat) e ,l dt 


where s and w are parameters to be varied. 


/. 


^ ^ r 

/x and / 2 are the outputs of function generators. 

(g) x = cos cat V = sin cat 

(Use two integrators and one sign changer.) 

(h) IZsTz 2 is a dependent problem variable. Assume dz/dt is availably 
Show two methods, one using a servo resolver and the other a servo 

multiplier. 

2-11. Derive _ X C (s)/rW. What is the approximate relationship for very large open- 
loop gain of the amplifiers? What could the circmt be used for? 




Fig. P2-11. 


Fig. P2-12. 


0-12 Find x as a function of y. What is the result of letting k approach unity? 

2-ls". Show that Fig. 2-6o is equivalent to Fig. 2-6b and that t e expression 

11 Me!'the four following conditions, calculate the approximate maximum 
erroituX ££ loading ^hen a servo multiplier is used to obtain t e Prod« 
xy . All the multiplier cups are of 0.03-megohm resistance. Use x as the mpu 
servo and ±y as the excitation of the A cup. 
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(а) The follow-up cup slider is not loaded and the A cup slider is connected 
to a 1.0-megohm input resistor at the input of an amplifier. 

(б) The conditions are the same as in (a) but a 0.1-megohm input resistor is 
being used. 

(c) The follow-up cup slider is unloaded and the A cup slider is connected to 

the top of the B cup which has a grounded center tap. Ignore the loading 
on the B cup slider. 

(d) The conditions are the same as in (c) but with a 0.1-megohm resistor load¬ 
ing the follow-up cup slider. 

2-15. Derive the general expression for the transform of the output of an integrator 
with multiple inputs. List the assumptions regarding the operational amplifier that 
must be made in order to reduce the expression to the approximation commonly used. 

2-16. Derive the approximate relationship of the multiple input case of Fig. 2-4; 
i.e., assume inputs ei, e^, . . . , e n . List the assumptions made. 


CHAPTER 3 

3-1. Consider the differential equation 

x + ax -f bx = fit) 

(а) Using the symbols x m , x m , x m , xo , and xq for the maximum values and ini¬ 
tial conditions, construct scaled computer diagrams for the solution using 
the four possible combinations of magnitude- and time-scaling methods. 

(б) Using the results of part (a), explain the way in which the time scale 
factor n enters the computer setup in each case. 

(c) Explain how the time scale factor could be incorporated into the magni¬ 
tude-scaling procedure so that it would appear on the computer diagram 
in any case. 

3-2. Consider the following differential equation: 

0W + 1.60( 2 ) + SO^ 1 ) -f 1000 = 0 

with the following initial conditions at t =0: 

0 = 10 4 radians/sec 2 6 = 10 3 radians/sec 0 = 1,000 radians 
Assume maximum values of 

0 m = 2,000 radians 0 m <-» = 2,000 radians/sec 0 m ( 2 > = 10 6 radians/sec 2 

0 m (3) = 2 X 10 6 radians/sec 3 

With a time scale factor of n = 10 show the scaled equation and computer diagrams 
obtained by 

(a) Dimensionalized scale factors. Change the time scale of the equation. 

(b) Dimensionalized scale factors. Change the time scale of the computer. 

(c) Normalized variables. Change the time scale of the equation. 

(d) Normalized variables. Change the time scale of the computer. 

3-3. Repeat Prob. 3-2 for the following equation: 

2,(4) + 6yW + 1252/( 2 ) + GOOi/d) + 2,5002/ - 0 
with the following initial conditions at t — 0: 

2/o *■ 9 ft 2/o (1) ™ 0 ft/soo 2/o (| ) — 


—600 ft/wo 1 j/o (I) - 600 ft/neo* 
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Use the following maximum values: 

y m = 10 ft 2 / m (1 > = 80 ft/sec y m (2) = 800 ft/sec 2 

= 6,000 ft/sec 3 = 6.0 X 10 4 ft/sec 4 

3-4. Given this set of simultaneous differential equations: 

x = uy Xo = t/o = 0 ft w = 10 6 radians/sec 

y = —cox y o = 0, Xo = 10 7 ft/sec 

Use 

Xm ” ym = 10 ft 
Xm = y m = 10 7 ft/sec 
Xm = ym = 10 13 ft/sec 2 

Scale the equations and construct a scaled computer diagram. 

3-6. Determine the undamped natural frequency, per-unit critical damping, and 
actual frequency of oscillation for the systems described by the equations below. If 
an xy recorder is to be used, indicate an approximate choice of time scale. Use 1 
radian/sec as optimum ^-recorder speed. 

(a) y + 202 / + 10 2 *y = 0 

(b) y -f 1.24 X 10- 16 i/ + 3.96 X 10 ~ l4 y = fit) 

(c) y 4- 21 y -b 225 y — 15 sin 15* 

3-6. Determine the approximate magnitude of the dependent variable and its 

derivatives in Prob. 3-5 if: 

(a) t/o = 10, 2/0 - 10 14 

(b) fit) — 10*14-1(0 miles 

2/o=0 2/o=0 

(c) 2/o = 2/o = 0 

Also write a scaled equation for each. 

3-7. Determine the time scale used in the diagram and the original equation. 



Fig. P3-7. 


3-8. Given the following set of simultaneous differential equations, determine 
approximately the range of the variables and the oscillation frequencies. 

3#i 4~ 20 2 4" 40i = 0 

20i 4" 402 4~ 802 = 0 

Initial conditions at * =0: 

"0! = 0.1 radian 0 2 = 0 radian 0i = 0 2 = 0 radian/sec 

3-9. Determine time scales for the equations listed below for (1) a servo xu recorder, 
(2) an oscilloscope, and (3) a continuous strip recorder. 
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(a) 

0 b ) 


2 + 34 2 + 22° % + 3,000j, 


dt 3 

d 2 x 


dt 2 

dx 


■y. + o'i + w **- 0 


and 

i6 S +i3 2 +5o * = ° 

3-10. The scaled computer diagram of Fig. 3-8 resulted from a time scale of n = 0.2. 

(а) Show in detail how the original mathematical model may be derived from 
the computer diagram. 

(б) Redraw the computer diagram of Fig. 3-8 for a time scale of n = 5. 

(c) Redraw the computer diagram of Fig. 3-8 with the time scale factor n 
included as a factor so that upon assigning any value for n the scale 
computer diagram will be complete. 

3-11. Obtain a scaled computer diagram for Example 3-2 using dimensionalized 
scale factors. 

3-12. Using the following methods, obtain the scaled computer diagram for the 
example of Fig. 3-8 with f(t) - Ae~ at cos u>t. 

(a) Use the method of changing the time scale of the model but with 


k x = 6 volts/ft 


ki — 0.6 volt/(ft/sec) 


kx = 0.06 volt/(ft/sec 2 ) 


( b ) Use the method of changing the time scale of the computer but with 


k x = 5 volts/ft 


ki = 2.25 volts/(ft/sec) 


kx = 1.125 volts/(ft/sec 2 ) 


CHAPTER 4 


4-1. Give the type of each of the following differential equations. The superposi¬ 
tion principle holds for which ones? In which cases can a general solution be obtained 
by linear combination of a complementary function and a particular solution? 


(a) 

0 b) 
(c) 
id) 


— + (i 

A,2 ~ 


(«) y 


dy 2 ' ^ y > dy 

vy + a _ „*) . 

dt 3 ^ u y J dt 

d ' X _L Ir, dX 

d^ + (a ~ b ) Ty - 

d 2 x d 2 x _ dx 
dy 2 + dz 2 ~ a Tt 
« d 2 x . , dx 


dor 

y ^dy +aX= ^ 


3 + <« 


J/ 1 ) ^ + ay = /(<) 

6 ’) Ty + ^ = f®) 

dx 


dy 


i + a - y) T + - = o 

1 dy v 


if) 


dhL (d 2 u\ /d 2 u\ d 4 u 

dx 4 \dx 2 J \dy 2 ) + dy 4 “ ° 


dy 4 


, N d 2 x . dx . 

\9) a i 4- a 2 ~r. 4- d%x 




dy 

dt 

dx 


fi(t) 


d 2 y , dy . . dx 

° 6 ~dt 2 + a * + ° 72/ + a * di + aiX " /*(<) 


4-2. Solve each of the following equations. Obtain the complementary function 
r assuming a solution of the form rV 1 in each ease, nml nhtuin thn n&rtln lllur aii 1 1 a 1 1 ion 
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by either the method of undetermined coefficients or by using the superposition 
integral. 

(a) x + 3x -f 67s = 1 - e~ 10t 
x(0) =5 mm/sec x(0) =0 

(b) £ + 4x + 20x = 40u-i(t) 

x( 0 ) — 2 cm/sec x( 0 ) = - 1 cm 

(c) x + 4x -b 4 x — 5y = 12w_i(/) 
y + 7y 4* Ay + 4x =0 

x(0) = x(0) = 2 /( 0 ) = 0 2 /( 0 ) = -0.5 

(d) 2 / + 72/ + 122/ = -2-2* 

2/(0) = 2 2/(0) = -25 

4-3. Solve the equations of Prob. 4-2 by the Laplace-transform method. 

4-4. Find the natural undamped frequency, the actual oscillation frequency, and 
the per-unit critical damping for each case of Prob. 4-2. 

4-5. Construct scaled computer diagrams for each case in Prob. 4-2. 

4-6. x (3) + 5x (2) -b 10x (1) -fx = fit). Let x m = 10 cm. 

(а) Factor the characteristic equation and show the location of the character¬ 
istic roots on the s plane. 

( б ) What should the time scale factor be if it is desired to have the complex 
characteristic roots of the equation describing the computer setup lie about 
10 radians/sec from the origin? 

(c) Choose appropriate scale factors and construct a scaled computer diagram. 

(d) Where is the pole of the transfer function of the first loop in the computer 
diagram? Has the time scale factor been chosen correctly? 

4-7. Write the equations of motion of a projectile which is fired with a muzzle 
velocity of 2,000 ft/sec at an angle of <f> with the horizontal. Assume a flat earth 
and zero air resistance. 

(a) Scale the problem and construct a scaled computer diagram. 

(b) Indicate how air resistance could be taken into account. 

4-8. Use Routh’s criterion to check the stability of the systems described by the 
following mathematical models. 

(a) x< 3 > -b 34x (2) -b 3,840x (1 > + 36,000x = lO^tf) 

(b) 0.1x (4) + 5.6x (3) -b 477x (2) + 12,500x<» + 144,000x = /(/) 

(c) y + 202 / + 10 ® 2 / + 10 6 x = f(t) 
x + 40x + 10 4 x + 200 y = 0 

(d) x -b 10x + lOOx - 1002 / = fiit) 

V -b 32 / -b 2252/ - 100 x = f 2 (t) 

(e) x< 3 > -b 3x< 2 > + 390x (1 > - 800x = f(t) 

(/) (« 3 + 7s 2 - 28s + 20) F(s) = F(s) 

(i g) x< 2 > -b 9x(« + 20x -b 52 / = 10w_i(/) 

2 /( 3 ) + 62 /< 2 > -b ll 2 / (1) + 62 / - 6 x = 0 

(h) x ~b lOx -p 400x -b 502/ = /i(0 

y -b I0y -b lOOy + x + 900x = /*«) 

(i) x + lOx -b y — 0 

y + 42 / -b x = — 5ti_i(0 

4-9. Construct a scaled computer diagram for Prob. 4-8c if 

2 /o = 500 ft 2/0 = 10 6 ft/sec 

Xo = 50 ft xo = 0 

A strip recorder is to be used. Assume x m = 100 ft, y m — 1,000 ft. Time-soalo tin* 
computer and 
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(a) Use normalized variables. 

(b) Use dimensionalized scale factors. 

4-10. A parametric amplifier is described by 

q + 10 6 £ 4- 10 12 [1 4- cos (500,000/)]? = 0 

?o = (0.5) 10“ 7 coulomb q 0 = 0 

Let q m = 10 7 coulomb. A servo multiplier is to be used for the computer study. 
Construct a scaled computer diagram. One of the purposes of the study is to gain a 
better insight into the voltage drop across the inductor as well as to see the effect of 
a small change in the pumping frequency. 

A study is to be made of the coupled mass-spring-damper system shown. 

M 1 = M 2 = 1 slug 
K 1 = 100 lb/ft K 2 = 125 lb/ft 

Bi = 10 lb sec/ft B 2 = 3 lb sec/ft 

Let X\ m — 2 ft, x 2m — 2.5 ft. Construct a scaled computer diagram if 

(а) An oscilloscope is to be used for monitoring. 

(б) An xy recorder is to be used. 



Fig. P4-11. 

4-12. 2 / (4) 4- 62 /«> 4- 1252/ (2) 4- fiOOyW 4- 2,5002 / = 0 

2 /o = 9 cm 2 /o (1) = 0 2 /o (2) = —600 cm/sec 2 2 /o (s) = 600 cm/sec 3 

Use normalized variables, let n = 10 and 

(a) Change the time scale of the equation. 

(b) Change the time scale of the computer. 



Fig. P4-13. 

4-13. Consider the system shown with the mass originally at rest and displaced 2.0 
ft from the equilibrium position. 

M *■ 161 lb mass 
B - 1,200 ib see /ft 
K m 180 X 10 4 lb/ft 
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4-14. 


(a) Derive the equation of motion and give the numerical form. 

(b) Find the undamped natural frequency and per-unit critical damping. 

(c) The problem is to be solved on a general-purpose analog computer with a 
working range of ± 100 volts. The answers will be obtained with a con¬ 
tinuous-type (strip) recorder. Choose suitable maximum amplitudes of 
the variables and the needed change in time scale, if any. Construct a 
scaled computer diagram. 

Given: y + 0.12 y + 0.0025 y = Au^(t) 


A — 1 cm/sec 2 


2/(0) = —400 cm 


2 /( 0 ) = 0 


A strip recorder is to be used. 

(a) Show whether the roots of the characteristic equation are real or complex. 

( b ) Find the maximum value of y(t). 

(c) Is a value for y(0) needed? 

(d) Construct a scaled computer diagram. 

4-16. Problem 4-14, with the added condition that 2/(0) =0.1 cm/sec, is to be solved 
on an analog computer having a reference voltage of 100 volts. The effect of damping 
is to be studied, and it is desired to have the frequency of the recorded solution be 1 
radian/sec when the damping is zero. Scale the problem and present a complete 
computer diagram. 

4-16. Construct a scaled computer diagram for the model 


(s 4 + 20s 3 + 150s 2 + 625s + 1,250) X(s) 


625 


The poles of the computer system are to be restricted to lie within 1 radian/sec of the 
origin in the p plane. Hint: Consider the loop gain around the first integrator. 

4-17. Complete Fig. 3-13a and b by showing how the forcing function can be 

generated. 

4-18. x + e~ at x + 4x = 0 

x 0 = 4 x 0 = 0 0 < a < 1 

The effect of the parameter a is to be investigated. Construct a scaled computer dia¬ 
gram in which n is unspecified. List pertinent gain factors and potentiometer settings 

for n = 1 , 3^5, and Koo- 

4-19. Obtain a scaled computer diagram for the electron ballistic problem of 
Example 4-3 under the following two conditions if 

B x — 2 X 10" 5 webers/cm 2 
F max = 2 X 10 5 volts/cm 

(а) E x =* 0, E y is an RF field with a frequency range of 1,000 to 20,000 Me* 

(б) The electric field rotates in the xy plane with an angular frequency of from 
10 10 to 10 11 radians/sec. 

4-20. Construct scaled computer diagrams for the investigation of the effect of the 
parameters over the ranges specified. 

(а) X + 2fc 0 »X + <i) n 2 X = COnhl-iit) 

0 < r < 1 0 < C0„ < 10 

Use normalized variables of the form (x/w n 2 ). 

(б) [(a + a)(s 2 + 2s + 1)] X(t) - ^9 


0 < a < 10 

4-21. £ + (50 - t)x + * = u.,«) 
Construct a scaled computer diagram, 
it related to n? 


Be careful of the magnitude scaling for t; is 
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4-22. It is desired to generate as a function of time the Bessel function of the first 
kind of order two, J 2 (t). This function is a solution to Bessel’s equation of order two. 

' t*y + ty + (t* - 2 2 )2 / = 0 

or y+f + [ 1 -(f) , ],-o 

Draw a properly scaled diagram to show how such a signal may be generated using 
standard summers, integrators, coefficient potentiometers, and servo multipliers. Indi¬ 
cate how the circuit is to be started into action—by initial conditions, voltage inputs, 
or whatever. You may wish to make use of one or more of the following relationships 
which apply to Bessel functions. 

J n(t) — — Jnit) — J n +l(t ) 

= Jn-l(t) - - t J n (t) 

Jn+l(t) + = y J n (t) 

Or, in general: 

J t [t~ n Jn{t)] -<-»/„+,«) 

J t lt n Jn(t)} = 

Hint: Show that 2 J Q (t) = J%(t) — Jo(t) 

4-23. Consider the static deflection of a cantilever beam. The equation is 

[Ely"]" = fix) 

The boundary conditions are: 

r r\ " /// 

2 /o = y 0 = 0 y L — y L =0 

(а) Outline a method of solution using the computer. 

(б) Construct a suitable computer diagram. 

(c) Obtain the expressions necessary to solve for 2 / 0 , 2/o» 2/o> and y ^\ 

4-24. Derive the expression for the error for a step input to an integrator due to the 
integrator having a transfer function of K/(Ks + 1) instead of 1/s. Find the per cent 
error at the end of 100 sec for K = 10 6 and K = 10 6 . 

4-26. Consider a cantilever beam 10 ft long with a distributed load of 

P(X) = WiX -f w 2 x 2 

where ith = 100 lb/ft and w 2 = 10 lb/ft 2 . Let El = 10.8 X 10 6 ft 2 -lb. Construct 
a scaled computer diagram and explain in detail the procedure to be used. 

CHAPTER 6 

6-1. Plot phase-plane trajectories for 

X — «(1 — x*)i + x — 0 

with t - 1 and « - 10. Use initial conditions both inside and outsido the limit oyolo. 

(а) Use tlm method of isoclines. 

(б) Use Lionard’s const .motion. 
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5- 2. Check the curves of Fig. 5-11 by graphical means. 

6- 3. Consider Duffing’s equation in the form 


where 


5-4, 


£ + lOx + 100a; + as 8 = 200 cos bt 

-20 < a < 20. 

(o) Sketch phase-plane plots for the homogeneous equations with a = 10 and 
a = -10. 

( b ) Construct a scaled computer diagram for solution of the equation. 
Consider a mass-spring system subjected to coulomb friction described by 


where 


“ { -a 


x + <f>(x ) + x = 0 
/a x > 0 

1 —a x <0 


a > 0 


Sketch phase-plane trajectories by the following: 

(a) Method of isoclines. 

(b) Lienard’s construction. 

5-6. Show that Eq. (5-38) has an unstable singular point at the origin 
5-6. Construct a scaled computer diagram to solve 


w = In (x v ) 


using implicit solution techniques. 


1 < x < 2 


-1<V<2 


5- 7. Check the magnitude scaling of Fig. 5-22, giving attention to minimum as well 
as maximum values. 

6 - 8 . Plot the function which would be instrumented on a function generator to 
obtain In w /3 in Fig. 5-22. 

6-9. Consider the equation 

x - 10(1 - 0.1x 2 )x + x = 0 

(а) Find and classify the singular points. 

(б) Sketch a phase trajectory starting near the origin. 

(c) Construct a scaled computer diagram. 

5-10. Consider 


(2 — e x )± + z=0 


> 0 


(а) Show that there is a singular point at the origin which is an unstable focus 
for 0 < e < 1.62 and an unstable node for e > 1.62. 

(б) For e < 1, construct a scaled computer diagram using a function generator 
for e x . Use x m = 3. 

(c) For e < 1, construct a scaled computer diagram using implicit techniques 
to generate e x . 

6-11. Construct a scaled computer diagram to solve the simplified moon-probe 
satellite problem. Assume that the moon is in a circular orbit about the earth so that 

u = R sin cot 
v = R cos cot 

Choose the time scale such that the time on the computer corresponding to I ho moon's 
period is about 2 min. Assuming the satellite velocity vector is initially in the plane 
of the moon’s orbit about the earth and the presence of other bodies in the rest of the 
universe can be neglected, tho equations of motion aro 
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kix 

(* 2 + y 2 )* 

ki y 

(x 2 + y 2 )K 


+ 


+ 


l(M 


k z (u — x) 
x) 2 + (v — 
ki{v - y) 
x) 2 + (t> — 


2/) 2 P* 


where 


k i == 560 X 10 -5 ft 3 /sec 2 
k 2 = 6.6 X 10 -5 ft 3 /sec 2 


Assume the moon is 239,000 miles from the earth. Hint: x 2 -f y 2 — 2 ux 
R 2 = {u — x) 2 + (v — y) 2 . Use function generators to form the % powers 
5-12. Construct an unsealed computer diagram for 


- 2vy + 


P = J Q (x 2 -f y^Y dt 


where x(t), y(jt ), and z(f) are available as outputs of computer components. This can 
be done with no more than five amplifiers, five multipliers, and two log-function 
generators. 

6-13. Write the equations of motion for the system shown. Construct an unsealed 
computer diagram if the stops are (a) elastic; (6) inelastic. 






Mi 


K 


M, 




Fig. P5-13. 


6-14. Consider a perfectly round ball rolling without loss of energy on the surface 
of a billiard table. Let the side be perfect elastic stops. Construct computer dia¬ 
grams for the following: 

(a) The ball moving initially at right angles to one of the sides. 

( b ) The general case, where ±o and y Q are arbitrary. 

5-15. Sketch the relationship e 2 versus e\. 


+ 



Fig. 1*5-15. 
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6-16. Construct an unsealed computer diagram for Prob. 5-4. 


CHAPTER 6 

6-1. Derive the transfer functions E 0 (s)/Ei(s) using Laplace transforms and 
matrices. 



Fig. P6-1. 


6-2. The velocity components of a simulated missile are needed in the simulation 
of the system. Assume the missile trajectory remains in a vertical plane, the speed 
is constant over the range considered, and the pitch rate of the missile is available as 
a computer variable at the output of an operational amplifier. Construct an unsealed 
computer diagram using implicit techniques to generate x and y. 

6-3. Write the differential equations of motion for the system of Fig. 6-8 and con¬ 
struct an unsealed computer diagram for study of the system. Compare your results 
with the simulation approach which resulted in Fig. 6-9. 

6-4. Consider the pictorial model shown of a partial automobile suspension system. 
The shock absorber giving the damping B i is “double-acting”; the coefficients for 
opening and closing are 15 and 65 lb sec/in., respectively. Let the other parameters be 


900 


50 


Mt - — lb Af 2 = — lb 

9 9 

100 <K ! < 400 lb/in. 1,000 < K 2 < 2,000 lb/in. 

7 < Bi < 25 lb sec/in. 
a + b — 10 in. 
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Construct computer diagrams for simulation of the system in the following cases: 

(а) The stops are elastic. 

(б) The stops are inelastic. 

(c) The stops are elastic and the suspension spring is nonlinear, the spring 

constant varying from the indicated minimum to maximum in 10 in. of 
compression. 

Do not neglect the fact that the tire can bounce clear of the road surface. 



Fig. P6-4. 


6-6. For the system shown, obtain the following: 

(а) The open-loop transfer function. 

(б) The closed-loop transfer function. 

(c) The characteristic equation. 

Find the critical value of Ki for 

(d) Ti = 2, T 2 = y 2 , K 2 - 1 

(e) Ti = -2, T 2 = y 2} K 2 = 1 

(/) T l = -2, T 2 = y 2 ,K 2 = -4 /K, 



Fig. P6-5. 

* 

6-6. Sketch the root-locus plots and determine the approximate value of the critical 
gain. 

(a) G = - H = 1 

8 
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H = 1 


H 


H = 1 


, v r _ K(s + 5) „ 

(c) G ~ s(s + l)(s + 10) H 1 

(d) G = *»(* + 10) H = 1 

M r - g(« + 2 > H = l 

(e) G s s (s + 10) H 

6-7. Construct a feedback-control-system type of block diagram for the computer 
system shown. Predict the stability of the system for values of a between 0 and 1 

using the following: 

(а) Routh’s criterion. 

(б) Root-locus method. 

What is the effect of the loop containing potentiometer 6? 



Fig. P6-7. 


6 - 8 . Find the critical value of loop gain around three identical summers using the 
root-locus method for the following closed-loop transfer functions of the summers: 

(а) G(s) = 5 ^ 

(б) G(s) = (2V + 1 )(T 2 s + 1) 

6-9. Repeat Prob. 6-8 for a loop around a perfect integrator and two summers of 
the forms given above. 

6-10. Consider a three-stage operational amplifier where the transfer function of 
each stage is of the form —K/(Ts -f- 1). Let the time constants of two of the stages 
be fixed; find the required placement of the pole of the third-stage transfer function 
for a critical loop gain of 100,000. 

(a) Two stages have a cutoff (break-point) frequency f e of 100 kc. (Thus, 
the two poles are at s = —l/T = — 2trf c -) 

(i b) One stage, f e = 100 kc; other stage, f c = 50 kc. 

6-11. Show that the critical value of gain around two summers of the forms given 

in Prob. 6-8a and b is unity. Use the root-locus method. 

6-12. Show that the problem brought out in Prob. 6-10 of moving one pole very 
near the origin to stabilize a high-gain operational amplifier can be alleviated by 
positive feedback around two of the stages. 



Fio. PO-13. 
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6-13. For the system shown, use the root-locus method to find the critical value of 
gain for ; • ; 

K 2 = 10 a = 0.2 Ti = 0.2 sec T 2 = 0.5 sec 

6-14. For c m = 1, construct a scaled computer diagram for the system of Prob. 6-5. 

6-16. For c m = 1, construct a scaled computer diagram for the system of Prob. 6-13. 

6-16. For the problem of Example 6-2, let the gear train have a backlash of 0.1 
degree at the output shaft. Show the necessary revisions of Fig. 6-28. 

6-17. Consider the positional servo system indicated. 

(a) Find K ic for K 2 = 0 (no tachometer feedback) and note the value of the 
oscillation frequency. 

For step inputs of 1 radian, construct scaled computer diagrams for the simulation 
of the system under the following conditions: 

( b ) Assume it is linear, as depicted in the block. 

(c) Include limiting of both amplifier outputs and “ideal”-type backlash of 
0.1 radian. How does one distinguish between backlash between the 
motor and the output shaft and backlash between the output shaft and 
the feedback potentiometer? 

(d) Include backlash with elastic stops. 



Fig. P6-17. 

6-18. Assume r m&x = 2 radians and K max = 200. 


(a) Sketch the loci of the closed-loop poles. What can be said concerning 
stability? 

(b) Construct a complete computer diagram. The maximum frequency on 
the computer is to be on the order of 1 cps. 



Fid. PO-18. 
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6-19. Check in detail the scaling of Fig. 6-38. 

6-20. Show that the circuit shown will simulate a time-delay device. 



Fig. P6-20. 


6-21. Develop a means of obtaining root-locus plots with the analog computer, and 
show a scaled diagram for the case GH = If/[s(s -f o)(« + &)]. 

6 - 22 . Construct a computer diagram that will perform the functions of a sample- 
and-hold circuit for the study of sampled-data systems for the following: 

(o) A constant sampling rate. 

(6) A sampling rate which is a function of another problem variable. 

(c) A sampler ON time which is a function of a problem variable. 

CHAPTER 7 

7- 1. Show how the IC relay of Fig. 7-1 can be used for the initial-condition relay 
when a “floating” voltage source is not available. 

7-2. Make out a chart for the circuit of Fig. 7-3 showing which relays are energized 
for each possible computer state. 

7-3. Explain in detail how static and dynamic checks of a computer setup can be 
made if the control circuitry of Figs. 7-3 and 7-4 are used. How can the input resistor 
network to an integrator be checked? What advantages does the circuit of Fig. 7-5 
offer for checking? 

7-4. Set up tables for the static and dynamic checks of the following problems, 
assuming that the control circuitry of Fig. 7-5 is used. 

(а) Fig. 4-7. 

(б) Fig. 4-9. 

(c) Fig. 4-12. 

(d) Fig. 5-7 (n = 0.01). 

(e) Fig 6-22. 

(/) Fig. 6-28. 

7-5. Given a loop of (n) single input summers where (n) is odd, assume that the 
transfer function of each summer can be represented by 

EjW __ kj 

tf/-i(a) “ Ta + l 

% 

The total loop gain is then 

K = kiktki 


• • • 


k 
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(а) What is the critical value of K at which the system becomes unstable for 
the following: 

(1) n = 3. 

(2) In general. 

(б) At what frequency will oscillations first occur in the system as K is 
increased? 

7-6. The equation 

d*x d 2 x dx . _ n 
df +2 dt* + 5 dt +7x ~° 

with appropriate initial conditions was solved using the circuit and scale factors 
(volts/unit) illustrated. 

(a) A voltage check gave the following values: 


Amplifier 

Output, volts 

4 

93.5 

1 

-35.0 

3 

-18.0 

5 

83.0 


What is the accuracy of the solution? 

(5) As a further check, the outputs of potentiometers 4, 5, and 6 were measured. 

Potentiometer I Arm volts 


-27.5 

- 11.0 

55.1 


Which potentiometer is set incorrectly? What should the setting be? 


*<5.5£ ^X-293: 


Fig. P7-6. 


7-7. A 30-kilohm coefficient potentiometer is connected to an amplifier through a 
100-kilohm resistor. The slider is exactly at the physical mid-point of the resistance 
winding. Assume the potentiometer is perfectly linear. 

(a) What is the actual value of the coefficient? 

(b) A voltmeter with a 100-kilohm input impedance is used to measure the 
potentiometer output. What does the voltmotor road? 
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(c) Show how the loading of the monitoring device in ( b ) can be eliminated by- 
use of a second “standard” potentiometer, a reference-voltage source, and 
a sensitive milliammeter used as a null-detecting device. 

7-8. Assume an open-loop operational-amplifier transfer function of the form 

«<•> - STI 

(a) Can one obtain a perfect integrator using this amplifier if K and T are 
both finite? 

(b) Derive the transfer function E 0 (s) /Ei(s) if the usual RC network is used 
for integration. 

(c) Sketch the frequency response of the integrator. 

{d) What is the final value of this integrator to a step input of e x volts? What 
is the final value of the percentage error? 

(e) Let RC = 1 sec, T = 20 sec, and the integrator transfer function be 
approximated by 

E 0 (s) _ -K 
Ei (s) KRCs + 1 

Find the expression for percentage error as a function of K at 100 sec 
after a step input of e\ volts. What must be the value of K for an error 
of 0.01 per cent at the end of 100 sec? 

(/) Justify the approximate transfer function used in (e). 

7-9. For a conventional chopper-stabilized amplifier, discuss the symptoms of the 
following troubles in terms of overload indication, output voltage, and response of 
these to adjustment of the balance control. 

(a) Grounded output. 

(b) Grounded grid. 

(c) Open feedback 

7-10. The computer itself may often be used to test its own components. How 
might one assemble a circuit to test a servo multiplier for the following: 

(a) Dynamic performance at a specified frequency. 

(b) The tracking and linearity of the various driven potentiometers. 

7-11. The equation 

x -f x -f x — f(t) 

is to be solved using two integrators having transfer functions 

GM - 5vT1 

and one sign changer having a transfer function 

«■<•> - rsVi 

(a) Derive the actual transfer function X(s)/F(s) obtained and compare it 
with the desired transfer function. 

(b) What is the differential equation actually being solved? 

7-12. Derive the loop equations for the circuit shown and construed an unsealed 
computer diagram to solve the equations. 

(a) Let the integrator for h have a gain of l/k instead of unity. Write* tin* 
resulting equations in matrix form. Compare tlm rooti e>f 1 ho elm met ei 
istic equation to those desired. i 
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(b) Instead of the integrator having the wrong gain, assume that the input 
gain factor for — di 2 /dt at the input to the summer is k instead of unity. 
Compare the roots obtained to those desired. Is the system stable? 

(c) Explain why the computer setup results in an extraneous characteristic 
root in (6) 

(d) Let the summers and integrators have transfer functions of the form 

K 

Ts + 1 

Derive the resulting matrix equation and discuss the implications of 
limited bandwidth of operational amplifiers. 


12=1 12=1 



Fig. P7-12. 


CHAPTER 8 

8-1. A tightly stretched string of length L is fixed at its end points x = 0, x = L. 

Its initial position is given by 

• • • • 

y(x, 0) = 2/0 sin 2 

The motion of the string when released is described by the wave equation 

d2 y _ d2 y 

dt 2 dx 2 



An analytical approach shows the solution to this problem to be the following, assum¬ 
ing no damping: 


y(x,t) = |r [ 


COS 


ant 


ant 


2nX 


COS -J- COS -J- 


)] 


(a) Prepare the mathematical model of this system assuming L = 4 ft, 
2 /o = 0.5 ft, and a = 5 ft/sec. 

( b ) Write the finite-difference-differential equation model, using Ax = 1 ft. 

(c) Construct a suitable unsealed computer diagram. 

(d) Construct the appropriate scaled model. 

8-2. For the system of Prob. 8-1, assume that the string is initially in its equilibrium 
position and that it is set vibrating when each of its points is given a velocity at time 
t = 0 of 

dy . , nx 

-f = Vo Sin 2 y- 
dt t = 0 L 

where v 0 = 10 ft/sec. 

Carry out the same steps as in Prob. 8-1 to investigate the motion of the string at 
points x ™ 1,2, aud 3 as a function of time. 
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8-3. If damping is considered in the system of Prob. 8-1, the wave equation is 
altered by a velocity term times a constant: 


<£y , jufty 

dt 2 * dt 


dx 2 


Using the same conditions given in Prob. 8-1, make suitable changes in the finite- 
difference equations and computer diagram and setup to investigate the effects of the 
constant k on the damping. 

8-4. Consider a simple one-dimensional heat-flow nroblem described hv 


dT 

dt 


k d 2 T 
Cp dx 2 


where C — specific heat of material 

k = conductivity of material 
p = density 

Derive the finite-difference-differential equation model, construct an unsealed com¬ 
puter diagram, and specify boundary and initial conditions and how they are handled. 

(a) Quantize in x. 

(b) Quantize in t. 

8 - 6 . The study of a cantilever beam with a nonuniform dynamic load W(x,t) and 
uniform cross section results in the model 


EI d 4 y(x,t) 
dx 4 


W(z,t) + 


d 2 y{x,t) 
dt 2 


Derive a finite-difference-differential equation model, construct an unsealed com¬ 
puter diagram, and specify boundary and initial conditions and how they are handled. 

(a) Quantize in x. 

(b) Quantize in t. 

8 - 6 . The equation of heat flow in one dimension can be written 


99 

dt 


d 2 0 
dx 2 


with boundary conditions given as 0(x O) t), 0(xL,t), and 0(x,O). In order to solve this 
problem on the analog computer one must eliminate one of the independent variables 
by replacing one of the derivatives with a difference quotient. A system of coupled 
ordinary differential equations is the result. 

(а) Derive a set of coupled differential equations to solve this problem. 

(б) By replacing the other derivative with a difference quotient one can gel 
another system of coupled differential equations. Compare the advnn 
tages of the two systems of solving this problem. 

8-7. Discuss the relative advantages and disadvantages of using the two qimnti 
zation procedures of Fig. 8-6 in the following cases. Pay particular attention to the 
boundary conditions and how they are treated. 

(a) One-dimensional diffusion equation. 

( b ) One-dimensional wave equation. 

(c) Case (a) in two or three dimensions. 

(d) Case ( b ) in two or three dimensions. 

(e) V 4 <t> = Discuss cases for both one and two dimensions. 


Discuss cases for both one and two dimensions. 


APPENDIX I 611 

8 - 8 . A partial-differential-equation example from quantum mechanics, the Schro- 
dinger wave equation for a particle of mass ra, is stated as follows: 

h 2 / d 2 \p . d\f/ 2 . d\p 2 \ _ h d\f/ 

Swhn \ dx 2 + dy 2 ^ dz 2 ) pxf/ ~ 2wj dt 

A gross simplification for academic illustration reduces the three-dimensional equation 
to a one-dimensional equation. 

h 2 d 2 \p _ h d\p 

8 Tc 2 m dx 2 P 27 rj dt 

The physical significance of the variable is as follows: 

B = \\f/\ 2 Ax 

where B is the probability that the particle of mass m is in the region between x and 
x -f- Ax. 

Dividing both sides of the equation by h 2 /&ir 2 m gives 

dV 87 r 2 m 471 m d\p 

to* ~ ~W ^ “ ~jh It 

where h = Planck’s constant 

3 = 

m = mass of particle 

p = potential energy, which can be a function of space and time but in many 
cases is just a function of space. 

8ir 2 m , 47 rw 

tt ® - r To 0 = •! 

h 2 jh 

dV / A / h ^ 

— t - ap(x,t)* - b - 

For a computer solution, make the derivatives of \J/ with respect to x continuous, and 
write finite-difference expressions for the derivatives of ^ with respect to t. (The 
machine variable is then proportional to x and not t.) 

(а) Write the resulting set of finite-difference-differential equations. How is 
the imaginary coefficient b treated? 

( б ) Construct a partial computer diagram and indicate how boundary con¬ 
ditions are treated. 

8-9. Construct a passive element circuit to solve the one-dimensional heat-flow 
problem. Compare the advantages of quantization in space with quantization in time. 

(a) Use the loop analogy. 

( b ) Use the nodal analogy. 

8- 10. Repeat Prob. 8-9 for the two-dimensional heat-flow problem. 

CHAPTER 9 

9- 1. Find the characteristic roots of the following models and state whether the 
matrix is positive definite. 

(o) 10 a:i -f 5 x 2 =* bi 
3xi + 5xt ** 5a 

(6) 2xi — 4 x 2 - bi 

3xi + 4x* — bt 

(c) 5j/i 4- 20i/i - At 

4yi 4* 10yi ■ A% 


Let 

Then 
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: (d) Xi — x 2 = 62 

—3xi + 2 x 2 = 62 
(e) X\ + X 2 + 5x 3 = bi 
X\ 4* 2x 2 3x 3 = 62 

x\ + X 2 + 10 x 3 = 63 

9-2. Use Theorem 16 to transform any nonpositive-definite matrices in Prob. 9-1 
to ones that are positive definite and check the result. 

9-3. Construct computer diagrams for the solution of the models of Prob. 9-1. If 
the method of Fig. 9-2 cannot be used directly, do the following: 

(a) Transform the matrix to one that is positive definite. 

(b) Use the method of Fig. 9-5. 

9-4. Consider the matrix 

2 7 —4" 

1 2 1 
1 -4 17_ 

Why does merely rearranging the rows as demonstrated in Sec. 9-2 result in a positive- 

definite matrix? And what meaning does this rearrangement of rows have in the 
computer study? 

9-6. Construct computer diagrams which can be used to obtain the inverse of the 

matrices in Prob. 9-1. Scale the problem and then calculate the inverse of the matrix 

in each case as a check on your scaling. Indicate the procedure to be used in obtaining 
the elements of A -1 . 

9-6. Let 

Construct a scaled computer diagram for the product A = AiA 2 . Check the scaling 
by numerical calculation and indicate the procedure to be used. 


CHAPTER 10 

10 - 1 . Consider the mathematical programming model 

3x x 4- 4 x 2 < 60 

10xi + 20 x 2 < 200 

7xi + 4x 2 > 28 
7xi + 6 x 2 < 84 
xi <9 

x 2 < 12 

xi > 0 x 2 > 0 

Maximize Z =* x\ -f x 2 . 

(а) Obtain a graphical solution to the model. 

(б) Construct a scaled computer diagram for solving the model. 

10-2. Suppose that in Prob. 10-1 the computer operates perfectly but the following 
occurs: 

(а) The coefficient of xi in the second inequality was in error by 5 per cent. 

(б) The coefficient of xi in the fourth inequality was in error by 5 per cent. 

In each case, calculate the percentage error in the computer solution of Z mal and 

the corresponding values of X\ and X 2 . How does the accuracy of solution depend on 
the problem? 
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10-3. Construct a scaled computer diagram for solution of the following nonlinear 
mathematical programming model: 

Maximize Z{x) = xi + X 2 2 — 0.4x 2 + x z subject to: 

0 < Xi <0.5 

0 < x 2 < 0.8 
0 < x 3 < 0.5 

0.98xi + 0 . 54 x 2 4- 0.67x3 < 0.7 


Propose a method of finding all the relative maxima with the computer. 

10-4. Construct a circuit for simulation of the raw-materials inventory system of 
Fig. 10-5. Use operational amplifiers, diodes, and plate relays. 

10-6. Propose a means of including cost factors in the single-product firm simulation. 
Could a mathematical programming model be used in parallel with the simulator to 
provide optimum decision functions? 

10-6. Propose a method of simulating the waiting-line problem of Example 10-3 by 
numerical procedures (manually or by digital computer). Discuss the relative advan¬ 
tages of the two approaches, analog and digital. 

10-7. Construct an unsealed computer diagram that will obtain the weighting 
function g(t 2 ,ti) in a single computer run for the following: 


(a) 


d 2 y 
dt 2 


(b) (1 


4 - <o 0 2 (l 4 - e cos c ot)y = 0 

+ " (n + 1)2 ' 


(Mathieu’s equation) 


(Legendre’s equation) 




Explain in detail the procedure that would have to be used in each case. 

10-8. Consider an air-to-air guided-missile system that uses proportional navigation 
for guidance (the turn rate of the missile is made equal to a constant times the rate of 
change of the line of sight to the target). Radar is used to obtain the position of 
target and missile. The performance of the system is to be studied by a two-dimen¬ 
sional simulation, assuming the missile and target remain at the same altitude. Con¬ 
struct an unsealed diagram for the simulation study. Assume the missile transfer 

function is 

m = b 

6 c {s) s 2 4- as 4- b 


where 6 = azimuth turn rate of the missile 
d c — command turn rate = Ka 
a = line-of-sight rate of change. 

Assume the speed of the missile remains constant and generate the missile coordinates 
Xm and y m by using only five amplifiers and two multipliers. {Hint: Use x = V cos 0, 
x = — V6 sin 6 , etc.) Provide simple sample-and-hold circuits for the radar and 
data link simulators (17 amplifiers, two multipliers, one servo with dual sine-cosine 
potentiometer required). 

10-9. Make reasonable assumptions and construct a scaled computer diagram for 
the simulation study of Prob. 10-8. Include limited turn rate of the missile. 

10-10. Propose an adjoint method-study of Prob. 10-8 that will give the effect on 
miss distance of an impulse of no iso at time t\ in: 

(o) Tho radar circuit. 

(6) Tho data link. 

(c) Tho iniisilo turn rata. 

(d) Tho target trajootory. 
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Can the radar and data link samplers be left in the system? What about the turn-rate 
limiter? Could this study give one the optimum time for target maneuver? 

CHAPTER 12 

12-1. Discuss the effects of grid current from Eqs. (12-9) and (12-12). Ignore the 
effects of calibration and other errors. 

12-2. Repeat Prob. 12-1 for the effects of finite output impedance. 

12-3. Repeat Prob. 12-1 for drift voltage effects. 

12-4. Analyze the effect of multiple inputs on the calibration error for an integrator. 
Use Zj = 1/Cs, Ri = Ri = • • • = R g . Compare with Eq. (12-186) and the con¬ 
clusions drawn in the text for the summer with multiple inputs. Do your findings 

justify the conclusion that integrators should not be used with multiple inputs in 
general ? 

12-5. From Eq. (12-21), find the required amplifier gain for a 0.01 per cent error 
in the final value if R/ — 1 megohm, R g = 0.5 megohm, and with: 

(а) One input, gain of 1. 

(б) One input, gain of 10. 

(c) Eight inputs, gain of 1. 

(d) Four inputs, gain of 10. 

12-6. For an integrator with R x - R g = 1 megohm and C = 1 M f, find the required 

amplifier gain for a maximum error of 0.01 per cent to a step input at the end of: 

(а) 10 sec. 

(б) 60 sec. 

(c) 100 sec. 

(d) 5 min. 

12-7. Present a method of minimizing the calibration error of a summer by using 

input and feedback impedances other than those called for by the desired relationship 
E 0 (s)/E 1 (s ) = - Z f /Z x . 

12-8. Discuss the advantages of an output stage modification which would reduce 
the output impedance from 1,000 to 100 ohms. 

12-9. Show that using chopper stabilization with unity feedforward results in a 
pole-zero dipole very near the origin in the $ plane. Assume the transfer functions 
of (12-41) and (12-42). Using the model of Fig. 12-5, show by the root-locus method 
that the dipole does not materially affect closed-loop stability. 

12-10. A servo multiplier has the closed-loop transfer function 

0( s ) = 3,600 _ 

w s 2 -f- 60s + 3,600 

If the input is a sinusoid, find the highest allowable signal frequency for a maximum 
error of ±0.1 per cent. 

12-11. Propose a design for a “noise” generator which uses simple neon-tube 
oscillators. How would you test the validity of assuming the output is “white ” noise? 


CHAPTER 13 

13-1. Derive the expression for GiGG 0 if Ri = Ci = 0 and 




(Tis -f 1 )(T 2 s -f 1)(T,« + 1 
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(а) For a summer. 

(б) For an integrator. 

13-2. With the results of Prob. 13-1, show approximately where the open-loop poles 
and zeros occur. Sketch a root-locus plot of the open-loop zeros. Assume 

7*2 = Ti - K*(100kc) « T x 


(а) For a summer. 

(б) For an integrator. 

13-3. Sketch the loci of the closed-loop poles from the results of Prob. 13-2. 

(а) Explain the effect of using 0.1-megohm resistors instead of 1.0-megohm 
resistors on the frequency response of a sign changer. 

(б) With root-locus and frequency-response sketches, show the effect of out¬ 
put loading on a summer. 

(c) Repeat part (6) for an integrator. 

(d) Does the zero at the origin appear in the closed-loop transfer function 
E 0 (s)/En(s) for the integrator? Explain. 

(e) Show how a minor positive-feedback loop could be used to obtain a better 
integrator. 

13-4. Consider positive feedback with gain K / (in feedback loop) around two ampli¬ 
fier stages which have transfer functions of —Ki/(T x s -f 1) and —K^/iT^s + 1). 

(a) Show that the distance moved by the one closed-loop pole toward the 
origin is 



T x - Tr 1 f 1 
2TiTt ± 2 L7V 



(6) If K i = 10, K 2 = 30, and T x = T 2 = l/[27r(100kc)], what should the 
feedback loop gain Kf be to put one closed-loop pole at s = — 2ir? 

(c) What total loop gain is required to place one closed-loop pole exactly at 
the origin? 

13-5. Assume three identical amplifier stages 



-20 

s/[27r(100kc)] + 1 


Use positive feedback to design an amplifier having an open-loop gain of 10 8 with 
per-unit damping of 0.5 for the complex roots when unity over-all negative feedback 
is used. (Assume Gi = G 0 — 1.) 
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ROUTH’S CRITERION 


This is a method of determining the number of roots of a characteristic 
equation that have positive and zero real parts. Let the characteristic 
equation be expressed in the form 

a n s n + a n -is n_1 + • • • + ais + a 0 = 0 


in which the a’s are all real coefficients, with a n positive and n a positive- 
real integer. Arrange the coefficients in rows, using the coefficients of 
the characteristic equation for the first two as shown. 


s n 

s n ~l 

on—2 


d n 

dn —2 

dn— 4 

d n —l 

&n —3 

®n —5 

&21 

622 

&23 

b$i 

632 

633 


6n—ljl 

5° b n i 

The elements of the rows other than the first two are obtained by 
cross multiplication in a fixed pattern as follows: 


21 


22 


31 


a n _ ia n _ 2 a n a n _ 3 
* - ■ ■ ■ ■ ■ ■■ ■ ■ ■ —^ 

(Xn—1 

d n —i£x n _4 a n a n —5 

Cln—l 

621^71—3 ~~ d n — 1622 

621 


New rows are formed in this manner until no term remains. Multi¬ 
plication or division of all the elements in a given row by a positive 
constant does not alter the result; this fact can be used to simplify 
calculations. 

The resulting set of elements is used to determine the stability of a 
system by simply examining the signs of the elements in the first column; 
if all the elements in the first column are of one sign, the equation has no 
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roots with positive-real parts, and if there are changes in sign, the number 
of changes equals the number of roots with positive-real parts. 

If the first-column element of any row containing other nonzero ele¬ 
ments is zero, the procedure outlined above breaks down. One method 
of circumventing this is to replace the zero by an arbitrarily small num¬ 
ber e and proceed as usual. 

If all the elements of the second row or of one of the derived rows are 
zero, roots of equal order are present lying radially opposite each other 
and equidistant from the origin. The process can be continued by 
replacing the row of zeros by the coefficients of the derivative of an 
auxiliary polynomial whose coefficients are the elements of the last 
nonvanishing row and whose first power of s is that shown to the left of 
the last nonvanishing row. (Only every other power of s occurs.) The 
roots of the equation formed by equating the auxiliary polynomial to 
zero are all roots of the original equation and occur in pairs that have 
equal magnitude but opposite signs. Any roots of the original equation 
with zero real parts will occur as roots of an auxiliary equation. 

Example 1: s 4 -f- 7s 3 + 17s 2 + 17s +6=0 

s 4 1 17 6 

s 3 7 17 0 

s 2 6 0 

. 1,440 0 

5 102 
s° 6 

All elements in the first column have the same sign; therefore, the equation has no 
roots with positive-real parts. 

Example 2: s 4 + 5 s 3 + 5s 2 — 5s — 6 = 0 

s 4 1 5 -6 

s 3 5 -5 0 

s 2 6 -6 0 

s 1 0 0 

s° 

The s 1 row is zero, so the s° row cannot be derived. The auxiliary polynomial to 
be used is 6s 2 — 6. The derivative with respect to s gives the elements to be used in 
place of the zeros. In this case, the zero in the first column is replaced by 12, and the 
last-row element is —6. Therefore, there is one root with a positive-real part; this 
root is a root of 6s 2 — 6 = 0 and is s = +1. 
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LIENARD’S CONSTRUCTION METHOD 


This is a method of graphical construction of phase-plane trajectories. 
Consider the equation 



x + <fi(x) + x •- 

= 0 

(A3-1) 

Let 

y = x 



Then 

y + <!>(y) + x = 

= 0 


and 

dy _ - <t>(y) - 

dx y 

- X 

(A3-2) 


Lienard’s construction gives the field direction graphically at any point, 
as shown in Fig. A3-la. The curve x = —<t>(y) is first plotted, and from 



Fig. A3-1. 

the point P(x,y) at which the field direction is to be determined, a line 
is drawn parallel to the x axis until it intersects the curve x = — <f>{y) at 
some point E. From E a perpendicular line is drawn to the x axis at F\ 
the field direction at P is then orthogonal to the line FP. Note that tho 
slope of the line FP is y/[<t>(y) — x], as required. The approximate curve 
or trajectory through any point may now be constructed by a step-by-step 
procedure. 

Consider the method applied to the linear equation 


£ + x = 0 
618 


(A3-3o) 
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(A3-3c) 


Let y = x 0 ; then Eq. (A3-3a) becomes 

I - -* (A3-3&) 

d / - - i (A3-3c) 

ax y v ' 

Here <£(?/) = 0, and thus the curve x = — <t>(y) is the y axis. The con¬ 
struction of Fig. A3-1 then shows the origin to be the point F for all 
points P. The trajectories are thus circles with the origin as the center. 

Lienard's construction can be used quite readily for piecewise linear 
systems where <£(?/) is a discontinuous function (e.g., coulomb friction) 
as well as for continuous functions <t>(y). Consider 


<t>(y) is the y axis. The con- 


x + <t>(x) + x 


(A3-4) 


where 


<t>(x) 


x > 0 
x < 0 


The curve x = —<t>(y) is a discontinuous function composed of two 
linear functions, which results in Eq. (A3-4) being a piecewise linear 


equation. 


typical 


The trajectory is composed of arcs of circles having F i as the center when 
above the x axis and F 2 as the center when below the x axis. 

The explanation of Lienard's construction may be simplified by obtain¬ 
ing expressions for the instantaneous arc centers (point F, Fig. A3-la) for 
points along a trajectory. Equation (A3-2) gives the slope of the 
trajectory in the xy phase plane for the general case being considered. 
Let this slope be denoted by X and the normal slope by \ n . Then 


X n 


dx 

dy 


(A3-5) 


This normal slope can be expressed as a function of x ) y, and the 
instantaneous arc centers, x c and y cy corresponding to the given values of 
the xy coordinates of a general point in the phase plane. That is to say, 
\ n can be expressed as 

dx 


dy 


(A3-5a) 


Consider Eq. (A3-2), which describes tho slope X of the trajectories in 
the xy plane. The normal slope is given by 
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y — 0 

* - [-0(i/)l 


Therefore, the instantaneous arc centers are 


= - 0 ( 2 /) 
Vc = 0 


(A3-6) 


(A3-7) 


Thus one can plot on the xy plane, and from the curve the 

instantaneous arc centers may be easily obtained for any point ( x,y ) on 
a trajectory. A compass can be used to plot the trajectories very rapidly 
once the curves for x c and y c are constructed. 
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SYNTHESIS OF TRANSFER FUNCTIONS 

USING NETWORKS* 


The following table gives the more common networks used for the 
simulation of transfer functions, their short-circuit transfer impedance, 
and the necessary component-value relationships. Here P is used for 
the Laplace-transform variable rather than s. 



* Reproduced by permission of the McGraw-Hill Publishing Company from F. R. 
Bradley and R. McCoy, Driftless D-c Amplifier, Electronics, April, 1952. This table 
was developed by S. Godet of the Reeves Instrument Corporation, New York City. 
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Transfer 

impedance 

function 


Network 


*2 




Relations 


2RiRt 


2R\ + Rt 
RiC 


2Rx 


2R\ “I* Rt 


Inverse 

relations 


Ri 


Rt = - 


2(1 - 0 ) 

A 


4T(1 - 0) 




2Ri 


1 + PT 


l + Per 
e < l 


-AAAr-f-AAAr 



*2 


2Rt 


Rt 


A0 

4(1 - 0) 
4!T(1 - 0 ) 


2Rt + R i 



2R 




C 2 


T - - (Ci 4- Ct) 

2 

2Ci 



C, 


Ci 




«2 C 2 


Cl 


Tt * (Pi + «0Ci 


TiTt 
Ti + Tt 


RiRtCiCt Ci 

BiCi 4* RtCt ri 
+ RxCt 


Ci 4- Ct 


Ri 




Tt - Rt 


CiCt 
Cl 4- Ct 


Rt 


Rz C 2 


T\Ti ** RiRtCiCt 


Ci 


1 ' (1 4-PTi)(l 4 -PTi) 
PB 1 4- PTt 

Ti < Tt < Tt 


Ti Tt * RiCi 

4* RtCt 4" RiCt 


2 

2T(2 - 0) 
A 

2TO 
A 


Ti 4- T, - Tt 
B 

TiTt(Ti 4 - Tt - Tt) 

B(Tt — Tt)(Tt — Ti) 
B 

B(Tt-Tt)(Tt-Ti) 
(Ti 4 - Tt - Tt )* 

TiTt 

BTt 

(TiTt 4- TtT, 
_ - TiTi)* 

BTt(Ti - Tt) 

(Tt - Ti) 
BTt * 

- L - _ _ . — ---— -— 

TiTt 4- TtTi - TiTt 

B(Tt — Tt)(Tt — T i) 

■ — ■ ■ ■ — ' . —■ ■ ■■ ■ 

TiTt 4- TtTt - TiTt 


C 2 


Cl 


Tt — RtCt 


TiTt 
Ti 4- Tt 


Ri 


Rt 

Ci 


TiTt 

BTt 
(Tt - 



RiRtCiCt Ci 

RiCi 4“ RtCt q 
4- RiCi 


(Tt - Tt)(Tt - T i) 

BTt 

B 

_ BTt* _ 

(Tt - Tt)(Tt - Ti) 


Ci 


Tt ■* RtCt 


TiTt 
Ti 4- Tt 


R\RiC\C\ C i 

RiCi 4" RtCt q 
4- RxCt 


Rt - 
Ci - 


TiTt 

BTt 

B(Ti 

B 

B(Ti 


TiTtTt 

- Tt)(Ti 

- Tt)(Ti 
TiTt 


- Ti) 

-r.) 
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Transfer 

impedance 

function 

1 

PB 

(1 4- PTi)(l 4-Pro 


Ti 5 ^ Pi 

1 

(i 4 - proa 4 - pro 

PB 

p Vrir, 

ri ^ r s 

1 

a 4 - proa 4- pro 

PB 

ptTiTt 


Ti < Tt 

A 1 4- PPi 


Network 


Relations 


Inverse 

relations 


1 4- P'TiTt 


1 

PB 


PB 


(1 4- PT) 


1 1 4- PT 
PB PT 


1 1 4- PT 

PB 1 4- P0T 

e < l 


Ct 


(Vt i - VTt)' 

B 


•A/W-T-A/Wj£- 


T\T% = R 1 R 2 C 1 C 2 


R 2 


X Cl 


T 1 4- Tt 


RiCi 4* RtCt 
4- R 1 C 1 


Ci 


Ct - 


V 1 ll I 

B _ 

By/TiTt 

WYi - Vri ) 8 

B 


Cj 


Cl 


H' 


HWr 


WTi - Vro» 

B 


TiTt = RiRtCiCt 


Rt 


Ri 


T 1 4- Tt 


RiCi 4- RtCt 
4- RiCt 


Ci = 


Ci 


y/ mt 

B _ 

B y/TiTt 

(y/Yi - VT*)* 

B 


Ci C 2 ' Cj 

w 




c, 


Cl 


Ti(Tt - Ti) 

2BTt 

2BTt 

Tt - Ti 
BTt 

TT 


2Ri 
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APPENDIX V 

SYNTHESIS OF TRANSFER FUNCTIONS USING 

SUMMERS AND INTEGRATORS* 


The following table contains a number of one-, two-, and three- 
amplifier circuits for the simulation of transfer functions, the resulting 
transfer functions (P = s), time constants, gains, and a sketch in each 
case of the straight-line frequency-response asymptotes. 



* Reproduced by permission of Convair, a Division of General Dynamics Corp. 
The table was compiled by Heizer and Abraham of the Analog Computer Laboratory, 
Convair, Fort Worth, Tex. 
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Bode plot 


Transfer function 
BM/SiCp) 


Time constants 


Gains 





1 

^ 1 ^ 
II 

£ 

(TxP + l)(TiP + 1) 

1 

T, = - 

. -. —..- •— — 

K 

r -I 

(TxP 4-1 KTiP 4-1) 

r, "5 

. 


B 


_1_ 

Tx 

]_ 

Tz 

B 


B - 


C - 


_1_ 

Tx 

2 

r« 

K 

r. 





pt 


(TiP + 1)(T2P + 1) 


KP" 1 


(!TxP + \)(TzP 4 1) 


1 

ri =l 

T '~i, 


Ti = — 


r 2 = - 


K 


l 

A 
1 

B 

C_ 

AB 


B = 


Tx 

J_ 

Tt 

1 

TxTz 


B = 


Tx 

l_ 

Tz 

K 

TxTz 


APPENDIX V 


629 


No. 


Bode plot 


Transfer function 
Eo(p)/Ex(p) 


Time constants 


Gains 
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Bode plot 


Transfer function 
Eo(p)/Ex(p) 


Time constants 


Gains 
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Transfer function 
Eo(p)/Ei(p) 


Time constants 


Gains 
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Transfer function 
E 0 {p)/Ei{p) 


Time constants 


Gains 
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No. 


Bode plot 


Transfer function 
Eo(p)/Ex(p) 


Time constants 


Gains 
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Transfer function 
Eo(p)/Ei(p) 


Time constants 
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No. 


Transfer function E 0 (P)/Ei(P) 


Time constants 


Gains 
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SPECIAL TECHNIQUES 




Fig. A6-3. Electronic sampling switch. The bias voltages Vi and V 2 can be problem 
variables to allow sampling period and/or ON time to be functions of problem varia¬ 
bles. ei from free-running multivibrator. 
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x-*!k (aR t-*ky 

Fig. A6-4. Infinite input impedance circuit. Use to prevent loading of function poten¬ 
tiometers and other circuits. Rl is normally parallel combination of input resistors 
of amplifiers to which ei is also connected. 

Relay supply 



To reset 
relays 


Fig. A6-5. Automatic reset and pen-lift circuit. Used to reset computer for another 
run when x becomes greater than a and at the same time lift xt/-recorder pen. The 
next run is started by manual depression of the release button. Provision for auto¬ 
matic restart can be made quite easily. 



Fig. A6-6. Rectangular-to-polar coordinate conversion using multipliers. 
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SUGGESTED LABORATORY PROBLEMS 


These problems are designed to promote a basic understanding of the 
analog computer and its capabilities as well as to provide the practice 
necessary to allow effective use of the computer. All these problems 
are formulated so as to require no more than 10 operational amplifiers— 
the size of several low-priced desk-top computers.* 

L-l. To test operational amplifiers, use the test setup shown (Fig. A7-1) and 
determine: 

(а) Effect of all amplifier controls. 

(б) Open-loop at low frequencies. 

(c) Output-voltage limits as a function of frequency for various resistive loads. 

id) Frequency response of a summer (gain versus log frequency) for various 
combinations of input and feedback resistances. 

(e) Effect of input and output capacitive loading. 

Also determine drift characteristics of both summers and integrators. In your report 
give a detailed evaluation of the amplifiers, including a discussion of errors due to 
finite gain and drift when the amplifiers are used as summers and integrators. 


1 M 



Oscilloscope 

Fig. A7-1. 


L-2. Solve the equation 

. X -f 2 frnX -f a>n 2 Z = fit) 

for various values of co n (start with co n = 1 radian /sec). Carefully study the effect 
of f for: 

(a) Step input. 

(b) Various sets of initial conditions with and without a step input. 

(c) Sinusoid input, different frequencies. 

An understanding of this simple second-order differential equation model and its 
solutions is very helpful in understanding the text. Use an oscilloscope to obtain 

*One firm, the Heath Company, has analog computer kits available; MAC and 
Donner Scientific Co. offer small assembled computers, also at low coat. 
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043 


“phase-piano M trajectories.of x versus x . In your report, include the general solution 
of the equation for a stop input. Compare computer results with at least one calcu¬ 
lated response. For each case studied, sketch an s-plane plot of the two roots of the 
characteristic equation. Superimpose your step-response curves on one drawing, 

showing the effect of different placement of the roots. Do the same for the frequency 
response. 

L-3. Obtain the solution curves for at least one of the equations of Prob. 4-2, and 

check the results against points calculated from the expressions obtained for x(t) 
and y(t). 

L-4. Study the system in Fig. A7-2 on the computer. First, let the two masses 

be equal and weigh 1 lb, B x = B z < 5 lb sec/in., K x = K 2 < 15 lb/in., and x m = 5 in. 
Investigate: 

(a) The energy interchange between the masses when only one is initially 
displaced and B x = B 2 — 0. 

(b) The effect of varying K 2 . 

(c) A force on M x of the form F sin cot. 

Use an oscilloscope to obtain “phase-plane” trajectories of ±i versus xi and x 2 versus 
x 2 . Also try x 2 versus Xi. 


Fig. A7-2. 

L-6. Investigate the nature of the solutions to both third- and fourth-order linear 
differential equations for a step input. Do this by choosing interesting cases of 
characteristic root placement on the « plane and then multiplying the factors out to 
obtain the differential equation. Draw conclusions regarding the selection of maxi¬ 
mum values and how the maxima are affected by root location. How well does the 
“equal coefficient” rule work? 

L-6. Study the parametric amplifier of Prob. 4-10 on the computer. 

L-7. Study the electron ballistic system of Example 4-3. Include the features of 
Prob. 4-19 if time permits. 

L-8. Study the cantilever beam of Prob. 4-25. 

L-9. Study Rayleigh’s equation as given in Prob. 5-1. Check the phase-plane 
trajectories against the ones obtained in doing Prob. 5-1. 

L-10. Study the equation 

x - c(2 - e x )x + x - 0 c > 0 

as outlined in Prob. 5-10. Compare the two methods of generating e x . 

L-ll. Study the simple pendulum consisting of a mass M suspended by a massless 
arm of length L. 

(a) Assume sin 9 = 0. 

(b) Use sin 0 = 9 — 0 3 /3. 

(c) Solve the exact equation. In order to investigate the phenomenon of 

continuous rotation, do not use a servo-driven sine potentiometer; 

instead generate x and y coordinates of the mass by using two multipliers 

(one servo multiplier with three or more linear cups). Hint: x = L6 
cos 0, 

This problem require* live amplifier* and one or two electronic multipliers or seven 
amplifiers and one servo multiplier. Compare phase-plane plots for the throe oasos. 
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L-12. Perform the simulation study of the automobile suspension system indicated 
in Prob. 6-4. (This requires 15 or 16 amplifiers; if only 10 amplifiers are available, 
assume that the tire is rigid and simply follows the contour of the road surface.) Use 
a suitable input to: 

(а) Study the effects of the spring constants K\ and K 2 . Keep the damping 
ratio for the tire at 0.3. 

(б) Study the effects of elastic and inelastic stops. 

(c) For fixed tire parameters of K 2 = 1,000 lb/in. and B 2 = 7 lb sec/in., 
“optimize” the suspension-system parameters, including those of the 
shock absorber. 

(d) Find the optimum static position [values of (a) and (5)] for several types 
of road surface, including a washboard surface (sinusoid), traversed at 
various speeds. 

Discuss the desirability of designing suspension systems with adjustable parameters. 
[A number of automobiles provide for automatic adjustment of (a) and ( b ) for different 
load conditions, and air suspension systems have made it practical to provide for 
control of K 1 also.] 

L-13. Study the system of Prob. 6-17 (5 to 10 amplifiers). Note particularly the 
effect of backlash at various places. Check the value for K\ c with K 2 = 0 as the 
first run. Optimize the gain factors K 1 and K 2 . 

L-14. Solve the vibrating-string problem of Probs. 8-1 and 8-3. Check the results 

against the analytical expression for y(x,t). 

L-16. It is desired to study the effect of sudden temperature changes on the side 
walls of a small furnace. A knowledge of the internal temperature variations in the 
wall will permit a study of the internal stresses in the material. 

Since the area of the wall is large compared to its thickness, the heat flow can be 
studied by considering only a small rod-like element of the wall. There will be no 
radial heat loss in the rod under these conditions and the problem becomes one of heat 

flow in one dimension. 

The wall is made of firebrick, for which 


k = 0.0025 cal cm/sec cm 2 °C 
c = 0.20 cal/g °C 
p = 5.0 gm/cm 3 


The wall is 10 cm thick, the outside surface remains at 200°C, and the inside surface 
is initially at 600°C. The maximum expected step increase of internal temperature 
is 600°C. Use as many cells as possible. As a preliminary check, calculate the 
initial conditions, and then, without applying the step, obtain the computer steady- 
state solution and compare. 

L-16. Solve the following set of algebraic equations: 


’1 2 2" 


~Xi 


1 

2 2 3 


X 2 

= 

3 

1-1 3 


_xs_ 


5. 


(а) Use open-loop amplifiers. 

(б) Use integrators. 

(c) Use the general method. 

L-17. Consider a simple system whose closed-loop transfer function is 

Y(s) _ 0.25 

X(s) s a + 0.4s + 0.25 

Use the adjoint method to obtain the weighting function ^(b,0) and the mean-squared 
response of the system to a white-noise input. 
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SUBJECT INDEX 


Accumulator, 556 
Accuracy, definition of, 5 8 
Adaptive system, 383 
Adjoint method, 377 383 
Algebraic equations, 332, 333, 335, 336 
computer solution of, 336 344 

Amplifier, operational (ace Operational 
amplifier) 

stabilizing, 529-540 

transfer function of stage of, 524- 
526 

Analog, electrical, distributed-param¬ 
eter, 325-328 

lumped-parameter, 319-325 
Analog computation, definition of, 1-3 
history of, 3-5 

Analog-digital converters, 559-568 
Approximations, finite-difference, 309- 
311, 314-319 

Automatic zero-set (see Feedforward) 
Autonomous system, 164 

Balancing, automatic (see Feedfor¬ 
ward) 

Ball-and-disk integrator, 575 
Bandwidth, 30 

Bendixson's theorems, 175, 181 
Bessel's equation, 128, 152 
Binary arithmetic, 552, 553 
Binary numbers, 551, 552 
Boundary-value model, 156-159 
superposition applied to, 157, 158 

Calibration error, 448-457 
Cascode stage, 547-550 
Characteristic equation, 23, 28, 122, 

137, 234, 235, 241, 335, 337 
roots of, 123, 235 242, 335, 337 
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Chopper stabilization (see Feedfor¬ 
ward) 

Closed-loop transfer function, 231 
Complementary function, 121-124 
Computer states, 58, 59, 272-276, 283 
284, 499-502 

Computing device, definition of, 2 
Control circuitry (see Computer states) 
Correlation function, 369 
Cumulative probability distribution, 
368 


Density, probability, 368 
spectral, 369 

Differential analyzer, digital, 578-586 
mechanical, 4, 573-578 

Differential equation, finite-difference, 
308 

linear ordinary, analytic solution of, 
122-129 

computer solution of, 120-145, 
148-156 

Laplace transform of, 22-24 
properties of, 117-122 
second-order, 28, 29 
nonlinear ordinary, computer solu¬ 
tion of, 176-185 
properties of, 162-176 
order of, 120 
partial, 297-306 

computer solution of, 306-319 
types of, 116, 117 
Differential relay (see Relay) 

Differentiation, circuits for, 145-158 
theorem, 19 

(See also Operational amplifier) 
Diffusion equation, 301, 302, 309-312 
Digital codes, 559, 560 
functional units, 554 
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Digital computer, 65, 66 
Digital differential analyzer, 578-586 
Digital gate, 554 
Diode, characteristics, 195 
circuits, absolute-value, 210 
backlash, 208, 209 
comparator, 196 

coulomb-friction, 211 

dead-space, 207, 208 
elastic-stop restraining-force, 200 
idealized, 205 
limiter, 204-206 
selection, 197 
Division, 53 
scaling for, 187, 188 
Drift, effect of, 459, 460 
Duffing’s equation, 176, 177 

Eigenfunction, 304, 305 
Eigenvalue, 123, 304, 305, 335, 348-350 
Eigenvalue problem, 303-306 

computer solution of, 306, 308, 347- 

350 

Electronic instability, 138, 139 

Equal-coefficient rule, 102, 103 

• # 

Feedback, 224, 230, 233, 234 
positive, 529 
unity, 232 

Feedback control, 229-231 
review of theory of, 231-242 

Feedforward, 224 

for operational amplifiers, 529—536 
to reduce effects of drift, 463, 464 
Finite-difference approximations, 309- 
311, 314-319 

Finite-difference differential equation, 
308 

Frequency response, 29-30, 234 
phase angle of, 30 
resonant frequency of, 30 
Function generation, 54, 55 
Function generators, 482, 499, 571, 572 
digital, 497-498, 571 
diode straight-line, 485-494 
noise, 498, 499 
photoformer, 496, 497 , 

tapped potentiometer, 483-485 
xy plotter, 494-496 


Gate, digital, 554 
Gauss’ equation, 128 
General solution, 121 
Grid current, effect of, 457, 458 

Homogeneous equation, 120 


Impedance, input, 31, 32 

short-circuit transfer, 32-34, 46, 47 
Th^venin, 446 

Implicit technique, 53, 62-64, 148, 
190-192 

Input loading, 540-545 
Instability, electronic, 138, 139 
Integration theorem, 19 

(See also Operational amplifier) 
Integrator, ball and disk, 575 
wheel and disk, 3, 573-575 
(See also Operational amplifier) 
Isoclines, method of, 169, 170 

Laplace transform, 10-22 
inverse, 13 

pairs, tables of, 16, 17 
partial fraction expansion of, 15-18 
theorems of, 18-22 
unilateral form, 13 
Laplace’s equation, 302, 314—316 
Laplacian operator, 301 
Leakage resistance, 460-461 
Legendre’s equation, 127, 154-156 
Liaponoff’s theorem, 171 
Limit cycle, 173-176 
Linear programming model, 353-363 
Linearity, basic theorem concerning, 
18, 299 

LODE (linear ordinary differential 
equation) (see Differential equa¬ 
tions) 

Loop analogy, 320, 325 

Marginal checking, 292 
Mathematical programming, 354-363 
Mathieu’s equation, 128, 149-154 
Mechanical differential analyzer, 4, 

573-578 
Models, 8-10 


SUBJECT 

Multiplication, 49-50 
(See also Multiplier) 

Multiplier, 467-482 
diode quarter-square, 477-482 
for generation of powers, 185-188 
potentiometer, 99, 50 
scaling, 152, 187 
servo, 50-53, 155, 156, 470-474 
time division, 474-477 

Nodal analogy, 320-325 
NODE (nonlinear ordinary differential 
equation) (see Differential equa¬ 
tions) 

Open-loop transfer function, 231 
Operational amplifier, 4, 37-46 
assumptions for use, 41, 45 
differentiator, 47 
equivalent model of, 516-519 
feedforward compensation of, 

529-536 

general use of, 41-46 
high gain of, designing for, 527-540 
input network of, 519-527 
integrator, 40, 46, 47 
sign changer, 39, 46 
summer, 39, 46 
Operations research, 353 
Output equipment, recorders, 66-68, 

510, 511 

Output impedance, effect of, 458, 459 
Output loading, 545-547 


Particular solution, 121, 124-127 
Patch board, typical, 499-507 
Patch panel, 55-57 
Per-unit critical damping, 28 
Phase angle, 30 
Phase plane, 165-176 
Phase space, 164, 165 
Plate relay, 197, 198 
Pole, 12 
closed-loop, 240 
Positive definite matrix, 335 
Positive feedback, 529 
Precision, definition of, 5- 8 
Probability density, 368 
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Probability distribution, cumulative, 
368 

Problem check, 282-286 
Programming, 55-60, 269-272 


Rayleigh’s equation, 174-176, 178- 
180 

Recorders, 66-68, 510, 511 
Register, digital, 555, 556 
Relay, differential, 198, 199 
circuits, absolute-value, 210 
backlash, 208, 209 
dead-space, 207, 208 
limiter, 206, 207 

plate, 197, 198 

Resolver, 53, 54, 64, 192, 193, 470- 
474 

Root-locus method, 235-242 
Routh’s criterion, 137, 140, 616, 617 

Sampling, basic concepts of, 557-559 
Scaling, magnitude, 73, 76-85, 98-103, 
187-192 

for simulation, 243-247 
time, 74-76, 85-98, 103-112 
Secular equation, 348 
Servo motor, two-phase, 249-254 
Simulation, definition of, 213, 214 
of feedback-control systems, 242- 
255 

real-time, 226 
scaling for, 243-247 
of transfer functions (see Transfer 
function) 

Singular point, classification of, 171- 
174 

definition of, 166 
Solution, general, 121 
particular, 121, 124-127 
Spectral density, 369 
Stability, 234 
Statio check, 281, 282 
Steady-state response, 30 
Stochastic variables, 367 
Superposition applied to boundary- 
value model, 157, 158 
Superposition principle, 121, 122 
Superposition theorem, 18, 21, 22, 
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Telegraphist's equation, 301 
Th6venin impedance, 446 
Time constant, 239 
Time delay, 255 

computer simulation of, 255-261 
theorem, 21 
Time-scale check, 289 
Transfer function, 22, 25, 26, 214, 215 
of amplifier stage, 524-526 
closed-loop, 231 

computer simulation of, 215-225 
by solving differential equations, 
218-225 

table, of examples, 220, 221 
of RC networks, 219, 220 
feedback, 231 
forward, 231 
open-loop, 231 

Transfer impedance, short-circuit, 
32-34, 46, 47 

Transient response, 26-29, 234 


Transport lag (see Time delay) 
Two-phase servo motor, 249-254 


Undamped natural frequency, 28, 134 


Van der Pol’s equation, 181, 182 
Variables, dependent, 120 
independent, 120 
stochastic, 367 


Wave equation, 301, 302 

Weber’s equation, 127 

Weighting function, 375-377, 378-382 


Zero, 12 
closed-loop, 240 








